Parton Distribution Functions

Parton Distribution Functions from Tensor Network calculations

Manuel Schneider
manuel.schneider@nycu.edu.tw

National Yang Ming Chiao Tung Universit
Q—O00O0000 & e ¢ g [arXiv:2409.16996]

TQCD 2nd meeting
Beimen campus of NYCU, Taipei
27 September 2024

Manuel Schneider PDFs from Tensor Network calculations 27 September 2024 1/18


https://arxiv.org/abs/2409.16996

Collaborators

pess

Mari Carmen Bafiuls " : :
Krzysztof Cichy

[Bafiuls et al. 2024]

Manuel Schneider PDFs from Tensor Network calculations

C.-J. David Lin

27 September 2024



Parton Distribution Functions

[ 1o}

Outline

0 Motivation: Parton Distribution Functions
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Parton Model and Deep Inelastic Scattering

» PDF: probability of finding a constituent in a hadron with
momentum fraction &

» example: Deep Inelastic Scattering (DIS)
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Parton Model and Deep Inelastic Scattering

» PDF: probability of finding a constituent in a hadron with
momentum fraction &

» example: Deep Inelastic Scattering (DIS)

» large momentum exchange Q? = —¢°

QZ
2P-q
» — scattering amplitude factorizes: perturbative part x PDF

> kinematic variables: @2, Bjorken ¢ =
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Parton Model and Deep Inelastic Scattering

» PDF: probability of finding a constituent in a hadron with
momentum fraction &

» example: Deep Inelastic Scattering (DIS)

» large momentum exchange Q? = —¢°

» kinematic variables: @2, Bjorken ¢ =

2
2P -q
» — scattering amplitude factorizes: perturbative part x PDF

> PDF depends only on Bjorken £ = 2Pq

=|f(¢) = fdz+ P72 (P | h(2 )y W(z" < 0)(0) | P)

> Integration along lightcone direction z*

[Schwartz 2014]
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Parton Model and Deep Inelastic Scattering

» PDF: probability of finding a constituent in a hadron with
momentum fraction &

» example: Deep Inelastic Scattering (DIS)

» large momentum exchange Q? = —¢°

2
2P -q
» — scattering amplitude factorizes: perturbative part x PDF

» kinematic variables: @2, Bjorken ¢ =

> PDF depends only on Bjorken £ = 2Pq

=|f(¢) = fdz+ P72 (P | h(2 )y W(z" < 0)(0) | P)

v

Integration along lightcone direction z*

v

Lattice QCD in euclidean space: lightcone ~ point

v

Hamiltonian formalism: lightcone in Minkowski space v
— Use Tensor Network States/Quantum computing [Schwartz 2014]

v
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Tensor Networks
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> generic state scales exponentially
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Tensor Networks

<
Il

Z wSlsz---SN |51>®|52)®'®|SN)

S1,525-++5SN

> generic state scales exponentially
» Tensor Network State as ansatz
» 1d: Matrix Product State (MPS)

PSi2 SN A}l,s1 _A?,sz .A§753 o A,-V’SN
}

i1, i2,i3 iN-1
{ix
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> generic state scales exponentially D
ETT Z ALS1 _A%Sz .A§753 AN15N
i LA

» Tensor Network State as ansatz o) insip sl in-1
Ix y=

» 1d: Matrix Product State (MPS)

> truncation to bond dimenion D B Q—Q—Q—Q—Q—Q

> polynomial resource scaling } } } } i i
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Tensor Networks
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S1,525-++5SN

> generic state scales exponentially D
ETT Z ALS1 _A%Sz .A§753 AN15N
i LA

» Tensor Network State as ansatz o) i sl in-1
» 1d: Matrix Product State (MPS)
> truncation to bond dimenion D

> polynomial resource scaling

» good approximation for ground states and
low excited states

> area laws of entanglement entropy [Hastings
2007] ground states
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Efficient Tensor Network operations

> Find groundstate and excited states

wole- S -BHEHEEHEHE/S 2 222D

> Apply operators / time evolution

[ B (R
ow- | | -9 900

> Calculate overlap

o). 009000
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The Schwinger Model [Hamer et al. 1997]

» Quantum electrodynamics in 1+1 dimensions, U(1) symmetry

> Fermion ("parton") couples to gauge boson ("gluon")

v

Bound states (hadron) [Bafiuls et al. 2013]
» = can calculate equivalent to PDF [Dai et al. 1995]
> Lagrange density:
~ 1
L=V(i}-ghA-m)V - ZFWFW
Fuy =0,A, = 0,A,

» For TN/QC: transform action into spin-model Hamiltonian
N-2 " N-1 N-2[1 n . 2
+ - - 4+ n_z z
H=x Z [Jn0n+1 + Un0n+1] + E Z [1 + (_1) Un] + Z [2 Z ((_1) +0k)
n=0 n=0 n=0 k=0
( 1 2m 1)
X = —— = — - =
2g2 1T 352 74
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@ Algorithm: PDF with Tensor Networks

Manuel Schneid

PDFs from Tensor Network calculations 27 September 2024 10




Distribution Functions etwork States ge PDF of the Schwinger Model

(o] J

Lightcone correlators in the Schwinger Model
(PlW(z")y W(z" < 0)W(0)|P)

> Mee) + M(o,0) = M(oe) = M(e,0)
= (Plo" (2" )Wy oo (0)|P) +...
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Lightcone correlators in the Schwinger Model

(P|W(z) W(z* < 0)w(0)|P) 8 [ —D
- M(e,e) + M(o,o) - M(o,e) - M(e,o) E | T/// |
= (Plo" (2") Wprego (0)|P) +... S 6 T—) 1
© H + |
o K
B 4 —y i
. . o AN
» Evolution along light cone =0 T ) |
— small time- and space-like steps 2 2 _) ’ i
» Time evolution: . = L o |
e—iTH ~ (e—iéTHeo e—i5THoe e—i(STHL)ﬂ ol |
| | | | | | | |

» Spatial evolution:

Insert static charge and move stepwise 0 2 4 6 8 10

position d [lattice units]

Mee)(2n,2m) = (P| 't H (—iaé)aangnJrle’iTHq Q§n+102,,+3e”‘TH‘7 o

d<2n

Q3 Qomere QL TT (i03)05,|P)

d’<2m
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Results

Parton Distribution Functions sor Net: Schwinge of the Schwinge de
00 00 00 00000

Results - Matrix elements

m/g = 5.6419; x = 100; D = 80; At/AT = 100; p = 112.588; excit= 1; N/\/x = 10 m/g = 5.6419; x = 100; D = 80; At/AT = 100; pu = 112.588; excit= 1; N//X = 10

T T T T T T T 0-2 [ [ [ [ [ I I
1 X . ™
'fl 0.151 " i m
0.8 . 0.1 .
ol 0 | _0.05 4 .
. <k e :
2 E 2 Opeosse % T % [ 3000000
Z 0.4l o . E % x ¥
| —-0.051 T ' —
0.2 X X Lo
2 e : 0.1} - .
£ X x T
W W -0.15- - 8
| | | | | | | _0'2 | | | | | | |
-2-15-1-050 05 1 15 2 -2-15-1-050 05 1 15 2
distance to startsite d/2/x distance to startsite d/2\/x

Real(M) = Real(Mee + Moo = Meo — Moe) Imag(M) = Imag(Mee + Moo = Meo — Moe)
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Results - Fourier transform of matrix elements

m/g =5.6419; x = 100; D = 80; At/AT =100; p = 112.588; N//x = 10

4 T T \

£ -©- Ground state
Q - x- First excited

w

N

Fourier transform ¥, M(d)e

Fourier mode k
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Results
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Results - Fourier transform of matrix elements

m/g = 5.6419; x = 100; D = 80; At/AT = 100; pu = 112.588; N/+/x = 10 CMS (s=7TeV,L=51f"Vs=8TeV,L=531"
s e s .
4 ‘ ‘ ‘ f s ]
£ -©- Ground state > » 8 N Umestes |
. . O] L - 1
3 @ - - First excited w1500 > ]
i Z . ]
2 3l 8 21000 ]
o ] i
< @ 1000 5
§ g my, (GeV) ]
e} <
=3 [
o~ g [ ¢0D
ata
E 2| o 500 " st
6 + [ - B Fit Component
L.G 23 [ CJ+1o 4
c ? [ B <20 ]
© ol b v v e 1
+ 110 120 130 140 150
kol m,, (GeV)
<
3 [CMS collaboration 2012]
e -~ 2
U0
e
Fourier mode k Do we observe a particle here?
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Results
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Results - Subtracted matrix elements [Collins 2011]

m/g = 5.6419; D = 80; At/AT =100

T

0.1

0.051

Re(M)

-0.05

T T

T
-BEF N= 72;x= 50; N/\/x ~ 10
-%- N =100; x = 100; N/y/x = 10

-&- N =200;x = 100; N/\/x =20 i

-0.11-
| |

|

|

-2 -1 0 1

Manuel Schneider

distance to startsite d/2y/x
Real(Mexcitation - Mvacuum)

PDFs from Tensor Network calculations

0.1

0.051

-2 -1
distance to startsite d/2y/x

lmag(Mexcitation - Mvacuum )

27 September 2024

15 / 18



Results

Parton Distribution Functions

Results - PDF

m/g = 5.6419; D = 80; At/AT =100

I I I I I I
-BEF N= 72;x= 50; N/\/x ~ 10 %
| [-%- N =100; x = 100; N/y/x = 10
-6~ N = 200; x = 100; N/+/x = 20

PDF £ (&)

) 2

-6

Manuel Schneider

| |
-1 -0.8 -0.

| | | | |
6 -04-02 0 02 04 06 038
Bjorken parameter &

PDFs from Tensor Network calculations

[e]e]ele] }

Observations:

> £>0: fy ~ symmetric
around ¢ =0.5

> Antiparticle PDF from
negative &:

f5(€) = ~fp (=€)
> Observed symmetry

~ £(6) = £,(€)

= meson v~
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Results
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Results - PDF

N =100; x = 100; D = 80; At/A7 = 100; N/v/X = 10

10

I
|-+ m/g
-%x- m/g = 5.6419
H-©- m/g=11.2838

= 2.8209

oSO N OB O @

PDF f, (&)

_10_1

Manuel Schneider

| |
.6 -04-02 0

| | | |
02 04 06 08

Bjorken parameter &
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Observations:
» £>0: fy ~ symmetric
around & =0.5

> Antiparticle PDF from
negative &:

£5(6) = ~F ()

> Observed symmetry

— £5(8) = £,(€)

= meson v~

> Peak broadens with
decreasing fermion mass v
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© Summary and Outlook
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Summary
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Summary

Summary: ;
» PDFs characterize the structure of hadrons al '
» Euclidean space: lightcone — point !
» Tensor Network States: direct evaluation of lightcone ol % |
correlators
» Schwinger model: PDF with standard TN tools:
MPS, time evolution
» Obtained fermion- and anti-fermion-PDF for the
vector meson v
Outlook:
» Control errors, continuum and infinite volume limits

PDF f, (&)

> Extend mass range X
_ \ | |
» Same analysis for QCD in 3+1 dimensions ©® 6—1 -0.5 0 0.5 1
Bjorken parameter &
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Singular values and cutoff

Schwinger model, L =14, p=0.125, x = 10, 2nd excitation
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Singular value

Singular values for cut in the middle
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Bond dimension D

1- | (\U(DH\UexactH

Infidelity of MPS with exact state
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Checks - lightcone

80

60

time t [1/2x]
o IS
o o o

i)
=)

Manuel Schneider

<P| a; (nm<k -i U:_l) e tHE) (I'In<o

L=556; m=0.125; x=300; D=80; x=80; startsite=278; Lmax=10; At/At=100; p=4.3301; excit=1;

io7) o, |P> with static charge Q=-1 fixed at site 0

Time evolution of correlator with fixed static charge
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Checks - lightcone

Cee + Coo - Ceo - Coe with static charge Q=-1 moved along the lightcone
L=556; m=0.125; x=300; D=80; x=80; startsite=278; Lmax=10; At/At=100; p=4.3301; excit=1;

80
0.9
60
0.8
40 0.7
_.20 06
x
o
5 0 0.5
[0}
£ 04
40 03
0.2
-60
0.1
-80

-80 -60 -40 -20 20 40 60 80

Time evolution of correlator with charge moved along the lightcone
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Spin formulation of the Schwinger Model

— 1
L=V(i}-ghA-m)V - ZFWFW
Legendre transformation — 7 (temporal gauge A° = 0)

- -1
H =— iUy (0 - igA)V + mUV + 5E2
E=F°

Manuel Schneider PDFs from Tensor Network calculations 27 September 2024



Backup

0000e00

Spin formulation of the Schwinger Model

— 1
L=V(i}-ghA-m)V - ZFWFW
Legendre transformation — 7 (temporal gauge A° = 0)

- -1
H =— iUy (0 - igA)V + mUV + 5E2
E=F°

Lattice formulation: staggered fermions 0
o ifs

s {\Uupper(x) if n even ' '
"\ Wiower (%) if 1 odd, @ o () 0 @
i . i 2
= = D (Ghe " dn1 ~ Bhae ™ 6n) + m(-1)"0160 + - DL
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Spin formulation of the Schwinger Model (2)

i . . 2
H =53 (618 dnn - 0, 6,) + m ¥ (-1)"0}60 + 2= DL

n

Decoupling:

¢n = [1(e7) én- O - @'@ - @'@

k<n
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Spin formulation of the Schwinger Model (2)

i ; . 2
H =53 (618 dnn - 0, 6,) + m ¥ (-1)"0}60 + 2= DL

n

Decoupling:

—i6 | | | I |
9 = 1 (e7™) én Ll Lo Ll Ll Ls
k<n So S1 S S3 S4 S5

Jordan-Wigner transformation — spin model: ¢, = [Ty<, (i0%) o}

1 2
H= o2 (03000 + 0pnon) + 2 D1+ (-1)'07]+ - T L2,
aT .
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Spin formulation of the Schwinger Model (2)

i . . 2
H =53 (618 dnn - 0, 6,) + m ¥ (-1)"0}60 + 2= DL

n
Decoupling:

—i6 | | | I |
9 = 1 (e7™) én Ll Lo Ll Ll Ls
k<n So S1 S S3 S4 S5

Jordan-Wigner transformation — spin model: ¢, = [Ty<, (i0%) o}
1 2
H= o Y (0hOp1+0p10n) + g S 1+ (-1)"0%] + 2 3 L2,

as ~

Gauss's law:

1
Ly=Lpa=0y0,-5[1-(-1)"] =

> [(-1)"+ 7]

N -

Manuel Schneider PDFs from Tensor Network calculations 27 September 2024 24 /18



Backup

00000e0

Spin formulation of the Schwinger Model (2)

| | ;
5 2 (h = 01 )+ D0}, + DL
Decoupling:

) M) ) M)
o T1 () 0 O—O0— 0000

k<n Sb §1 Sﬁ §3 S4 S5

Jordan-Wigner transformation — spin model: ¢, = [Ty<, (i0%) o}

L - 4o- m 0z, 28
= 52 2 (0h0n + 0noy) + 5 Y[+ (F1)"07] + == ST LG

n n

Gauss's law:

Ly~ Lea =307 = 2 (1= (-1)" = 5 [(-1)" + 7]

— Eliminate gauge degrees of freedom from H, rescaling:

N-2 . :uN 1 N-2 120 P 2 1 2m
- n__z z
H=x ) (0700 +0,001]+ 5 > [1+(-1)%7]+ )] EZ((_D +Uk):| (X:ﬁ»/i:ﬁ)
n=0 n=0 n=0 k=0 ag ag
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Factorization

Cross section:
o oc LM (k7 q) W;w (q, 'D)

Hadronic Tensor:

W, (€P) =Y [ a6 W (.0)

Leading order with W o § (1 - ;):

_ 4uqv 8mx P.-q , P-q ,
Wi (a.P) = (g 23 ) P T (P Ta) (- Tar)

Factorization (leading order):

SGENE0
F2 (€) =2xF1 ()
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