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GW from core-collapse supernova (CCSN) 
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u A theoretical explanation of the mechanism of CCSNe, 
it is not yet fully understood. 

u The importance of GWs in the CCSNe research is 
demonstrated by the results of numerical simulations

⇨ different of models︓EoS，mass or rotating of star etc.

high-resolution time-frequency analysis

We may be able to investigate above from GW data analysis.



4. explosion

Neutron star

A simplified picture of the flow to the explosion.
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⇢c ⇠ 4⇥ 1014 g/cm3

Tc ⇠ 10 MeV
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shock

2. core-bounce
⇢c ⇠ 3⇥ 1014 g/cm3

Tc ⇠ 5 MeV
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3. standing shock

Rshock ⇠ 102 km
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RPNS ⇠ 20 km
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⇢c ⇠ 1010 g/cm3

Tc ⇠ 1 MeV
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hydrogen 
nuclear fusion reaction

in the center
H

Mstar & 10M�
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Center of temprature Tc・densityρc
are increase, the reaction do to.
H ! He ! C ! · · · ! Fe
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iron core

GWs…smoking gun for the phenomena that take place inside a star ！

？
Prompt
explosion

neutrino sphere
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↑The time evolution of entropy space distribution of 3D-GR numerical simulation 
model SFHx [T. Kuroda+, ApJ(2016)] This is a snapshot of the interior from the shock wave.
The entire shock wave is distorted.

standing accretion shock instability :	SASI

ü When nucluear equation of state is soft (SFHx), SASI is more vigorous.

u The SASI is a type of fluid instability that distorts a standing 
shock wave into a non-spherical wave, causing motion of the core

After bounce, the non-spherical matter motion develops and
starts GW emission. In Figure 1, we plot time evolution of the
angle-dependent GW amplitude (only plus mode ( )R G�A , ,
black line) in the top panels and the characteristic wave strain
in the frequency-time domain ˜( )R Gh F, , (see Equation (44) in
Kuroda et al. 2014) in the bottom ones. Here F denotes the GW
frequency. We extract GWs along the north pole
( ) ( )R G �, 0, 0 . The postbounce hydrodynamics evolutions in
DD2 are rather similar to TM1 and we mainly focus on the
comparison between SFHx and TM1 in the following.

The GW amplitude ( �A , top panels) shows a consistent
behavior as reported in Müller et al. (2013), Ott et al. (2013),
and Yakunin et al. (2015). It shows an initial low frequency and
slightly larger amplitude until _T 60pb ms, which is followed
by a quiescent phase with a higher frequency until

_T 150pb ms. Afterward, the amplitude and frequency become
larger with time.

From the spectrograms (bottom panels), we see a narrow-
band spectrum (labeled “A” in both models) that shows an
increasing trend in its peak frequency. Müller et al. (2013) and
Murphy et al. (2009) showed that this peak shift can be
explained by properties of PNS, such as its compactness and
surface temperature. By following Equation (17) in Müller

et al. (2013), we overplot Fpeak in the bottom panels (black
line). In both models, Fpeak indeed tracks spectral peak quite
well, although there are some exceptions in the late phase of
SFHx ( 2T 200pb ms) when the other strong component
appears at 1 1F100 200 Hz (labeled “B”). The component
“A” is thus actually originated from the g-mode oscillation of
the PNS surface.
Before going into detail to explain the origin of the low-

frequency component “B,” we briefly focus on several key
differences in the hydrodynamic evolution between SHFx and
TM1. In Figure 2, SFHx experiences violent sloshing (top left)
and spiral motions of the SASI (top right) before neutrino-
driven convection dominates over the SASI (bottom left),
whereas the SASI activities are less developed in TM1. For
SFHx, the clear SASI motions are observed after the prompt
convection phase ceases at _T 50pb ms.
In Figure 3, we plot time evolutions of maximum, average,

an minimum shock radii Rshock (top, solid) and normalized
mode amplitudes ∣ ∣ ∣ ∣ ∣ ∣wA c clm lm 00 (see Burrows et al. 2012
for clm) of spherical polar expansion of the shock surface

( )R GR ,shock . For Alm, we plot models SFHx (middle) and TM1
(bottom) with focusing a period of - -T120 300pb ms that
corresponds to the appearance of component “B.” We also plot

Figure 2. Snapshots of the entropy distribution (kB baryon−1) for models SFHx and TM1 (top left, �T 150pb ms of SFHx; top right, �T 237pb ms of SFHx; bottom
left, �T 358pb ms of SFHx; bottom right, �T 358pb ms of TM1). The contours on the cross sections in the x=0 (back right), y=0 (back left), and z=0 (bottom)
planes are, respectively, projected on the sidewalls of the graphs. The 90° wedge on the near side is excised to see the internal structure. Note that to see the entropy
structure clearly in each dynamical phase, we change the maximum entropy in the color bar as �s 16max , 20, and 22 kB baryon−1 for �T 150pb , 237, and 358 ms,
respectively.
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After bounce, the non-spherical matter motion develops and
starts GW emission. In Figure 1, we plot time evolution of the
angle-dependent GW amplitude (only plus mode ( )R G�A , ,
black line) in the top panels and the characteristic wave strain
in the frequency-time domain ˜( )R Gh F, , (see Equation (44) in
Kuroda et al. 2014) in the bottom ones. Here F denotes the GW
frequency. We extract GWs along the north pole
( ) ( )R G �, 0, 0 . The postbounce hydrodynamics evolutions in
DD2 are rather similar to TM1 and we mainly focus on the
comparison between SFHx and TM1 in the following.

The GW amplitude ( �A , top panels) shows a consistent
behavior as reported in Müller et al. (2013), Ott et al. (2013),
and Yakunin et al. (2015). It shows an initial low frequency and
slightly larger amplitude until _T 60pb ms, which is followed
by a quiescent phase with a higher frequency until

_T 150pb ms. Afterward, the amplitude and frequency become
larger with time.

From the spectrograms (bottom panels), we see a narrow-
band spectrum (labeled “A” in both models) that shows an
increasing trend in its peak frequency. Müller et al. (2013) and
Murphy et al. (2009) showed that this peak shift can be
explained by properties of PNS, such as its compactness and
surface temperature. By following Equation (17) in Müller

et al. (2013), we overplot Fpeak in the bottom panels (black
line). In both models, Fpeak indeed tracks spectral peak quite
well, although there are some exceptions in the late phase of
SFHx ( 2T 200pb ms) when the other strong component
appears at 1 1F100 200 Hz (labeled “B”). The component
“A” is thus actually originated from the g-mode oscillation of
the PNS surface.
Before going into detail to explain the origin of the low-

frequency component “B,” we briefly focus on several key
differences in the hydrodynamic evolution between SHFx and
TM1. In Figure 2, SFHx experiences violent sloshing (top left)
and spiral motions of the SASI (top right) before neutrino-
driven convection dominates over the SASI (bottom left),
whereas the SASI activities are less developed in TM1. For
SFHx, the clear SASI motions are observed after the prompt
convection phase ceases at _T 50pb ms.
In Figure 3, we plot time evolutions of maximum, average,

an minimum shock radii Rshock (top, solid) and normalized
mode amplitudes ∣ ∣ ∣ ∣ ∣ ∣wA c clm lm 00 (see Burrows et al. 2012
for clm) of spherical polar expansion of the shock surface

( )R GR ,shock . For Alm, we plot models SFHx (middle) and TM1
(bottom) with focusing a period of - -T120 300pb ms that
corresponds to the appearance of component “B.” We also plot

Figure 2. Snapshots of the entropy distribution (kB baryon−1) for models SFHx and TM1 (top left, �T 150pb ms of SFHx; top right, �T 237pb ms of SFHx; bottom
left, �T 358pb ms of SFHx; bottom right, �T 358pb ms of TM1). The contours on the cross sections in the x=0 (back right), y=0 (back left), and z=0 (bottom)
planes are, respectively, projected on the sidewalls of the graphs. The 90° wedge on the near side is excised to see the internal structure. Note that to see the entropy
structure clearly in each dynamical phase, we change the maximum entropy in the color bar as �s 16max , 20, and 22 kB baryon−1 for �T 150pb , 237, and 358 ms,
respectively.
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After bounce, the non-spherical matter motion develops and
starts GW emission. In Figure 1, we plot time evolution of the
angle-dependent GW amplitude (only plus mode ( )R G�A , ,
black line) in the top panels and the characteristic wave strain
in the frequency-time domain ˜( )R Gh F, , (see Equation (44) in
Kuroda et al. 2014) in the bottom ones. Here F denotes the GW
frequency. We extract GWs along the north pole
( ) ( )R G �, 0, 0 . The postbounce hydrodynamics evolutions in
DD2 are rather similar to TM1 and we mainly focus on the
comparison between SFHx and TM1 in the following.

The GW amplitude ( �A , top panels) shows a consistent
behavior as reported in Müller et al. (2013), Ott et al. (2013),
and Yakunin et al. (2015). It shows an initial low frequency and
slightly larger amplitude until _T 60pb ms, which is followed
by a quiescent phase with a higher frequency until

_T 150pb ms. Afterward, the amplitude and frequency become
larger with time.

From the spectrograms (bottom panels), we see a narrow-
band spectrum (labeled “A” in both models) that shows an
increasing trend in its peak frequency. Müller et al. (2013) and
Murphy et al. (2009) showed that this peak shift can be
explained by properties of PNS, such as its compactness and
surface temperature. By following Equation (17) in Müller

et al. (2013), we overplot Fpeak in the bottom panels (black
line). In both models, Fpeak indeed tracks spectral peak quite
well, although there are some exceptions in the late phase of
SFHx ( 2T 200pb ms) when the other strong component
appears at 1 1F100 200 Hz (labeled “B”). The component
“A” is thus actually originated from the g-mode oscillation of
the PNS surface.
Before going into detail to explain the origin of the low-

frequency component “B,” we briefly focus on several key
differences in the hydrodynamic evolution between SHFx and
TM1. In Figure 2, SFHx experiences violent sloshing (top left)
and spiral motions of the SASI (top right) before neutrino-
driven convection dominates over the SASI (bottom left),
whereas the SASI activities are less developed in TM1. For
SFHx, the clear SASI motions are observed after the prompt
convection phase ceases at _T 50pb ms.
In Figure 3, we plot time evolutions of maximum, average,

an minimum shock radii Rshock (top, solid) and normalized
mode amplitudes ∣ ∣ ∣ ∣ ∣ ∣wA c clm lm 00 (see Burrows et al. 2012
for clm) of spherical polar expansion of the shock surface

( )R GR ,shock . For Alm, we plot models SFHx (middle) and TM1
(bottom) with focusing a period of - -T120 300pb ms that
corresponds to the appearance of component “B.” We also plot

Figure 2. Snapshots of the entropy distribution (kB baryon−1) for models SFHx and TM1 (top left, �T 150pb ms of SFHx; top right, �T 237pb ms of SFHx; bottom
left, �T 358pb ms of SFHx; bottom right, �T 358pb ms of TM1). The contours on the cross sections in the x=0 (back right), y=0 (back left), and z=0 (bottom)
planes are, respectively, projected on the sidewalls of the graphs. The 90° wedge on the near side is excised to see the internal structure. Note that to see the entropy
structure clearly in each dynamical phase, we change the maximum entropy in the color bar as �s 16max , 20, and 22 kB baryon−1 for �T 150pb , 237, and 358 ms,
respectively.
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Post bounce time →

GW from core-collapse supernova (CCSN) 
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← GW（h+@10kpc）
[T. Kuroda+, ApJ(2016)]
※this simulation calculated up to

0.35 s from the core bounce time 

standing accretion shock instability :	SASI

u Frequency of the SASI-derived  GW :  0.1 - 0.2 kHz
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It is said that a low frequency 
component will appear 

in the GW spectrum 
if the SASI is occurring.

※ although it is difficult with electromagnetic observations 

GW from core-collapse supernova (CCSN) 
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短時間フーリエ変換(STFT)
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ü Since the HHT defines frequency as a function of time, 
detailed information in the time frequency domain can be obtained.

short-time Fourier transform

The GWs from CCSN has multiple modes, the SASI-derived GWs are low-frequency

ü The HHT decomposes the signal into multiple mode functions 
and does not have the time and frequency resolution trade-off.

SASI frequency fluctuations may have inside information about the star before the explosion.



Hilbert-Huang Transform (HHT)
1. The first step is to decompose the signal into the intrinsic mode 

functions (IMFs). 
The IMF is a function of time that oscillates around zero in the whole 
data set. 
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the polar form

In the second step, Hilbert spectral analysis (HSA) is performed on 
each IMF to obtain the instantaneous amplitude and frequency.

⇦ it does not have the time and frequency 
resolution trade-off
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zk(t) = IMFk(t) + iH[IMFk(t)] = ak(t)e
i�k(t)
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Mode decomposition

EMD : Empirical mode decomposition
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Calculating...

Calculated after IMF1 extraction

Calculated after IMF2 extraction

Calculated after IMF4 extraction

Remaining non-vibration components

Decompose the signal 
into the IMFs
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Mark the maxima.

Hilbert-Huang Transform (HHT)



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Interpolate the maxima by cubic splines
to obtain the upper envelope

Repeat the procedure
to obtain the lower envelope



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Calculate the local mean curve



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Subtract the mean from the original signal



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Repeat the procedure



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Repeat the procedure



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Continue until the signal becomes IMF, 
and the first one is IMF1.



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Subtract IMF1 from the original signal h(t) 

Calculating...



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

to obtain the residual

Calculating...



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Apply the sifting process again to obtain IMF2

Calculating...



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

Repeat the procedure

Calculating...



Mode decomposition

EMD : Empirical mode decomposition
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Hilbert-Huang Transform (HHT)

IMF2 is obtained

Apply the sifting process on h(t)-IMF1(t)-IM2(t) again 
to obtain IMF3.



Ensemble empirical mode decomposition (EEMD)
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EMD EMD EMD

s(t) + w1(t) s(t) + w2(t) s(t) + wNeemd(t)‥‥

‥‥

IMF i w1

i = 1, …, NIMF

IMF i w2

i = 1, …, NIMF

IMF i wNeemd

i = 1, …, NIMF
‥‥

original signal : s(t)
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1

Neemd

NeemdX

l=1

IMFiwl

<latexit sha1_base64="xS8G0KU03OsuhbWwY1lOqcPy/Ck="></latexit>

Ø In the EEMD, 
there is a process of preparing 
Neemd white Gaussian noises 
and repeating the same operation for 
each of them.

Ø Adding noise and making it oscillate 
in all frequency bands has the effect 
of preventing the generation of false 
signals, 
which can be caused by 
frequency gaps in the constituent 
waves or sudden oscillating waves.

Hilbert-Huang Transform (HHT)



2020/12/19  KIW7 23

grey line.	：GW	
black lines：IMFs

results

the GW from the CCSN simulation

EEMD



results
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grey lines：GW,	black lines：IMFs
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Time – Frequency 
diagram
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Hilbert spectrum
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HSA
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results
grey lines：GW,	black lines：IMFs
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we investigated 
(1) the time interval during which SASI was active

à ?
(2) the time variability of SASI frequency during that interval.

à ?

results
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l First, to find the time interval where SASI is active, 
we looked for the best start and end time for each 
time interval length N.

N0
Nmax

l Specifically, we assumed the frequency to be 
constant and looked for the one that minimized the 
following root mean squared error

RMSE(n0, N0) =

vuut 1

N0

n0+N0�1X

n=n0

(f [n]� < f >)2

<latexit sha1_base64="k6h/jiqGvxhap0Capsvx8cGh3uw="></latexit>

n̄0(N0) = argminn0
RMSE(n0, N0)
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results
Estimating the starting point of the target mode 



Estimating the starting point of the target mode 
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the intersection ：NSASI
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n we assumed that the change in 
the slope of this figure is a sign
of the change in the dominant 
component. 

n In other words, the borderline 
between the noise-dominated 
interval and the SASI-dominated 
interval.

results
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we investigated 
(1) the time interval during which SASI was active

à
(2) the time variability of SASI frequency during that interval.

à ?

0.11s . t . 0.35s

<latexit sha1_base64="3Lnq0lKu7ttbDEoULEdMYmVaXUs="></latexit>

< f >= 127.0± 3.7 Hz
<latexit sha1_base64="dHydtTZQ4z5tWtJx9s81cOGRchM="></latexit>

results
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uThe time variation of 
the SASI frequency can be considered 
as a sign of an explosion.

uWe propose to perform 
a weighted least squares method 
on the instantaneous frequency 
and use the value of the fitting 
coefficient 
to determine if it is constant or not.

results Analysis of the frequency trend 



2020/12/19  KIW7 33

Analysis of the frequency trend 
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flin(t) = a0 + a1⌧ + flin,err
<latexit sha1_base64="CewuIP3b5klWF9sXBt6veqxIMuk="></latexit>

fquad(t) = b0 + b1⌧ + b2⌧
2 + fquad,err

<latexit sha1_base64="XgkqO02ZGcIfb0takE0xYCOtHEA="></latexit>

fcubic(t) = c0 + c1⌧ + c2⌧
2 + c3⌧

3 + fcubic,err
<latexit sha1_base64="UUgQtEcGUK6VyAlYQTHI0Iv+ko0="></latexit>

⌧ =
t� tc

tend � tstart
,

tc =
tstart + tend

2
<latexit sha1_base64="ETuJ4v0UokwR7VfzDE1utVy7mao="></latexit>

• The red lines are the values of the fitting 
coefficients

• The orange squares are the 1 sigma error 
of the coefficients.

• The histogram is the result of the same 
analysis for 1000 test waveforms of 
constant frequency.

ü The width of the histogram can be 
regarded as the error range of the method,

⇨ the SASI-derived GW signal has a 
constant frequency in the range of 1 sigma.

results
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we investigated 
(1) the time interval during which SASI was active

à
(2) the time variability of SASI frequency during that interval.

à constant

0.11s . t . 0.35s

<latexit sha1_base64="3Lnq0lKu7ttbDEoULEdMYmVaXUs="></latexit>

< f >= 127.0± 3.7 Hz
<latexit sha1_base64="dHydtTZQ4z5tWtJx9s81cOGRchM="></latexit>

results
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• We have shown that the HHT can extract SASI modes from gravitational 
waves obtained from a CCSN numerical simulations.

• We also proposed a method to check whether the frequency of SASI-
derived gravitational waves is constant or not.

• According to the results, the waveforms we analyzed were constant in the 
range of 1 sigma.

ü Future work
p Analyzing other modes of the gravitational waves with the HHT
p Analyzing the signal by adding the detector noise and the simulated 

waveform.

Summary


