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Machine Learning and Physics
• Bidirectional objective:

• Can ML techniques help us discover physical laws?

• Can physics ideas help us develop ML algorithms?  

• RG-Flow: a hierarchical flow-based generative model 
motivated by the renormalization group in physics.

• Application 1: simulating critical systems 
 

• Application 2: image processing. 

[1] H Hu, SH Li, L Wang, YZ You. arXiv: 1903.00804

[2] H Hu, D Wu, YZ You, B Olshausen, Y Chen. 
arXiv: 2010.00029

[3] A Sheshmani, YZ You, W Fu, A Azizi. arXiv: 2203.07975



Generative Modeling
• Generative modeling (unsupervised learning) is an important 

topic in machine learning. 

• It aims to model the probability distribution of samples in 
the dataset and create new samples based on the learned 
distribution.



Generative Model and Quantum Field Thoery
• Quantum field theory = generative model of quantum fields

• Sample: field configuration  
 
 
 
 
 

• Negative log likelihood: field action (energy function) 
 

• The renormalization group is an important approach to 
analyze quantum field theory, which systematically extracts 
the effective action at different scales.
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Renormalization Group and Deep Learning
• The similarity between the renormalization group (RG) and 

deep learning has long been noticed.

• RG transformation (coarse-graining rule)

C Beny, arXiv: 1301.3124. P Mehta, DJ Schwab, arXiv: 1410.3831. HW Lin, M Tegmark, D 
Rolnick, arXiv: 1608.08225. EdM Koch, RdM Koch, L Cheng, arXiv: 1906.05212. JH Chung, 
YJ Kao, arXiv: 2010.05703 …

Renormalization

RG scale
Fine-grained Coarse-grained

x(3)x(2)x(1)x(0)
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Renormalization Group and Deep Learning
• The RG transformation induces a flow of the underlying 

probability model (or the field action)
Renormalization

RG scale
Fine-grained Coarse-grained

x(3)x(2)x(1)x(0)

Fine-grained:

Coarse-grained:
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What is the Designing Principle of RG?
• The goal of the renormalization group (RG) is to extract 

relevant features of field configurations.

• But what should be the relevant feature? The answer can be 
model/dataset dependent …

• Real-space RG of Ising models

• Ferromagnetic coupling: uniform spin component

• Anti-ferromagnetic coupling: staggered spin component

• Random coupling: …?

• Momentum-space RG of field theory

• Low-energy freedoms are relevant (but what is the 
notion of “energy” in general?)

• Is there an information-theoretic principle to guide the design 
of the optimal RG transformation?



What is the Designing Principle of RG?
• Maximal real-space mutual information (maxRMI) principle

• Relevant features retain maximal mutual information with 
neighboring environments. 
 
 
 
 
 
 
 

• The RG transform  should optimize this objective.

• We proposed another equivalent principle based on invertible 
RG and holographic mapping.

<latexit sha1_base64="9NEI9SnCJ5mH4t+IEKRgQjN5IiA="></latexit>

p(H|V )

2

Consider then a classical system of local degrees of free-
dom X = {x1, . . . , xN} ⌘ {xi}, defined by a Hamilto-
nian energy function H({xi}) and associated statistical
probabilities P (X ) / e

��H({xi}), where � is the inverse
temperature. Alternatively (and su�ciently for our pur-
poses), the system is given by Monte Carlo samples of
the equilibrium distribution P (X ). We denote a small
spatial region of interest by V ⌘ {vi} and the remain-
der of the system by E ⌘ {ei}, so that X = (V, E). We
adopt a probabilistic point of view, and treat X , E etc.
as random variables. Our goal is to extract the relevant
degrees of freedom H from V.

“Relevance” is understood here in the following way:
the degrees of freedom RG captures govern the long dis-
tance behaviour of the theory, and therefore the experi-
mentally measurable physical properties; they carry the
most information about the system at large, as opposed
to local fluctuations. We thus formally define the ran-
dom variable H as a composite function of degrees of
freedom in V maximizing the mutual information (MI)
[28] between H and the environment E .

Mutual information, denoted by I�, measures the to-
tal amount of information about one random variable
contained in the other (thus it is more general than cor-
relation coe�cients, which measure monotonic relations
between variables, only). It is given in our setting by:

I⇤(H : E) =
X

H,E

P⇤(E ,H) log

✓
P⇤(E ,H)

P⇤(H)P (E)

◆
, (1)

The unknown distribution P⇤(E ,H) and its marginaliza-
tion P⇤(H), depending on a set of parameters ⇤ (which
we keep generic at this point), are functions of P (V , E)
and of P⇤(H|V), which is the central object of interest.
In the supplementary materials we discuss the relation of
this approach to RG to the more standard procedures.

Finding P⇤(H|V) which maximizes I⇤ under certain
constraints is a well-posed mathematical question and
has a formal solution [29]. Since, however, the space of
probability distributions grows exponentially with num-
ber of local degrees of freedom, it is in practice impos-
sible to use without further assumptions for any but
the smallest physical systems. Our approach is to ex-
ploit the remarkable dimensionality reduction properties
of artificial neural networks (ANNs) [9]. We use re-
stricted Boltzmann machines (RBM), a class of proba-
bilistic ANNs well adapted to approximating arbitrary
data probability distributions. An RBM is composed
of two layers of nodes, the “visible” layer, correspond-
ing to local degrees of freedom in our setting, and a
“hidden” layer. The interactions between the layers are
defined by an energy function E⇥ ⌘ Ea,b,✓(V,H) =
�
P

i aivi �
P

j bjhj �
P

ij vi✓ijhj , such that the joint
probability distribution for a particular configuration of
visible and hidden deegrees of freedom is given by a Boltz-
mann weight:

P⇥(V,H) =
1

Z
e
�Ea,b,✓(V,H)

, (2)

with Z the normalization. The goal of training of an
ANN is to find parameters ✓ij (“weights” or “filters”)
and ai, bi optimizing a chosen objective function.

Three distinct RBMs are used: two are trained as
e�cient approximators of the probability distributions
P (V, E) and P (V), using the celebrated contrastive di-
vergence (CD) algorithm [30]. Their trained parameters
are used by the third network [see Fig. 1(B)], which has
a di↵erent objective: to find P⇤(H|V) maximizing I⇤,
we introduce the real space mutual information (RSMI)
network, whose architecture is shown in Fig. 1(A). The
hidden units of RSMI correspond to coarse-grained vari-
ables H.

FIG. 1. (A) The RSMI neural network architecture: the hid-
den layer H is directly coupled to the visible layer V via the
weights �j

i (red arrows), however the training algorithm for
the weights estimates MI between H and the environment
E . The bu↵er B, is introduced to filter out local correla-
tions within V (see supplementary materials). (B) The work-
flow of the algorithm: the CD-algorithm trained RBMs learn
to approximate probabilty distributions P (V, E) and P (V).
Their final parameters, denoted collectively by ⇥(V,E) and
⇥(V), are inputs for the main RSMI network learning to ex-
tract P⇤(H|V) by maximizing I⇤. The final weights �j

i of the
RSMI network identify the relevant degrees of freedom. For
Ising and dimer problems they are shown in Figs. 2 and 4.

The parameters ⇤ = (ai, bj ,�
j
i ) of the RSMI network

are trained by an iterative procedure. At each iteration a
Monte Carlo estimate of function I⇤(H : E) and its gra-
dients is performed for the current values of parameters
⇤. The gradients are then used to improve the values
of weights in the next step, using a stochastic gradient
descent procedure.

max I(H, E)
<latexit sha1_base64="zgUbNgRwlxZDlc0JGcB9dtGIFds="></latexit>

Coarse-grained  
freedom Environment

M Koch-Janusz, Z Ringel, arXiv: 1704.06279
A Gordon, A Banerjee, M Koch-Jansz, Z Ringel, arXiv: 2012.01447

H Hu, S-H Li, L Wang, Y-Z You. 
arXiv: 1903.00804



Invertible RG and Holographic Mapping
• The renormalization “group” is not a group! 

The conventional formulation of RG is information lossy and 
is therefore irreversible.

Renormalization

RG scale
Fine-grained Coarse-grained

x(3)x(2)x(1)x(0)

How to invert?
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Invertible RG and Holographic Mapping
• What have been discarded are the irrelevant features at 

each RG step.
Renormalization

RG scale
Fine-grained Coarse-grained

x(3)

z (3)
x(2)

z (2)
x(1)

z (1)x(0) z (0)
decimated features

Fine-grained 
features

Coarse-grained 
features

Irrelevant features 
to be decimated 
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Design of Invertible RG Transform
• Requirement for : bijectivity + locality (+ equivariance)

• Neural ODE realization (ensures bijectivity) 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x (0) := x(l)

ODE

x (1)

x(l+1)split

z (l)
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d

dt
x(t) = v(x(t)) t 2 [0, 1]

x v (x)
A Sheshmani, YZ You, W Fu, A Azizi. arXiv:2203.07975

Velocity model (neural net):

• Impose locality by CNN

• Equivariance can be required
<latexit sha1_base64="0ta3z5AudFUn3kFmo3yfDqSLv9E="></latexit>

Gv(x) = v(Gx)

RTQ Chen et.al. arXiv:1806.07366



Invertible RG and Holographic Mapping
• All the decimated features form a holographic encoding of 

the original fine-grained configuration.
<latexit sha1_base64="+TLWmV5CPYHc09zhvQGdvsgd/WI="></latexit>

z = (z(0), z(1), · · · ) = R(x(0))

XL Qi, arXiv: 1309.6282
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x(0) = x

z (1)x(1)

z (2)x(2)

z (3)x(3)

z (4)x(4)

z (5)

base space
(boundary)

hyperbolic space
(bulk)

z

• Bijective (no 
information loss)

• Holographic 
(boundary to 
bulk)

A Sheshmani, YZ You, W Fu, A Azizi. arXiv:2203.07975



Invertible RG and Holographic Mapping
• Holographic duality (AdS/CFT correpondance): a mapping 

between a quantum field theory and a gravity theory in one-
higher dimension.

• Critical systems (CFT) ↔︎ hypobolic geometry (AdS)

• Power-law correlation of boundary variables 
 

• Exponential correlation of bulk variables 
 

• Because the boundary and bulk 
geodesic distances are related by

(Massless, critical)

(Massive)
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Invertible RG and Generative Modeling
• Generation is the inverse of renormalization! 
 
 
 
 
 
 
 

• One-step inverse map:

• Holographic decoding (bulk to boundary) 
 

Generation

inverse
RG scale

Fine-grainedCoarse-grained

z (2) z (1) z (0)z (3)
x

visible variablesholographic variables z
<latexit sha1_base64="PxBqF9Y4fuE6/E8hf/eNjMwaalA="></latexit>
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Invertible RG and Generative Modeling
• The holographic mapping  is deterministic. How can it be 

used to model probability distribution?

• Flow-based generative model: deforming a known prior 
distribution to the target distribution by bijective maps. 
 
 
 
 

• What to learn?  
- The bijective RG transformation 

• How to learn?  
- Given prior match target 
- Or given target match prior

<latexit sha1_base64="6Q++6V0glc5fZ7W7WzBnhAROvNY="></latexit>
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Target Prior
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Dual
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What is the Designing Principle of RG?
• Maximal real-space mutual information (maxRMI) principle:

• Relevant features retain maximal mutual information with 
neighboring environments.

• Minimal bulk mutual information (minBMI) principle:

• Irrelevant features have minimal mutual information with 
each other. 
 
 

• Holographic interpretation: the bulk 
freedom should be massive.

• RG flow is the optimal transport of a non-trivial field theory 
(boundary) towards a massive Gaussian theory (bulk).

x(0) = x

z (1)x(1)

z (2)x(2)

z (3)x(3)

z (4)x(4)

z (5)
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H Hu, S-H Li, L Wang, Y-Z You. arXiv: 1903.00804



What is the Designing Principle of RG?
• Maximal real-space mutual information (maxRMI) principle:

• Relevant features retain maximal mutual information with 
neighboring environments.

• Minimal bulk mutual information (minBMI) principle:

• Irrelevant features have minimal mutual information with 
each other. 
 

• Objective function  
x(0) = x

z (1)x(1)

z (2)x(2)

z (3)x(3)

z (4)x(4)

z (5)
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Recall 
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Machine Learning Holographic 
Mapping by Neural Network 

Renormalization Group
H Hu, S-H Li, L Wang, Y-Z You. arXiv: 1903.00804

Hong-Ye Hu Lei Wang
(UCSD → Harvard) (IOP, CAS)

Shuo-Hui Li



Problem Setup
• Given a statistical mechanics/field theory model  
 

• Train a bijective RG transformation  to minimize 
the bulk mutual information (disentangle latent variables ) 
 
 

• After training

• Generation task: generate  from  

• Inference task: infer  from 
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Complex φ4 Model in 2D
• Lattice field theory on square lattice  
 
 

• Symmetry: internal U(1) 

• Effectively 2D XY model 
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Performance of the Generative Model
• Let us first make sure that the machine learns the correct 

physics from the given action.

• Phase diagram (32x32 finite size lattice) 
 
 
 
 

• Correlation function  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Probing Holographic Bulk Geometry
• We can further infer the bulk effective action (the holographic 

dual theory) 
 
 
and evaluate the bulk correlation , which is expected 
to tell us about the bulk geometry, as the bulk geodesic 
distance can be inferred from 
 

• In the CFT phase, the distance  
matches hyperbolic geometry 
(~ AdS), verifying the AdS/CFT  
correspondance!

<latexit sha1_base64="0CrsUolZVIB+buymvo8JTgnyTWU="></latexit>

hzizjie↵

<latexit sha1_base64="qYjlaPYqCGyTLGGS4nXny4bxRHQ="></latexit>

Se↵(z) = S(x)� log det(@zx)

l =
1
2
3
4
5

<latexit sha1_base64="nYkcMTk9kl0o1Kve0FnzD5XPpGE="></latexit>

dij = d0 � ⇠ lnhzizjie↵



Efficient Sampling from the Bulk
• Sampling: holographic mapping from bulk to boundary

• Massive field in the bulk → Critical field on the boundary

• Local update in the bulk → Global update on the boundary



Efficient Sampling from the Bulk
• Sampling: holographic mapping from bulk to boundary

• Massive field in the bulk → Critical field on the boundary

• Local update in the bulk → Global update on the boundary

• Order parameters converges faster using bulk MCMC.
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Related topics:
• Self-learning MC  

Huang, Wang, PRB (2017) 
Liu, Qi, Meng, Fu, PRB(2017) 
…

• Super-resolution sampling  
Efthymiou, Beach, Melko (2019)



Neural Network 
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Dian Wu
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Human Face Dataset (CelebA)
• Samples generated by RG-Flow:



Emergent Hierarchical Representations
• After training, probe how visible variables respond to 

perturbations of latent variables. 
Emergent features (unsupervised)

Under review

MSDS1High level MSDS2

Low level

Figure 3: Multi-scale latent representations for MSDS1 and MSDS2.

h=0

h=1

h=2

h=3

Receptive Fields(b) (c)

G
en

er
at

io
n 

(I
nv

er
se

 R
G

)
Fi

ne
-g

ra
in

ed
C

oa
rs

e-
gr

ai
ne

d (a)

Figure 4: Subplot (a) shows the progressive generation of images during the inverse RG. Subplot
(b) shows some receptive fields of latent variables from low level to high level. The strength of
each receptive field is rescaled to one for better visualization. Subplot (c) shows the statistics of the
receptive fields’ strength.

Receptive fields. To visualize the latent space representation, we calculate the receptive field for
each latent variable, and list some of them in Fig. 4(b). We can see the receptive size is small for
low-level variables and large for high-level ones, as indicated from the generation causal cone. In
the lowest level (h = 0), the receptive fields are merely small dots. In the second lowest level
(h = 1), small structures emerge, such as an eyebrow, an eye, a part of hair, etc. In the middle
level (h = 2), we can see eyebrows, eyes, forehead bang structure emerge. In the highest level
(h = 3), each receptive field grows to the whole image. We will investigate those explainable
latent representations in the next section. For comparison, we show receptive fields of Real NVP
in Appendix C. Even though Real NVP has multi-scale structure, since it is not locally constrained,
semantic representations at different scales do not emerge.

Learned features on different scales. In this section, we show that some of these emergent struc-
tures correspond to explainable latent features. Flow-based generative model is the maximal en-

coding procedure, because the core of flow-based generative models is the bijective maps, and they
preserves the dimensionality before and after the encoding. Usually, the images in the dataset live
on a low dimensional manifold, and we do not need to use all the dimensions to encode such data.
In Fig. 4(c) we show the statistics of the strength of receptive fields. We can see most of the latent
variables have receptive fields with relatively small strength, meaning that if we change the value
of those latent variables, the generated images will not be affected much. We focus on those latent
variables with receptive field strength greater than one, which have visible effects on the generated
images. We use h to label the RG level of latent variables, for example, the lowest-level latent vari-
ables have h = 0, whereas the highest-level latent variables have h = 4. In addition, we will focus
on h = 1 (low level), h = 2 (mid level), h = 3 (high level) latent variables. There are a few latent
variables with h = 0 that have visible effects, but their receptive fields are only small dots with no
emergent structures.
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Emergent Hierarchical Representations
• Different latent variables control features at different scales
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Multi-Scale Feature Mixing
• Mixing high-level features of A with low-level features of B

Under review as a conference paper at ICLR 2021

Mid level latent representations

Eye
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Bang
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Emotion

Light
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High level latent representations(a) (b)

Low level latent representations
Left 

eyebrow

(c)

Left eye

Figure 4: Semantic factors found on different levels. Details can be found in Appendix ??

4.4 FACE-MIX IN SCALING DIRECTION
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Figure 5: Images mixing in the hyperbolic tree like latent space.

Given two images xA and xB , the conventional of image mixing takes a linear combination between
zA = G

�1(xA) and zB = G
�1(xB) by z = �zA + (1 � �)zB with � 2 [0, 1] and generates the

new image from x = G(z). In our model, latent variables z is coordinated by the pixel position
(i, j) and the RG level h. The direct access of the latent variable z(h)

(i,j) at each point enables us to
mix the latent variables in a more transparent manner. In particular, we consider mixing the large-
scale (high-level) features of xA and the small-scale (low-level) features of xB by combining their
corresponding latent variables via

z(h) = ⇥h(�)z(h)
A + (1 � ⇥h(�))z(h)

B , (9)

where ⇥h(�) is a mask with ⇥h(�) = 1 if h � �, and ⇥h(�) = 0 otherwise. The parameter � serves
as a dividing line of the scale. As shown in Fig.7 (a), as we tune � from 0 to 3, more and more low-
level information in the blonde-hair image is mixed with the high-level information of the black-hair
image. Especially when h = 3, we see the mixed human face have similar eyes, nose, eyebrows,
mouth as the blonde-hair image, while the high-level information, such as face orientation, hair
color, are taken from the black-hair image. In addition, this mixing is not symmetric under the
interchange of zA and zB , see Fig.7(b) for comparison. The hyperbolic mixing achieves the similar
effect of styleGAN that we can take mid level information from one figure and mix it with the high
level information of another figure. In Fig.7 (c), we showed more examples of mixing two human
faces.

4.5 INPAINT AND ERROR CORRECTION

The existence of inference causal cone ensures that at most O(log L) latent variables will be affected,
if we have a local corrupted patch to be inpainted. In Fig.??, we show that RG-Flow can faithfully
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Efficient Error Correction
• Error correction: restore locally corrupted images 
 
 
 
 
 
 
 

• Light-cone volume ~ O(log N) 
in the hyperbolic space

• Only resample ~ O(log N) latent 
variables for error correction  
(more efficient than O(N) scaling)

Corrupted image

RG-Flow (ours)

Restricted  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Summary
• RG-Flow: a hierarchical flow-based generative model 

motivated by the renormalization group in physics.

• ML helps to find optimal RG scheme, holographic latent 
variables, and “gravitational-dual” theory …

• Holographic duality helps boost sampling efficiency, multi-
scale feature tuning/mixing, error correction …

• Applicable to:

• Quantum field theory/statistical physics.

• Image processing processing.

Thanks for your attention!


