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Asymptotic Safe gravity

The Einstein-Hilbert action:

SEH “
c4

16πG

ż

d4xpR ´ 2Λq

The coupling constant rG s “ ´2 has negative mass dimension which suggests that general
relativity is pertubatively non- renormalizable.

However, one can argue that gravity should not be quantized at all, because Einstein gravity
is an effective theory resulting from quantizing some yet unknown fundamental theory.

To explain black hole singularity and initial singularity (at Planck scale 1019 GeV ), we need
quantum theory of gravity.

Asymptotic safety demands:

The RG flow of coupling constants must hit a non-trivial fixed point in the ultraviolet (UV)
limit.
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Functional renormalization group in quantum gravity

Inspired by the Wilsonian path integral approach: Integrating out quantum fluctuations as a
function of the RG scale k.

The RG approach regards Einstein gravity is an effective theory ( Γk ) which is valid near a
certain non-zero momentum scale k.

This means that it arises from some fundamental theory by a “partial quantization” in which
only excitations with momenta larger than k are integrated out (p2 ą k2), while those with
momenta smaller than k are not included (p2 ă k2).

Scale-dependent generating functional of Euclidean correlation functions

Zk rJs ” eWk rJs “

ż

Dφ e´Srφs`pJ,φq´∆Sk rφs (1)

Regulator: quadratic functional

∆Sk rφs “
1

2

ż

ddp

p2πqd
φ‹ppqRk pp2qφppq (2)

Property of Rk pp2q: i. lim
p2

k2
Ñ0

Rk pp2q “ k2 for p2 ! k2 , the regulator screens the IR modes

in a mass like fashion m2 „ k2.
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Renormalization group approach to quantum gravity

The scale dependent modified effective action

Γk rϕs “ pJ, ϕq ´ Wk rJs ´ ∆Sk rϕs (3)

The effective average action ( Γk ) interpolates between fundamental or an ordinary quantum
effective action in the limits k Ñ 8 and k Ñ 0 i.e S “ ΓkÑ8 and Γ “ Γk“0.

Non-perturbative exact functional renormalization flow equation (FRGE):

kBkΓk “
1

2
Tr

„

kBkRk

´

Γ
p2q

k rϕs ` Rk

¯´1
ȷ

(4)

.

C. Wetterich, Phys. Lett. B, 301, 1 (1993) ñ for scalar field

M. Reuter, Phys. Rev. D 57, no. 10, 971 (1998) ñ for gravity

Einstein-Hilbert truncation : Truncation Up to
?
g and

?
gR (Ricci scalar)

Γk rg , ḡs “ p16πGpkqq
´1

ż

ddx
?
g t´Rpgq ` 2Λpkqu ` Sgf rg , ḡs, (5)
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RG Equation for Gravity

The flow equation for Gpkq and Λpkq are

kBkGpkq“ ηNGpkq (6)

kBkΛpkq“ ηNΛpkq `
1

2π
k4Gpkq

”

10Φ1
2p´2Λpkq{k2q ´ 8Φ1

2p0q ´ 5ηN Φ̃
1
2p´2Λpkq{k2q

ı

(7)

M. Reuter; Phys.Rev.D 57, 971-985, (1998)

Running Gravitational G pkq and Cosmological Constant Λpkq

Gpkq and Λpkq can be written as for very small k:

Gpkq “ G0

“

1 ´ ωG0k
2 ` ω1G

2
0 k

4 ` OpG3
0 k

6q
‰

(8)

Λpkq “ Λ0 ` G0k
4

“

ν ` ν1G0k
2 ` OpG2

0 k
4q

‰

. (9)

where Λ0 “ 0, ω “ 4
π

´

1 ´ π2

144

¯

, ν “
2ζp3q

4π
, ω1 “ ω2 ´ ω

3π
´ 13ν

6π
, ν1 “ ´ων ` 5ω

6π
` 5ν

3π
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RG improved Einstein equation:

Einstein’s field equations of general relativity with scale dependent Gpkq and Λpkq:

Rµν ´
1

2
Rgµν “ ´8πGptqTµν ` Λptqgµν . (10)

Gptq ” Gpk “ kptqq, Λptq ” Λpk “ kptqq

Bianchi I universe with Ordinary continuity equation

The anisotropic cosmology described by Bianchi I metric given as

ds2 “ ´dt2 ` a2ptqdx2 ` b2ptqdy2 ` c2ptqdz2 . (11)

The energy-momentum tensor of a perfect fluid :

Tµν “ pp ` ρqvµvν ` pgµν . (12)

The equations for scale factors :

´
:b

b
´

:c

c
´

9b 9c

bc
“ 8πGp ´ Λ ; ´

:a

a
´

:c

c
´

9a 9c

ac
“ 8πGp ´ Λ (13)

´
:a

a
´

:b

b
´

9a 9b

ab
“ 8πGp ´ Λ ;

9a 9b

ab
`

9b 9c

bc
`

9a 9c

ac
“ 8πGρ ` Λ . (14)
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Ordinary continuity equation:

The covariant conservation of the energy-momentum tensor i.e DµTµν “ 0 yields

9ρ ` pp ` ρq

˜

9a

a
`

9b

b
`

9c

c

¸

“ 0 . (15)

Dµ r´Λptqgµν ` 8πGptqTµν s “ 0 and DµTµν “ 0 together leads to a consistency equation

8πρ 9G ` 9Λ “ 0 . (16)

The solution of scale factors:

aptq “ m1Rptq exp

„

lp2 ` βq

3

ż

dt

R3ptq

ȷ

(17)

bptq “ m2Rptq exp

„

lpβ ´ 1q

3

ż

dt

R3ptq

ȷ

(18)

cptq “ m3Rptq exp

„

´
lp1 ` 2βq

3

ż

dt

R3ptq

ȷ

, (19)

where m1,m2,m3 are arbitrary constants of integration satisfying m1m2m3 “ 1 and
R3ptq “ abc.
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The simplest behaviour of k at late times is

k “
ÿ

n

ξn

tn
. (20)

We will keep terms up to n “ 3 as we are interested in the behaviour of G and Λ up to

O
ˆ

t4Pl
t4

˙

k “
ξ

t
`

σ

t2
`

δ

t3
. (21)

A. Bonanno, M. Reuter, Phys. Rev. D 65 (2002) 043508

Energy density and average scale factor

The energy density and the average scale factor take form in terms of t as:

ρptq “
1

4π

ˆ

ν̃

ω̃

˙

1

G0t2

#

1 `
2σ̃

t
`

2δ̃

t2
`

σ̃2

t2
`

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

t2
` O

ˆ

G2
0

t4

˙

+

, (22)

Rptq “

„

MG0

2

ˆ

ω̃

ν̃

˙ȷ 1
p3`3Ωq

t
2

p3`3Ωq

#

1 ´
1

p3 ` 3Ωq

˜

2σ̃

t
`

2δ̃

t2
´

p3Ω ` 5q

p3 ` 3Ωq

σ̃2

t2
`

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

t2

˙

` O
ˆ

G2
0

t4

˙*

. (23)
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Quantum corrected Scale Factors

For Ω “ 0 (p “ Ωρ) and Ω “ 1
3
but not Ω ‰ 1, the scale factors are :

aptq “ m1Rptq exp

„

lp2 ` βqα

3
N ptq

ȷ

,

bptq “ m2Rptq exp

„

lpβ ´ 1qα

3
N ptq

ȷ

,

cptq “ m3Rptq exp

„

´
lp1 ` 2βqα

3
N ptq

ȷ

, (24)

where we have written

N ptq “
pΩ ` 1q

pΩ ´ 1q
t

pΩ´1q

pΩ`1q ´ σ̃t
´ 2

pΩ`1q ´
1

pΩ ` 3q

ˆ

2δ̃ ´
pΩ ´ 1qσ̃2

pΩ ` 1q
`

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

˙

t
´

pΩ`3q

pΩ`1q ,

(25)

α “

”

MG0
2

´

ω̃
ν̃

¯ı´ 1
1`Ω

.
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The directional Hubble parameters

We can compute the directional Hubble parameters

9a

a
“ Hptq `

lp2`βqα
3

H1ptq ,

9b

b
“ Hptq `

lpβ´1qα
3

H1ptq ,

9c

c
“ Hptq ´

lp1`2βqα
3

H1ptq . (26)

where “average Hubble parameter” Hptq includes isotropic quantum corrections,

Hptq “
2

p3 ` 3Ωq

1

t

«

1 `
σ̃

t
`

ˆ

2δ̃ ´ σ̃2 `

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

˙

1

t2
` O

˜

t3Pl
t3

¸ff

, (27)

while the effects of anisotropy are included in the coefficients of H1ptq

H1ptq “ t
´ 2

1`Ω `
2σ̃

p1 ` Ωq
t

´
pΩ`3q

p1`Ωq `
1

pΩ ` 1q

ˆ

2δ̃ ´
pΩ ´ 1qσ̃2

pΩ ` 1q
`

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

˙

t
´

2p2`Ωq
1`Ω .

(28)
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Ω “ 0 (Dust)

Extra Einstein equation for scale factor:

9a 9b

ab
`

9b 9c

bc
`

9a 9c

ac
“ 8πGρ ` Λ (29)

The consistency conditions comparing different inverse powers of t :

ω̃

ν̃
“

3

2
, (30)

4

3

„

4δ̃ ´ σ̃2 ` 2

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

ȷ

´
l2pβ2 ` β ` 1qα2

3
“ ´ν̃G0`

2

ˆ

ν̃

ω̃

˙ „

2δ̃ ` σ̃2 `

ˆ

2ω̃1

ω̃
`

3ν̃1

2ν̃

˙

G0

ȷ

, (31)

If we take terms upto O
´

1
t2

¯

terms, we would have obtained conditions corresponding to

FLRW cosmology.

For higher order, we have got anisotropic signature as l ‰ 0.

Thus we see that for Ω “ 0, the anisotropic Bianchi-I cosmology does not necessarily flow to
the FLRW solution when quantum corrections are included.
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Ω “ 1
3 (Radiation)

By comparing inverse powers of t in the consistency condition:

ω̃

ν̃
“

8

3
, (32)

4

ˆ

ν̃

ω̃

˙

σ̃ “
3

2
σ̃ ´

l2α2
`

β2 ` β ` 1
˘

3
, (33)

It immediately follows that
l2α2

`

β2 ` β ` 1
˘

“ 0 . (34)

If l ‰ 0, we must have β2 ` β ` 1 “ 0 . This implies that the two roots of β are complex.

Since the scale factors must be real, it follows that l “ 0

Hence we see that all the directional Hubble parameters are equal, i.e. the universe must be
FLRW, in the presence of radiation.
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Ω “ 1 (Stiff Matter)

We can write l in terms of other constant β for Ω “ 1

l “
1

α

b

1 ´ 6p ν̃
ω̃

q
a

pβ2 ` β ` 1q
. (35)

As 9a
a
,

9b
b
and 9c

c
are real, we get the following condition from the above equation :

1 ´ 6

ˆ

ν̃

ω̃

˙

ě 0 ñ
ν̃

ω̃
ď

1

6
(36)

When ν̃
ω̃

“ 1
6
, l2pβ2 ` β ` 1q “ 0 , which implies that l “ 0 since β must be real.

we observe that for large β, we get a Kasner type solution, i.e. there are expanding and
contracting directions.

9a

a
“

9R
R

`
lp2 ` βqα

3
H̄ptq

9b

b
“

9R
R

`
lpβ ´ 1qα

3
H̄ptq

9c

c
“

9R
R

´
lp1 ` 2βqα

3
H̄ptq , (37)

For large positive β the expanding directions would involve the scale factors a, b and
contracting direction would involve c.
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FLRW Cosmology with modified continuity equation

FLRW Cosmology

FLRW cosmology described by a metric which is given as

ds2 “ ´dt2 ` a2ptq
“

dr2 ` r2
`

dθ2 ` sin2 θdϕ2
˘‰

. (38)

The equation for scale factors aptq :

H2 “
9a2

a2
“

8π

3
Gptqρ `

Λptq

3
. (39)

Ordinary continuity equation: Dµ r´Λptqgµν ` 8πGptqTµν s “ 0 and DµTµν “ 0 together
yields

9ρ ` 3Hpp ` ρq “ 0 , 8πρ 9G ` 9Λ “ 0 (40)

Modified continuity equation: Dµ r´Λptqgµν ` 8πGptqTµν s “ 0 leads

9ρ ` 3Hpp ` ρq “ ´
8πρ 9G ` 9Λ

8πGptq
(41)
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With Cutoff scale k “
ξ
t

Quantum corrected Hubble parameter:

Hptq “
1

αt

„ˆ

1 `
c

t
`

c2

t2
`

c3

t3
`

c4

t4
` ¨ ¨ ¨

˙

´
α2ν̃G0

3t2

ˆ

1 `
c

t
`

c2

t2
`

c2

3t2
´

α2ν̃G0

9t2
` ¨ ¨ ¨

˙ȷ

(42)

where α “
p3`3Ωq

2

Hptq “
1

αt

«

1 ´
α2ν̃G0

3tc t

ˆ

tc

t
´ 1

˙

´

ˆ

α2ν̃G0

3tc t

˙2 ˆ

tc

t
´ 1

˙

´

ˆ

α2ν̃G0

3tc t

˙3 ˆ

tc

t
´ 1

˙

` O
`

t´4
˘

ff

,

(43)
the critical time scale tc “ α2ν̃G0{3c

Attractive Phase: The expansion rate of the FLRW universe slows down than the speed of
classical expansion, Hptq ă Hclptq “ 1{αt, for t ă tc

Repulsive phase: The expansion rate enhances than the classical expansion rate when t ą tc

The energy density takes the form

ρptq “
3

8πα2G0t2

„

1 `
2c

t
`

3c2

t2
`

ω̃G0 ´ α2ν̃G0

t2
` O

`

t´3
˘

ȷ

. (44)
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More on cutoff choices

Cutoff kpHq “ ζG
pβ´1q{2
0 Hβ :

Three specific values of β, namely, β “ 1{4, 3{4, 1, were considered in R. Mandal, S. Gangopadhyay and

A. Lahiri, Eur. Phys. J. Plus 137 (2022) 10, 1110.

The entropy generation diverges at late times for β “ 1{4 while it converges to a constant
for β “ 3{4 and β “ 1.

The quantum corrected Hubble parameter Hptq:

H “ H0a
´α

”

1 ` β1H
4β´2
0

´

a´αp4β´2q ´ 1
¯ı´1{p4β´2q

. (45)

In the limit of infinitely large time, the scale factor a Ñ 8, we observe two distinct
behaviours of Hptq depending on the value of β:

H «

"

H̃0a´α, β ą 1{2,

β̃1, β ă 1{2,
ñ a «

#

pαH̃0q1{αt1{α, β ą 1{2,

eβ̃1t , β ă 1{2,
. (46)

β “ 1{2 is a critical value which changes the scale factor behaviour from a power law
(β ą 1{2) to exponential (β ă 1{2)
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