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Precision Flavour Physics
• Precision Flavour Physics, is a key approach, complementary to the large  searches at the LHC, in exploring the limits 

of the standard model and in searches for New Physics.
ET

• If the LHC experiments discover new elementary particles BSM, then precision flavour physics will 
be necessary to unravel the underlying framework.

• The discovery potential of precision flavour physics would also not be underestimated. (In principle, 
the reach may be about two orders of magnitude deeper than the LHC!

• To illustrate very recent experimental results, I show two slides from the NA62 experiment measuring the branching ratio 
for the very rare decay , presented at CERN this Tuesday 24/09/2024.K+ → π+νν̄
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 : Precision test of the Standard ModelK → πνν̄

•  highly suppressed in SM


• GIM mechanism & maximum CKM suppression  transition: 


• Theoretically clean  high precision SM predictions

• Dominated by short distance contributions.

• Hadronic matrix element extracted from  decays via isospin rotation.

ℬ(K → πνν̄)
s → d ∼ mt

mW
V*tsVtd

⇒

ℬ(K → π0ℓ+νℓ)

3

SM: Z-penguin &  box diagrams

Mode SM Branching Ratio [1] SM Branching Ratio [2] Experimental Status

K+ → π+νν̄
KL → π0νν̄

(8.60 ± 0.42) × 10−11

(2.94 ± 0.15) × 10−11
(10.6 ± 4.0) × 10−11

< 2 × 10−9
NA62 16—18 

KOTO (2021 data)

^Recent SM calculations [1:Buras et al. EPJC 82 (2022) 7, 615][2:D'Ambrosio et al. JHEP 09 (2022) 148]

(Differences in SM calculations from choice of CKM parameters: see [Eur.Phys.J.C 84 (2024) 4, 377])

(7.86 ± 0.61) × 10−11

(2.68 ± 0.30) × 10−11

α

γ β

Im

Re

ℬ(K +→ π +νν̄)

ℬ
(K

L
→

π0 νν̄
) η̄

ρ̄

(ρ̄, η̄)

1 1.45
ℬ(KL → μ+μ−) charm

|Vtd |
Aλ3

VudV*ub + VcdV*cb + VtdV*tb = 1

VudV*ub

Aλ3

Kaon Unitarity Triangle
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Results in context

51

5 10 15 20 25 30 35 40
 

1110×) νν
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+B(K 

  

BNL

NA62: 2016-18

NA62: 2021-22

NA62: 2016-22
SM [JHEP 09 (2022) 148]

SM [EPJC 82 (2022) 7, 615] 

 

ℬ16−18
πνν̄ = (10.6+4.1

−3.5) × 10−11

BNL E787/E949 experiment  
[Phys.Rev.D 79 (2009) 092004]

ℬ21−22
πνν̄ = (16.0+5.0

−4.5) × 10−11

ℬ16−22
πνν̄ = (13.0+3.3

−2.9) × 10−11 NA62 PRELIMINARY
[JHEP 06 (2021) 093]

• NA62 results are consistent 

• Central value moved up (now 1.5—1.7  above SM) 

• Fractional uncertainty decreased: 40% to 25% 

• Bkg-only hypothesis rejected with significance Z>5

σ
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Precision Flavour Physics
• Precision Flavour Physics, is a key approach, complementary to the large  searches at the LHC, in exploring the limits 

of the standard model and in searches for New Physics.
ET

• If the LHC experiments discover new elementary particles BSM, then precision flavour physics will 
be necessary to unravel the underlying framework.

• The discovery potential of precision flavour physics would also not be underestimated. (In principle, 
the reach may be about two orders of magnitude deeper than the LHC!

• Precision Flavour Physics requires control of hadronic effects for which Lattice QCD computations are essential.

K π

π

Heff
s

means

K π

π

Heff
s

• For illustration - a schematic diagram of  decays:K → ππ
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Lattice Flavour Physics

• It is a pleasure to acknowledge the continuing 
collaboration with Guido Martinelli and colleagues in 
Rome123, which started in 1986 and which currently 
counts 86 joint publications.

• It is also a pleasure to acknowledge my continuing 
collaboration with the RBC/UKQCD collaborations on a 
number of the topics discussed in this talk.



Parton Distribution Amplitudes

• Given the interest in PDAs at this meeting I also mention this early paper.
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Outline of Talk(s)

3.  QED Corrections to Decay Amplitudes  
     (To be presented at Academia Sinica next Monday)

2. Illustrative example:  at large  .B̄s → μ+μ−γ q2

R.Frezzotti, G.Gagliardi, V.Lubicz, G.Martinelli, CTS, 
F.Sanfilippo, S.Simula, N.Tantalo, arXiv:2402.03262

1. Introductory Remarks and Examples 
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1.  Introductory Remarks and Examples
a

L.

9

• Lattice QCD is a general first-principles technique used to compute non-perturbative 
QCD effects in a huge variety of applications.

• In principle the systematic errors are controllable, and can be progressively reduced. 
i) Continuum extrapolation  . 
ii) Extrapolation to infinite-volume  . 
iii) Minkowski  Euclidean continuation. 

a → 0
L → ∞

→

• For some simple quantities in spectroscopy and flavour physics, the M E continuation 
is not an issue, the discretisation and finite-volume effects are under control and results 
can be obtained with a precision at the sub-percent level.

→

.

W C(µ) × O(µ)
• The lattice spacing  (typically fm) is far too large to allow for 

propagating W,Z - bosons  use the Operator Product Expansion.
a 0.05 − 0.1

⇒

 - perturbative 
Matrix element of  non-perturbative 

C(μ)
O(μ)



Well-studied quantities in lattice kaon physics

Leptonic decay constant 1. fK

<latexit sha1_base64="hcd7eDyGBIcBy2kOhX/wSnstkiA=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKoboZsK9gJNCZPppB06mYSZiVDaPoMbX8WNC0XcunLn2zhNs9DWHwZ+vnMOZ87vRYxKZVnfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGN7N664EISUN+r0YR6Qaoz6lPMVIauWbRYYj3GYHWBF65ThBPaoWo6IgEXvpuDUYz6pRKrpm3ylYiuGzs1ORBqrprfjm9EMcB4QozJGXHtiLVHSOhKGZkmnNiSSKEh6hPOtpyFBDZHScnTeGJJj3oh0I/rmBCf0+MUSDlKPB0Z4DUQC7WZvC/WidW/kV3THkUK8LxfJEfM6hCOMsH9qggWLGRNggLqv8K8QAJhJVOMadDsBdPXjbN07J9Vq7cVfLV6zSOLDgCx6AAbHAOquAW1EEDYPAInsEreDOejBfj3fiYt2aMdOYQ/JHx+QMHz5xy</latexit>

h0|Aµ|K(p)i = fKpµ ,
<latexit sha1_base64="ORrS5DYneJ51uJqwpRYlt+YYLco="></latexit>

�(0) =
G2

F |Vus|2f2
K

8⇡
m3

Kr2`
�
1� r2`

�2

rℓ =
mℓ

mK

fK = 155.7(3) MeV

FLAG Review 2021, Y.Aoki et al., 
arXiv:2111.09849
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 decays2. Kℓ3

K π

leptons

s u

⇒ Vus

⟨π(pπ) | s̄γμu |K(pK)⟩ = f0(q2)
m2

K − m2
π

q2
qμ

+f+(q2)[(pπ + pK)μ −
m2

K − m2
π

q2
qμ]

where q = pK − pπ .

f0(0) = 0.9698(17)

• Shape of form factor also computed.
FLAG Review 2021, Y.Aoki et al., arXiv:2111.09849 

from ETM (arXiv:1602.04113) and  
FNAL/MILC (arXiv:1809.02827) collaborations.

 mixing3. K0-K̄0

s̄ d̄

d s

K0 K̄0

⟨K̄0 | s̄γμ(1 − γ5)d s̄γμ(1 − γ5)d |K0⟩ =
8
3

f 2
Km2

K BK(μ)

B̂K ≡ αs(μ)−γ0/2β0 (1 + O(αs(μ)) BK(μ)

B̂K = 0.717(18)(16)

FLAG Review 2021, Y.Aoki et al.,  
arXiv:2111.09849 from ETM (arXiv:1505.06639) 

collaboration.

K−

s

ū

!−

ν̄!

W
⇒ Vus



Lattice QCD and Flavour Physics 
• In the past, most lattice computations in flavour physics have been of matrix elements of the form

⟨ f | O(0) | i ⟩
where  is a single-hadron state,  is the vacuum or single-hadron state and  is a local composite operator. | i ⟩ | f ⟩ O(0)

• In recent years, together with my collaborators in Rome and in the RBC-UKQCD collaboration, we have been 
working to extend the range of physical processes for which the hadronic effects can be computed:

∫ d4y ⟨ f |O1(0) O2(y) | i ⟩ .• Matrix elements of bifocal operators:                                                                  For example:

(i)  and long distance contributions to  . Here  are both -quark weak operators.ΔmK ϵK O1 and O2 4
N.H.Christ, T.Izubuchi, CTS, A.Soni and J.Yu , arXiv:1212.5931;   Z.Bai,  N.H.Christ, T.Izubuchi, CTS, A.Soni and J.Yu, arXiv:1406.0916 

Z.Bai, N.H.Christ and CTS, EPJ WebConf. 175 (2018) 13017;   Z.Bai, N.H.Chris, J.Karpie, CTS, A.Soni and B.Wang, arXiv:2309.01193

(ii) The rare kaon decays  and  . Here  can both be weak operators  
or a weak operator and an electromagnetic current .

K → πℓ+ℓ− K → πνν̄ O1 and O2 (K → πνν̄)
(K → πℓ+ℓ−)

N.H.Christ, X.Feng, A.Portelli and CTS, arXiv:1507.03094,  arXiv:1605.04442 + a series of numerical studies
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• For these processes, the theoretical frameworks have been developed, exploratory numerical computations have 
been performed, but computations on the next generation of machines will have to be performed to achieve, 
precise, robust results.



  DecaysK → ππ

•   decays are a very important class of processes with a long and noble history.K → ππ
- It is in these decays that both indirect and direct CP-violation was discovered.

• Bose symmetry  the two-pion state has isospin  or ⇒ 0 2 ,

I=2⟨ππ |HW |K0⟩ = A2 eiδ2 , I=0⟨ππ |HW |K0⟩ = A0 eiδ0 .

• Among the very interesting issues are the origin of the   rule  and an understanding of the 
experimental value of , the parameter which was the first experimental evidence for direct CP-violation.

ΔI = 1/2 (ReA0/ReA2 ≃ 22.5)
ϵ′ /ϵ

12

• See the following two RBC-UKQCD papers, which however represent the culmination of many years  of preparatory work:

 “  decay amplitude in the continuum limit”   
T.Blum, P.A.Boyle, N.H.Christ, J.Frison, N.Garron, T.Janowski, C.Jung, 
C.Kelly, C.Lehner, A.Lytle, R.D.Mawhinney, CTS., A.Soni, H.Yin, and 
D.Zhang                                                                arXiv:1502.00263

1. K → ππ ΔI = 3/2 ”Direct CP violation and the  rule in  decay in the 
Standard Model” 
R.Abbott, T.Blum, P.A.Boyle, M.Bruno, N.H.Christ, D.Hoying, C.Jung, 
C.Kelly, C.Lehner, R.D.Mawhinney, D.J.Murphy, CTS, A. Soni, M.Tomii 
and T.Wang,                                                                  arXiv:2004.09440

2. ΔI = 1/2 K → ππ

- Detailed references to earlier work can be found in these papers.

(Building on RBC-UKQCD, Z.Bai et al. arXiv:1505.07863)

• For these decays  consists of two hadrons which interact in the finite volume.| f ⟩



Why are the amplitudes difficult to compute?
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tH

tπ, !pπ = !q

tπ, !pπ = -!q

tK

!pK = 0

!pπ = 0

!pπ = 0

•  correlation function is dominated by the lightest intermediate state.K → ππ
- With periodic boundary conditions this is the  state with both pions at rest for  and the vacuum state for  ππ A2 A0 .
- We have chosen to use anti periodic boundary conditions for the d-quark  for  and G-parity boundary 

conditions for 
A2

A0 .
- Work is in progress to compute the amplitudes with periodic boundary conditions with excited  states.ππ

• Volume must be tuned to ensure  Eππ = mK .
- Moreover, the -wave  and  channels are attractive and repulsive respectively and so the two cases 

must be treated separately.
s I = 0 I = 2

• Finite-volume effects are not exponentially small and must be corrected.

L.Maiani and M.Testa, Phys.Lett. B245 (1990) 585

L.Lellouch and M.Lüscher, hep-lat/00030023, 
C.J.D.Lin, G.Martinelli, CTS and M.Testa, hep-lat/0104006 
 C-h.Kim, CTS and S.Sharpe, hep-lat/0507006

M.Tomii, Lattice 2023



Summary of our Results
• ;Re A0 = 2.99 (0.32) (0.59) × 10−7 GeV (Experiment 3.3201(18) × 10−7 GeV )

Im A0 = − 6.98 (0.62) (1.44) × 10−11 GeV .

• We find  in good agreement with the experimental result of 
Re A0

Re A2
= 19.9 ± 2.3 ± 4.4 22.45(6) .

• Combining the result for  and  and using the experimental results for the real parts we obtainIm A0 Im A2

Re ( ϵ′ 

ϵ ) = 0.00217 (26)stat (62)syst (50)IB .

The result is consistent with the experimental value  of 0.00166 (23) .

14

• Re A2 = 1.50(4)stat(14)syst × 10−8 GeV , (Experiment 1.4787(31) × 10−8 GeV) ;

• The RBC/UKQCD Collaboration continues work to reduce the uncertainties. Important priority is to control the IB 
effects.

Im A2 = − 6.99(20)stat(84)syst × 10−13 GeV .



2.   The   Decay Rate at Large Bs → μ+μ−γ q2

15

• I use this interesting FCNC process to illustrate the elements which we are able to compute and to highlight the 
important theoretical issues which we are still working to resolve.

• Preview: We can compute the dominant contribution, but are working to solve the 
problems which will enable an improved precision.

R.Frezzotti, G.Gagliardi, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo, S.Simula, N.Tantalo, arXiv:2402.03262

q

k
Bs

µ+

µ−

γ

,     is the energy of the real photon in rest frame of the  meson. xγ =
2Eγ

mBs

Eγ Bs

q2 = m2
Bs

(1 − xγ), 0 ≤ xγ ≤ 1 −
4m2

μ

m2
Bs

• LHCb: ,    arXiv:2108.09283/4B(Bs → μ+μ−γ) | q2 >4.9 GeV < 2.0 × 10−9



From the May/June 2024 issue of the Cern Courier
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The Effective  Hamiltonianb → s

 ℋb→s
eff = 2 2GF VtbV*ts [ ∑

i=1,2

CiOc
i +

6

∑
i=3

CiOi +
αem

4π

10

∑
i=7

CiOi]
Oc

1 = (s̄i γμ PL cj) (c̄j γμ PL bi) Oc
2 = (s̄ γμ PL c) (c̄ γμ PL b)

 are QCD Penguins with small Wilson CoefficientsO3−6

O7 = −
mb

e
(s̄σμν Fμν PR b) O8 = −

gsmb

4παem
(s̄σμν Gμν PR b)

O9 = (s̄ γμ PLb) (μ̄ γμ μ) O10 = (s̄ γμ PLb) (μ̄ γμ γ5 μ)

(PL,R =
1
2

(1 ∓ γ5))

 are the QED and  
QCD Field Strength Tensors
Fμν and Gμν

The amplitude is given by: 𝒜 = ⟨ γ(k, ϵ) μ+(p1) μ−(p2) | − ℋb→s
eff | Bs(p) ⟩QCD+QED

= − e
αem

2π
Vtb V*ts ϵ*μ [

9

∑
i=1

Ci Hμν
i LV ν + C10(Hμν

10 LA ν − i
fBs

2
Lμν

A pν)]
17

The are hadronic and  
leptonic tensors respectively

Hμν and L



Contribution from “Semileptonic” Operators - FV and FA

18

Hμν
9 (p . k) = Hμν

10 (p . k) = i∫ d4y⟨ 0 |T[ s̄ γν PL b (0) Jμ
em(y)] | B̄s(p) ⟩

= − i(gμν (k ⋅ q) − qμkν)
FA(q2)
2mBs

+ ϵμνρσ kρ qσ
FV(q2)
2mBs

• These form factors can be computed from Euclidean correlation functions (at accessible values of ).mb

• We choose  and   and use twisted boundary conditions for .p = 0 k = (0,0,kz) kz

• With such a choice of kinematics:      and  ,
1

2kz
(H12

V (t, k) − H21
V (t, k)) → FV(xγ)

i
2Eγ

(H11
A (t, k) + H22

A (t, k)) → FA(xγ)

where  is the temporal position of the weak current. t



The form factors FTV and FTA

• In a similar way the following contributions can be computed:

Hμν
7A(p . k) =

2mb

q2 ∫ d4y⟨ 0 |T[ s̄ σνρ PR b (0) Jμ
em(y)] | B̄s(p) ⟩

= − i(gμν (k ⋅ q) − qμkν)
mbFTA(q2)

q2
+ ϵμνρσ kρ qσ

mbFTV(q2)
q2

• With our choice of kinematics:      and  .
1

2kz
(H12

TV(t, k) − H21
TV(t, k)) → FTV(xγ)

−i
2Eγ

(H11
A (t, k) + H22

A (t, k)) → FTA(xγ)

• Here, for now, we are isolating the contribution in which it is the virtual photon which is emitted from O7 .

• There is also the useful kinematical constraint that FTV(1) = FTA(1) .



Numerical Results for FV , FA , FTV , FTA

20

• These four form-factors can be computed using “standard” methods at the available heavy quark masses.

• We use gauge field configurations generated by the European Twisted Mass Collaboration (ETMC), with 
the Iwasaki gluon action and  flavours of Wilson-Clover light quarks at maximal twist (four 
ensemble with ).

Nf = 2 + 1 + 1
0.057 fm < a < 0.091 fm

• We perform the calculations at 5 values of the heavy quark mass corresponding to and at 4 values of 
.xγ = 0.1, 0.2, 0.3, 0.4

• Much effort is then devoted to the  and  limit, guided by the heavy-quark scaling laws and 
models for possible resonant contributions.

mh → mb a → 0



Continuum Extrapolation
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• The continuum extrapolation is 
performed separately at each value of 

 and  .mHs
xγ

• The illustration plots are for  .xγ = 0.4



Extrapolation of the results to mBs
= 5 . 367 GeV

• Having performed the continuum extrapolation, we need to extrapolate the results to the physical value of  .mBs

• In the heavy-quark and large  limits, scaling laws were derived up to :Eγ O(1/mHs
,1/Eγ)

M.Beneke and J.Rohrwild, arXiv:1110.3228;  
M. Beneke, C. Bobeth and Y.-M. Wang, arXiv:2008.12494

FV/A

fHs

=
|qs |
xγ (

R(Eγ, μ)
λB(μ)

+ ξ(xγ, mHs
) ± 1

mHs
xγ

± |qb |
|qs |

1
mh )

FTV/TA

fHs

=
|qs |
xγ (

RT(Eγ, μ)
λB(μ)

+ ξ(xγ, mHs
) ±

1 − xγ

mHs
xγ

+
|qb |
|qs |

1
mHs

);

•   are radiative correction factors ;  is the first inverse moment of the -meson 
LCDA,  are power corrections.
R(Eγ, μ) , RT(Eγ, μ) = 1 + O(αs) λB Bs

ξ(xγ, mHs
)

• Photon emission from the -quark suppressed relative to the emission from the -quark.b s

• Tensor form-factors are presented in the  scheme at .MS μ = 5 GeV

• However, useful though these scaling laws are, they apply at large  (as well as large ), are there are significant 
corrections at our lightest values of  and smaller values of  . We therefore us an ansatz which includes the 
above scaling laws at large  as well as VDM behaviour.

Eγ mh

mh Eγ

Eγ
22



Extrapolation of the results to mBs
= 5 . 367 GeV
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Comparison with Previous Determinations of the Form Factors
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• Ref.[3] = T.Janowski, B.Pullin and R.Zwicky, arXiv:2106.13616, LCSR
•  Ref.[4]= A.Kozachuk, D.Melikhov and N.Nikitin, arXiv:1712.07926, relativistic dispersion relations
• Ref.[5]= D.Guadagnoli, C.Normand, S.Simula and L.Vittorio, arXiv:2303.02174, VMD+quark model+lattice at charm

24
• In general our results for the form factors differ significantly from earlier estimates.



Other Contributions 

25

  whereHμν
T̄

(p, k) = i∫ d4y ei(p−k)⋅y ⟨ 0 |T[ Jν
T̄(0) Jμ

em(y)] | B̄s(0) ⟩ ≡ − ϵμνρσ kρ pσ
F̄T

mbs

  .Jν
T̄ = − i ZT(μ) s̄σνρb

kρ

mBs

• The difficulty arises from the first diagrams above when .  
• In that case we potentially have a hadronic intermediate state (e.g. an  state) with smaller mass than 

, leading to an imaginary part and problems with the continuation to Euclidean space. 

ty > 0
ss̄ 1−

(p − k)2

m2
V + E2

γ + Eγ < mBs
⇒ xγ < 1 −

m2
V

m2
Bs

≃ 1 −
4m2

K

m2
Bs

≃ 0.96 .



 (cont.)F̄T

O7

Jem

0

t

b

s̄

s

γ

µ+

µ−
γ∗ • Large amount of effort is being devoted to developing techniques 

based on the spectral density representation, 
M.Hansen, A.Lupo and N.Tantalo, arXiv:1903.06476 

R.Frezzotti et al., arXiv:2306.07228

• For  define   t > 0 Cs(t, k) = ⟨ 0 |Jμ
em,s(t, − k) Jν

T̄(0) |Bs(0)⟩ = ∫
∞

−∞
dt′ δ(t′ − t) Cs(t′ , − k)

= ∫
∞

−∞
dt′ ∫

∞

−∞

dE′ 

2π
eiE′ (t′ −t) Cs(t′ , − k) = ∫

∞

−∞

dE′ 

2π
e−iE′ t ∫ d4x′ eik′ ⋅x′ ⟨0 |Jμ

em,s(x′ ) Jν
T̄(0) |B(0)⟩

= ∫
∞

−∞

dE′ 

2π
e−iE′ t ∫ d4x′ ⟨0 |Jμ

em,s(0) e−i( ̂P−k′ )⋅x′ JT̄Tν(0) |B(0)⟩= ∫
∞

−∞

dE′ 

2π
e−iE′ t ⟨0 |Jμ

em,s(0) (2π)4 δ( ̂P − k′ ) Jν
T̄(0) |B(0)⟩

≡ ∫
∞

−∞

dE′ 

2π
e−iE′ t ρμν

s (E′ , k)
ρs(E′ , k)

(k′ = (E′ , − k))

• In Euclidean space  Cs(t, k) = ∫
∞

E*

dE′ 

2π
e−E′ t ρμν

s (E′ , k) .
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 (cont.)F̄T
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• For  define   t > 0 Cs(t, k) = ⟨ 0 |Jμ
em,s(t, − k) Jν

T(0) |Bs(0)⟩ = ∫
∞

E*

dE′ 

2π
e−iE′ t ρμν

s (E′ , k) .

• In Euclidean space  Cs(t, k) = ∫
∞

E*

dE′ 

2π
e−E′ t ρμν

s (E′ , k) .

• For the amplitude we require

                Hμν
T̄s

(mB, k) = i∫
∞

0
dt ei(mB−ω)t Cμν

s (t, k) = lim
ϵ→0 ∫

∞

E*

dE′ 

2π
ρμν

s (E′ , k)
E′ − (mB − ω) − iϵ

. (ω = |k |)

• The question is how (best) to extract the information about the spectral density, , contained in the 
Euclidean correlation function in order to determine the amplitude (both the real and imaginary parts).

ρμν
s (E, k)

• We use the HLT method, in which computations are performed at several values of , and the kernel 
 is approximated by a series of exponentials in time.

ϵ
1

E′ − (mB − ω) − iϵ

O7

Jem

0

t

b

s̄

s

γ

µ+

µ−
γ∗

1
E′ − E − iϵ

≃
nmax

∑
n=1

gn(E, ϵ) e−anE′ where the  are complex coefficients.gn

• Finally   Hμν
T̄s

(mB, k) = lim
ϵ→0 ∫

∞

E*

dE′ 

2π
ρμν

s (E′ , k)
E′ − (mB − ω) − iϵ

= lim
ϵ→0

nmax

∑
n=1

gn(mB − ω, ϵ) Cs(an, k)



• Resulting error is  but  No clear  dependence is observed in our data and we quote:O(100%) F̄T ≪ FTV, FTA . xγ

 (cont.)F̄T
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• Determining the  requires a balance between the systematic error due to the approximation of   by a 
finite number of exponentials (in which the coefficients are large with alternating signs) and the statistical errors in the 
correlation functions .

gn 1/(E′ − E − iϵ)

Cs(an, k)

• We have computed  at all four values of  at three of the five values of  and on two of the 
gauge-field ensembles (  and ). 

F̄T xγ , mh (mh/mc = 1, 1.5, 2.5)
a = 0.0796(1) fm 0.0569(1) fm

i)    only gives a very small contribution to the rate and is therefore not needed with great precision. 
ii)  The spectral density method is computationally expensive.

F̄T

• An extrapolation in  is required, as well as those in  and  .ϵ a mh

Re F̄ s
T(xγ) = − 0.019(19) and Im F̄ s

T(xγ) = 0.018(18) .
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Other Contributions - Charming Penguins

• Of the contributions we have not computed directly , the most significant one at large  is expected to be that 
from the operators  (charming penguins) and we are working on developing methods to overcome this.

q2

Oc
1,2

• In the meantime we follow previous ideas and estimate the contribution based on VMD inserting all  resonances 
from the  to the  It can be viewed as a shift in 

cc̄
J/Ψ Ψ(4660) . C9 → Ceff

9 (q2) = C9 + ΔC9(q2) :

ΔC9(q2) = −
9π
α2

em (C1 +
C2

3 ) ∑
V

|kV |eiδV
mVΓV B(V → μ+μ−)

q2 − m2
V + imVΓV

.

30

•  and  parametrise the deviation from the factorisation approximation (in which ). We allow  
to vary over  and  to vary in the range  
kV δV δV = kV − 1 = 0 δV

(0,2π) |kV | 1.75 ± 0.75 .
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ℬ(xcut
γ ) = ∫

xcut
γ

0
dxγ

dℬ(xγ)
dxγ

• Structure Dependent (SD) contribution dominated by FV .

• The error from the charming penguins increases with  (at  it is about ).xγ xγ = 0.4 30 %

• Our Result - ;       LHCb -  . ℬSD(0.166) = 6.9(9) × 10−11 ℬSD(0.166) < 2 × 10−9



Comparisons
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• Ref.[3] = T.Janowski, B.Pullin and R.Zwicky, arXiv:2106.13616, LCSR

•  Ref.[4]= A.Kozachuk, D.Melikhov and N.Nikitin, arXiv:1712.07926, 
relativistic dispersion relations

• Ref.[5]= D.Guadagnoli, C.Normand, S.Simula and L.Vittorio, 
arXiv:2303.02174, VMD+quark model+lattice at charm
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• Discrepancy persists since rate dominated by FV

• New LHCb update with direct detection of 
final state photon. I.Bachiller, La Thuile 2024 

LHCb, 2404.07648

• For  the bound is about an 
order of magnitude higher than before.

q2 > 15 GeV2



  —  ConclusionsB̄s → μ+μ−γ
• We have computed the form factors  which contribute to the amplitude. The amplitude is 

dominated by  . 
    There are significant discrepancies with earlier estimates of the form factors obtained using other methods.

FV , FA , FTV and FTA
FV
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• As  is decreased towards the region of charmonium resonances, the uncertainties grow, from with 
 to about for  , largely due to the charming penguins for which we have 

included a phenomenological parametrisation.

q2 15 %
q2

cut = 4.9 GeV 30 % q2
cut = 4.2 GeV

Outlook

• Continue developing methods to evaluate the disconnected diagrams.

• Develop methods which would allow the evaluation of the charming penguin contributions, also for 
 decays etc..                 This is one of our top priorities!B → K(*)μ+μ−

• Continue performing simulations on finer lattices so that the uncertainties due to the  extrapolation are 
reduced.

mh → mb


