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(research groups, not individual researchers)

I will only discuss parton-physics projects 

with significant Taiwan-community involvement 



Outline

The key issue of parton physics on the lattice

Present & future: Collins-Soper kernel from the soft function 

Present: higher moments from HOPE method

Future: Hamiltonian formalism and direct access to light-front dynamics
And if there is time…..
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Hadron structure in parton picture
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(a) (b)

(c) (d) (e)

FIG. 1: Contributions to the Compton scattering tensor. Diagrams (a), (b) and (c) correspond to the leading twist contributions.
Diagram (c) (the “box diagram”) involves gluonic operators and vanishes for the isovector combination, Eq. (7). Diagram (d)
(the “cat’s ears diagram”) is higher-twist and absent in our analysis. Diagram (e) includes leading- and higher-twist terms and
is discussed in the main text. The thick lines correspond to the heavy-quark propagators, the shaded circles to the heavy-light
currents and the large shaded regions to the various parton distributions.

and construct the Euclidean Compton scattering tensor

T µν
Ψ,ψ(p, q) ≡

∑

S

〈p, S|tµνΨ,ψ(q)|p, S〉 =
∑

S

∫
d4x eiq·x〈p, S|T

[
Jµ

Ψ,ψ(x)JνΨ,ψ(0)
]
|p, S〉 , (6)

(henceforth all momenta are Euclidean).
In the limit q2 → ∞ or mΨ → ∞, T µν

Ψ,ψ is given by the leading-twist contribution, the “handbag diagrams” in

Figs. 1 (a) and (b). The “box diagram”, Fig. 1 (c)2, which involves purely gluonic operators after the OPE, is
strongly suppressed in our approach and is completely absent in the study of the OPE of the isovector Compton
scattering tensor

T µν
Ψ,v = T µν

Ψ,u − T µν
Ψ,d. (7)

This makes the extraction of moments of the isovector quark distributions practical, and we focus on this case in this
paper.

At moderate q2 and mΨ, higher-twist terms also contribute. However, the non-dynamical nature of the fictitious
heavy quark entirely eliminates the higher-twist contributions involving more than one quark propagator between the
currents, e.g., the “cat’s ears diagram” in Fig. 1 (d). The diagrams in Fig. 1 (e) contain pieces that contribute to the
twist-two operators in Eqs. (12) and (13), and also higher-twist terms that are discussed below.

The twist-two contributions to the OPE in T µν
Ψ,v are from

tµνΨ,ψ = ψγµ
−i
(
iD/
↔

+ q/
)

+ mΨ

(i
↔
D + q)2 + m2

Ψ

γνψ , (8)

and a similar term, Fig. 1 (b), in which µ ↔ ν and q → −q. The derivatives [
↔
Dµ = 1

2

(→
Dµ −

←
Dµ
)
] are included

to account for the soft transverse momentum of the struck quark; they are covariant in order to maintain gauge-
invariance.

2 In Fig. 1 (c), we specify that the large momentum, q2, flows through the three light-quark lines; the contributions in which these quarks
have soft momenta are already included in Figs. 1 (a) and (b). In principle, these gluonic contributions can be disentangled from their
different q2 behaviour.
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Parton distribution function and Wilson line in QCD

Large Q2 = − q2

gluons
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0 z−
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 e−ixP+z−
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 Minkowski space info from Euclidean computations

re)

Space-like regime  accessible directly⇒
local matrix elements 
non-local equal-time matrix elements 

Indirect access to a few quantities
Time-like regime  not directly accessible ⇒

Challenging in general

Light cone  shrunk to a point⇒
Indirect, limited access
Challenging in general



7

Issue with the conventional method

Continuum

Twist = Dim - Spin

SU(2) symmetry

Lattice

Octahedral symmetry

Spin

Spin not a good quantum number
Lattice breaks rotation symmetry

For a continuum twist-2 𝒪i

Obtained via 𝒪i = ∑
j

Clatt
ij (a)𝒪latt

j

Often Clatt
ij (a) ∼ 1/an

Diverges as a → 0

Extremely difficult numerically

Only applicable for  !𝒪0,1,2,3
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Higher moments from the method of  

heavy-quark operator product expansion (HOPE)
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The HOPE method for higher Mellin moments

  
∞

∑
i=0

CHOPE
i (z, mΨh

)

P P

𝒪i

P P

0 zΨh

Short-distance

Large mΨh

Numerically compute Fit from lattice data

W. Detmold and CJDL, PRD 73 (2006) 014501

HOPE Collaboration, PRD104 (2021) 7, 074511
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The HOPE method for higher Mellin moments

P′￼

q
k

e−
e−

Pπ

π
P

1
2

(1 − u)P

1
2

(1 + u)P

(hard kernel)      Fπ(Q2) = ⨂ ϕπ(ξ) ⨂ ϕπ(ξ′￼)

⟨0 | ψ̄(z−) γμγ5W[z−, − z−] ψ(−z−) |π(p)⟩ = ipμ fπ ∫ dξ eip+z− ϕπ(ξ)

⟨ξn⟩ ≡ = ∫ dξ ξnϕπ(ξ)

12
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Asymptotic form
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Moment methods

LaMET + endpoint modelling

h�2
i
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i

FIG. 10. Comparison of results obtained in this work to other determinations [19, 40, 61–64, 66] of the low Mellin moments of
the pion LCDA.

providing weak evidence that, at the scales considered
here, the LCDA has not yet evolved to its asymptotic
form. While it is interesting to speculate about the impli-
cations of this work for phenomenology, in particular for
predictions of the pion electromagnetic form factor, the
presence of uncontrolled systematic uncertainties from
quenching precludes a detailed analysis. The systematic
error incurred from quenching and the use of an unphys-
ical pion mass will be addressed in future work.

V. CONCLUSIONS

The pion light-cone distribution amplitude constitutes
a central observable of interest for exclusive processes
in QCD. One approach to extracting information about
this amplitude is via a calculation of the associated Mellin
moments. In this work, the HOPE method was employed
to compute the second and fourth Mellin moments of
the pion LCDA. The result for the second moment was
found to be h⇠2i (µ = 2 GeV) = 0.202(8), which is con-
sistent with the previous determination using the same
technique, and after accounting for a 10-20 percent sys-
tematic error from quenching, is also in agreement with
other calculations in the literature. The fourth Mellin
moment of the pion at m⇡ ⇡ 550 MeV in the quenched

approximation was found to be

h⇠4i (µ = 2 GeV) = 0.039(28)(11). (50)

This value is in tension with the previous two determina-
tions of this quantity, although systematic e↵ects due to
the the di↵erences in lattice artifacts present in other
calculations, and the use of the quenched approxima-
tion used in this calculation likely explain these di↵er-
ences. This result demonstrates that the HOPE method
provides a viable approach to studying the higher mo-
ments of the LCDA and other hadron structure observ-
ables which may be related to an OPE. Importantly, this
study shows that precision determinations of these low
moments are possible using the technique described here
with current-era computing resources. Further studies
using the HOPE method with gauge field ensembles in-
corporating dynamical fermions at di↵erent quark masses
are underway and will allow the systematic errors in-
curred from the quenched approximation and use of an
unphysical pion mass to be removed.

ACKNOWLEDGEMENTS

WD and RJP are supported in part by the U.S.
Department of Energy, O�ce of Science under grant

arXiv:2509.04799 [hep-lat]



12

Physics of the electron-ion collider:

The Collins-Soper kernel from the soft function
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Drell-Yan factorisation and TMDPDF

 from “rapidity divergence” and ζi,j ζiζj = Q4 n̄μ = (1,0,0, − 1)

nμ = (1,0,0,1)

l+

l−

F

p

p

dσ
dQdYd2qT

= ∑
ij

Hij(Q, μ)∫ d2bT  eib⃗T⋅ ⃗qT  fTMD
i (xi, b⃗T, μ, ζi)  fTMD

j (xj, b⃗T, μ, ζj)

× [1 + 𝒪 ( q2
T

Q2
,

Λ2
QCD

Q2 )]



Drell-Yan factorisation and TMDPDF

And the “Collins-Super (CS) kernel” for evolution in ν (ζ)

  both are universal𝒮(bT, μ, ν) ⇒ 𝒮I(bT, μ), K(bT, μ) ⇒

“Beam function”

fTMD(x, b⃗T, μ, ζ) = B(x, b⃗T, μ, ζ/ν2) 𝒮(bT, μ, ν)

bT

q̄

q

P P
hadron state

∞
nμ = (1,0,0,1)

“Soft function”

bT

nμ = (1,0,0,1)n̄μ = (1,0,0, − 1) Rapidity div!
Rapidity div!Rapidity div!



Relating quasi-TMDPDF to TMDPDF
M.A. Ebert, S.T. Schindler, I.W. Stewart, Y. Zhao, JHEP 04 (2022) 178

f̃ TMD(x, b⃗T, μ, Pz) = CTMD(μ, xPz) gS(bT, μ) exp [ 1
2

K(bT, μ) log
(2xPz)2

ζ ]
× fTMD(x, b⃗T, μ, ζ) + 𝒪 ( q2

T

P2
z

,
Λ2

QCD

P2
z )

pertub. theo.

Also need Collins-Soper kernel, , and the soft function,    K(bT, μ) gS(bT, μ) ∼ SI(bT, μ)
 Both non-perturbative and universal⇒

To obtain  , one computes    with lattice QCDfTMD f̃ TMD



A reminder…..

Rapidity divergence appears in both the beam and the soft functions

“Beam function”

fTMD(x, b⃗T, μ, ζ) = B(x, b⃗T, μ, ζ/ν2) 𝒮(bT, μ, ν)

bT

q̄

q

P P
hadron state

∞
nμ = (1,0,0,1)

“Soft function”

bT

nμ = (1,0,0,1)n̄μ = (1,0,0, − 1) Rapidity div!
Rapidity div!Rapidity div!



CS kernel from the beam function
M. Ebert, I. Stewart, Y. Zhao, Phys. Rev., D99 (2019) 034505

bT̂z
b̂T

q̄

q

Pz Pzhadron state

∞
bT̂z

b̂T

q̄

q

Pz
hadron 
state

vacuum

∞

or

Compute qTMDPDF ( ) or qTMDWF ( ) f̃ TMD Φ̃TMD

Determine the CS kernel from the ratio (at large )Pz

K(μ, bT) =
1

log(Pz
1/Pz

2)
 log

CTMD(μ, xPz
2) Φ̃TMD(x, b⃗T, μ, Pz

1)

CTMD(μ, xPz
1) Φ̃TMD(x, b⃗T, μ, Pz

2)

perturbative



Our approach:

CS kernel from the soft function

Basic building block: complex-directional Wilson loops in Euclidean space

bT

nμ = (1,0,0,1)n̄μ = (1,0,0, − 1)

bT

ñBñA

H H

Pz−Pz

bT

bT

ñA = (0,0,n3
A, n4

A = in0
A) ñB = (0,0, − n3

B, n4
B = in0

B)

L

nA nB



Our approach:

CS kernel from the soft function

Wilson line directions

n̄ n

nA

nB

t

x3
b?

|ra| < 1, |rb| < 1, n0An
0
B (rarb + 1) < 0

n̄ n

nA nB

t

x3
b?

|ra| < 1, |rb| < 1, n0An
0
B (rarb + 1) > 0

n̄ n

nA

nB

t

x3
b?

|ra| > 1, |rb| > 1, n0An
0
B (rarb + 1) < 0

n̄ n

nA nB

t

x3
b?

|ra| > 1, |rb| > 1, n0An
0
B (rarb + 1) > 0

Wayne Morris (NYCU) Soft function from auxiliary fields January 12, 2024 16 / 22

Does not work in “SIDIS-type”

Only feasible in space-like regime 

 Minkowski = Euclidean⇒
 Gives Collins’s soft function⇒

ra,b ≡
n3

A,B

n0
A,B

=
1 + e±yA,B

1 − e±yA,B

SC(bT, μ, yA, yB) = SI(bT, μ) e2K(bT,μ)×(yA−yB)



Our approach:

The double ratio method

bT

nμ = (1,0,0,1)n̄μ = (1,0,0, − 1)

bT

ñBñA

H H

Pz−Pz

bT

bT

ñA = (0,0,n3
A, n4

A = in0
A) ñB = (0,0, − n3

B, n4
B = in0

B)

L

nA nB
Choose ra =

n3
A

n0
A

=
n3

B

n0
B

= rb = r

 the Wilson loop = ⇒ W(bT, r, L)

Rsingle(b1, b2, r) = lim
L→∞

W(b1, r, L)
W(b2, r, L)

Rdouble(b1, b2, r1, r2) =
Rsingle(b1, b2, r1)
Rsingle(b1, b2, r2)

    note: rapidity renormalisation!γq(b1, μ) = γq(b2, μ) +
log [Rdouble(b1, b2, r1, r2, μ)]

2 log ( r1 + 1
r1 − 1 / r2 + 1

r2 − 1 )
⇒

  “match to a perturbative result”⇒



CS kernel
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Wayne Morris (NYCU) November 7, 2025 13 / 20

Our approach:

Preliminary numerical results



Our approach:

Preliminary numerical results

Comparison with other results

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

b? (fm)

�1.5

�1.0

�0.5

0.0

0.5

1.0
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(b

?
,µ
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pre
lim

ina
ry

N3LL, 0 flavors, µ = 2 GeV

403
⇥ 80, a = 0.048 fm

483
⇥ 96, a = 0.041 fm

Our result Other recent results presented in
[Bollweg, et. al., 2025]

Accounting for scale variation and variation in matching points, we give a conservative
estimate of the systematic uncertainty.

We obtain results competitive with recent lattice extractions of the Collins-Soper kernel.

The dominant systematic error is expected to be further shrunk with data at a = 0.03 fm,
which are now being processed.

Wayne Morris (NYCU) November 7, 2025 15 / 20

From soft function From beam function

Our preliminary result
(systematics still overestimated) 

Recent results from other groups
(figure from arXiv: 2504.04625)

Note: argument for the behaviour  at large  by Collins and Rogers, PRD 91 (2015) 074020γq(b, μ) b
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The Hamiltonian formalism
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The Hamiltonian formalism: the 1970’s
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Modern Hamiltonian formalism: tensor networksWe now turn to the graphical representation of what we are mainly interested in, namely state
vectors of quantum many-body spin systems with n degrees of freedom. An arbitrary state
vector | i 2 ( d)⌦n

| i =
dX

j1,...,jn=1

cj1,...,jn |j1, . . . , jni =
dX

j1,...,jn=1

cj1,...,jn |j1i ⌦ · · ·⌦ |jni (17)

with coefficients cj1,...,jn 2 for all indices can be represented by so by a box with n edges,

sometimes also called ‘physical edges’ for obvious reasons.

2.2 Definitions and preparations of matrix product states
2.2.1 Definition for periodic boundary conditions

The definition of matrix product states takes the above tensor and ‘breaks it down’ to smaller
components that are being contracted. A matrix product state [40, 85] of ‘bond dimension’ D
(with periodic boundary conditions) is a pure state with a state vector of the form

cj1,...,jn =
DX

↵,�,...,!=1

A(1)
↵,�;j1

A(2)
�,�;i2

. . . A(n)
!,↵;jn

= tr(A(1)
j1

A(2)
j2

. . . A(n)
jn

), (18)

where the trace and the matrix product are taken over the contracted indices, leaving the phys-
ical indices j1, . . . , jn open. For a fixed collection of physical indices, the coefficients are
hence obtained by considering matrix products of matrices, hence ‘matrix product state’. In a
graphical notation, this can be represented as

.

That is to say, each individual tensor is represented as

and via contraction, one arrives at the above expression. The line connecting the end tensors
reflects the trace in the above expression. This graphical notation will remain very handy in
what follows.
So what is D, the bond dimension? As such, it does not have a direct physical correspondence;
this parameter can be viewed as a ‘refinement parameter’. It will also soon become clear why

13
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it is called a bond dimension and we will turn to its significance in a minute. Matrix product
states constitute the in many ways most important instance of a tensor network state. They are
of key importance both in analytical approaches as well as in numerical ones, most prominently
in the density-matrix renormalisation group approach. Since we will frequently refer to such
states, we will from now on commonly abbreviate them as MPS.

2.2.2 Variational parameters of a matrix product state

We note a first important property of a matrix product state: It is described by very few num-
bers. While a general state vector of a system composed of n spin-d systems is defined by
O(dn) many real parameters, an MPS of bond dimension D can be represented by O(ndD2)
many real parameters. For constant D, this is linear in n, as opposed to exponential in n: so
this ansatz gives rise to a drastic reduction of the number of variational parameters, to say the
least. At the same time it is true that D can be taken large enough that every state vector of
a finite system can be represented as an MPS, if one allows D to grow exponentially in n as
well. Yet, this is actually not the main point of the definition of a matrix product state.
The key insight – one that should become increasingly clear – is that already for small bond
dimension D, an MPS is an extraordinarily good approximation of natural states emerging in
physical systems. The larger the bond dimension, so the ‘refinement parameter’ D, the larger is
the set of states that can be represented, and hence usually the quality of the approximation of
natural states. If one takes D = 1, then the above matrices merely become complex numbers
and one obtains a product state, in a variational set that is sometimes referred to as a Gutzwiller

variational state, a variant of a mean-field approach.

2.2.3 Matrix product states with open boundary conditions

The above expression corresponds to matrix product states for periodic boundary conditions.
For open boundary conditions, the matrix A(1) is taken to be no longer a matrix from D⇥D,
but A(1)

2
1⇥D so as a row vector. Similarly A(n)

2
D⇥1 so it is a column vector. Then

the expression becomes

cj1,...,jn =
DX

↵,...,!=1

A(1)
↵;j1

A(2)
�,�;i2

. . . A(n)
!;jn

= A(1)
j1

A(2)
j2

. . . A(n)
jn

, (19)

and the graphical expression

.

2.2.4 Area laws and approximation with matrix product states

What is the significance of area laws in the context of matrix product states? It is easy to
see that for any subset A of consecutive sites of the lattice S(⇢A) = O(log(D)) for a matrix
product state, so the entanglement entropy is bounded from above by a constant in n. That is to
say, MPS satisfy an area law. The behaviour of the entanglement scaling is therefore the same
for matrix product states as for ground states of gapped models. But indeed, an even stronger

14

Matrix product state

O(ndD2)
 is the “bond dimension”D

2 Matrix product states
We now turn to exploiting this insight when grasping quantum many-body states in terms
of tensor network states. We start by introducing a commonly used and quite illustrative
graphical notation. We will then discuss in great detail the concept of a matrix product state
which features in the highly successful density-matrix renormalisation group (DMRG) algo-
rithm [127, 101, 102, 80, 96]. It is worth noting that the history of this concept is actually
quite remarkable: It actually appeared several times independently in the literature. Finitely

correlated states as formulated in an algebraic picture in the language of mathematical physics
[40] can be viewed as translationally invariant infinite matrix product states. In the same year
as finitely correlated states were proposed, they independently emerged implicitly in the sem-
inal work on DMRG by Steve White [127] in the context of condensed-matter physics – even
if it took until much later until the close connection was spotted [80, 68]. In the meantime,
the DMRG method is routinely explained in terms of matrix product states [102], a mindset
that we will also follow. Yet independently, the concept of a tensor train decomposition [52]
emerged in the mathematics literature, which was again found to be essentially equivalent to
the concept of a matrix product state.

2.1 Preliminaries
A tensor can be represented as a multi-dimensional array of complex numbers. The dimen-
sionality of the array required to represent it is called the order of the tensor. A scalar can be
viewed as a tensor or order 0, a vector is seen as a tensor of order 1, a matrix would be tensor
of order 2, and so on. We will make extensive use of the graphical notation that goes back to
Penrose to represent tensors: We will graphically represent tensors as boxes, having a number
of edges defined by the order of the tensor. This is then how a scalar looks like,

these are vectors and dual vectors,

and this

11

O(dn)
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The massive Schwinger model

Gauss’s law and temporal gauge

QED in 1+1 dimensions, ℒ = ψ̄[γμ(i∂μ − gAμ) − m]ψ −
1
4

FμνFμν − jμAμ

  Aμ = (ρ,0) ⇒ ℋSch = − iψ̄γ1(∂1 + igA1)ψ + mψ̄ψ +
1
2

E2 + (∂1A0)E + A0(gψ†ψ + ρ)

 constraint  (Gauss’s law) ⇒ ∂1E = gψ†ψ + ρ

Work in temporal gauge,  , with Gauss’s law  remove gauge field d.o.f.A0 = 0 ⇒
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The massive Schwinger model

Canonical quantisation: gauge link and Gauss’s law

Canonical quantisation ( )     Lm = E(na)/g ⇒ [θn, Lm] = iδn,m ⇒ e−iθn Ln eiθn = Ln + 1

If    Ln | l⟩ = l | l⟩ ⇒ e±iθn | l⟩ = | l ± 1⟩

Gauss’s law  ∂1E = gψ†ψ + ρ

 Lattice version  ⇒ Ln − Ln−1 = Qn ≡ ϕ†
nϕn −

1
2

[1 − (−1)n] + qn

Static charge at site nVacuumFermion

Then use the Jordan-Wigner transformation to turn it into a spin model 
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
→M(e,e) +M(o,o) −M(o,e) −M(e,o)

→ �P �‡+(z−)Wz−←0‡−(0) �P� + . . .

� lightcone
→ small time- and space-like steps

� time evolution:
e−i·H

≈ �e−i”·Heo e−i”·Hoe e−i”·HL�
N·

� spatial evolution:
change electric field along the path
→move static charges

Q̂†Q̂
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Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
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→ small time- and space-like steps

� time evolution:
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Q†

Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements
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� lightcone
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� time evolution:
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Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
→M(e,e) +M(o,o) −M(o,e) −M(e,o)

→ �P �‡+(z−)Wz−←0‡−(0) �P� + . . .

� lightcone
→ small time- and space-like steps

� time evolution:
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e−iθ0

Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
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� lightcone
→ small time- and space-like steps

� time evolution:
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e−iθ0

Q†

Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒

Q Q†
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements
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Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
→M(e,e) +M(o,o) −M(o,e) −M(e,o)

→ �P �‡+(z−)Wz−←0‡−(0) �P� + . . .

� lightcone
→ small time- and space-like steps

� time evolution:
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e−iθ1

Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
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� lightcone
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� time evolution:
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e−iθ1

Q†

Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒

Q Q†
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Zigzagging the Wilson line along the light cone

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Lightfront matrix elements

�P � �̄(z−)“+W (z− ← 0)�(0) �P�
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Temporal direction: , Heisenberg picA0 = 0
 Time evolution of the hadronic state⇒

Spatial direction:  changing EeiA1(na) = eiθn

 Moving static charge (Gauss’ law constraint)⇒
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Vector meson PDF

4

The volume Ṽ must be large enough for the matrix
element to vanish at large |n| within the system size. In
this case, the extrapolationM(n) ⌘ 0 for |n| > N/2 leads
to arbitrarily fine resolutions of the PDF obtained from a
discrete Fourier transform. Equivalently, the PDF can be
calculated for any continuous value of ⇠ with |⇠|  ⇠max

from eq. (4) in this case. This results in a continuous
curve for the PDF (extrapolation in fig. 3 and all lines in
fig. 4).

�2 �1 0 1 2

�5

0

5

n
�
2
p
x

Im
(M

)
·N

m̃ = 10; D = 80; N⌧ = 100; Ṽ ⇡ 100

x = 50
x = 100
x = 1000

FIG. 2. Imaginary part of matrix element. The values for
x = 1000 are discrete but shown as a line for clarity.
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m̃ = 10; D = 80; N⌧ = 100; Ṽ ⇡ 100

[46] x = 50 x = 100 x = 1000 x ! 1

0.45 0.5 0.55
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5.2
5.4

0 0.5 1
�0.2

0
0.2
0.4
0.6

FIG. 3. PDF for di↵erent lattice spacings, obtained by a dis-
crete Fourier transform. The values for x = 1000 are shown
as a dotted line for clarity. Solid line with error bands: ex-
trapolation to the continuum limit at fixed volume; Dashed
line: comparison to [46] (normalized).

We compare the PDF for the fermion mass m̃ = 10 to
the work of Mo and Perry [46], where a finite basis in

the two- and four-fermion approximation was used. We
find a good agreement of the overall shape. Notably, our
calculated f (⇠), within error bands, remains real and
non-negative for 0  ⇠  1, and vanishes for |⇠| > 1, all
as required for distribution functions. In contrast, the
PDF calculated by Mo and Perry exhibits regions with
unphysical negative values of f (⇠) (see [46] and inset
on lower right in fig. 3).

The distribution function of an antifermion  [2] can
be obtained from f (⇠) = �f (�⇠) KC: to save space.
Numerically, we find that f (⇠) = �f (�⇠) ⌘ f (⇠).
The average momentum fractions carried by fermions

and antifermions are equally h⇠i =
R 1
0 d⇠

⇣
⇠f / (⇠)

⌘
=

0.50 ± 0.02 in our calculations. Thus, fermions and an-
tifermions each carry half of the hadron’s momentum and
both have the same PDF. These results agree with the
expectations for a meson, and thus with the vector meson
being the first excited state in the Schwinger model [23]
as studied in this work.
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⇠
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m̃ = 40 Ṽ = 320

m̃ = 20 Ṽ = 200

m̃ = 10 Ṽ ! 1
m̃ = 5 Ṽ = 100

m̃ = 2.5Ṽ = 100

FIG. 4. PDFs for di↵erent fermion masses m̃ = m

g
p

⇡
. The

continuum limit x ! 1 is taken with the volume Ṽ = m̃ · Np
x

kept fixed. The error bands due to the continuum extrap-
olation are smaller than the line width of the plot in most
regions. For m̃ = 10, the errors due to finite D, N⌧ , and x
are estimated, and the infinite volume limit is taken. The
error band is dominated by the extrapolation in Ṽ . See main
text and supplemental material for details.

Additionally, we compute the PDF for di↵erent
fermion masses as shown in fig. 4. We keep the phys-
ical volume in units of the fermion mass Ṽ = m̃ · Np

x
,

and the lattice cuto↵ m̃p
x
approximately constant in our

numerical setup when changing m̃. However, larger vol-
umes Ṽ are necessary as m̃ increases in order to resolve
more oscillations of the matrix elements that arise be-
cause of steeper features of f (⇠). The previous findings
remain qualitatively unchanged across all masses, but the
peak around ⇠ = 0.5 broadens for smaller m̃ and sharp-
ens for larger m̃. This is in good agreement with previ-

Results obtained at a → 0

All systematic errors under control

11
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FIG. 8. Dependence of the PDF on the volume N . Three di↵erent fit models are applied to extrapolate to N ! 1; fit1: linear
in 1/N , fit2: quadratic in 1/N , fit3: linear and quadratic terms. See main text for details.
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Meson LCDA

Results obtained at  ,  a → 0 N → ∞

Parton Distribution Functions Tensor Network States Schwinger Model Results Summary

Outlook: lightcone distribution amplitude (LCDA) [preliminary]

LCDA: decay or hadronization in
inclusive processes

fi0
→ q(u)q̄(1 − u)→ ““∗
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Manuel Schneider PDFs in the Hamiltonian approach with tensor network states @ CPT Marseille 4 July 2025 26 / 28

Preliminary
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Implementation of our method on a quantum computer

J.-W. Chen, Y.-T. Chen, Meher, arXiv:2506.16829 [hep-lat]
6

FIG. 2. (Upper) Combined result of the imaginary part
of D(z) with DD+PT+ODR from ibm sherbrooke and
ibm kyiv with 4,000 shots each. The triangles are results
from a classical simulator. (Lower) The f(x) result from the
Fourier transform of the D(z) result above.

tion (Eq.(32)) are applied such that D(z) becomes purely
imaginary and odd in z. Error mitigation is applied using
DD, PT(randomization=100), and ODR (step (4) of Sec.
III). The result is based on 4,000 shot calculations ofD(z)
with qiskit built-in functions of DD and PT together with
16,000 shot calculations of the ODR factor, both run on
the ibm sherbrooke quantum computer. The bitstring
result is divided into N = 4, 5, 8 batches to compute the
standard error. If the underlying error distribution is
Gaussian, the standard errors would be N independent.
This seems to be the case except for the points at the
boundaries where the errors of N = 4 and 8 are about
50% larger than those of N = 5.

In the lower plot of Fig.1, the ODR normalization en-
hancement factor used in the upper plot is shown as a
function of the length of the Wilson line, z. The z = 2
result is interpolated with quadratic fits.

In the upper plot of Fig.2, the 4,000 shot N = 4 re-
sult of D(z) in Fig.1 is combined with another 4,000 shot
result from ibm kyiv using the Cochran(1977) weighted
standard error formula of Ref.[39]. This formula yields
results consistent with the bootstrap method. The com-
bined result is consistent with Fig.1, but with standard
errors reduced by about one-half. This is because the
standard error, SE, is related to the standard deviation,

�, through SE = �/
p
Nshots with Nshots being the num-

ber of times (shots) the quantum computation is car-
ried out. Since � / 1/

p
Nshots, then SE / 1/Nshots.

This result is consistent with the classical simulator re-
sult marked by triangles, with their central values almost
coinciding for points away from the boundary. This sug-
gests that our error mitigation is working, although the
errors are still large.
In the lower plot of Fig.2, we take the Fourier transform

of the combinedD(z) result to obtain the PDF f(x) using
Eq.(15) and the positronium mass Ma = 1.617 ± 0.002
from the di↵erence of the Hamiltonian expectation val-
ues between the first excited state and the ground state
(vacuum) using a classical simulator. The distribution
outside the physical region x = [�1, 1] is consistent with
zero. The total momentum carried by the partons is

Z 1

�1
dxxf(x) = 1.04+0.66

�0.76, (34)

where the errors are asymmetric because the positivity of
xf(x) is imposed in the error computation. It is encour-
aging that the central value agrees with the sum rule of
Eq.(17) at the 4% level, although the error is still large.
Our result also yields the number of fermion anti-

fermion pairs in the positronium:

Z 1

0
dxf(x) = 1.37+0.89

�1.02, (35)

where the positivity of f(x) for x = [0, 1] is imposed in
the error calculation. As mentioned above, this integral
is not a conserved quantity. Its value depends on e/m
and the renormalization scheme and scale. In our QED2

calculation, f(x) depends on 1/a, although the theory is
super-renormalizable. In the heavy fermion and contin-
uum limit (e/m ! 0 and a ! 0), one expects that there
is just one fermion pair in the lightest positronium since
the potential energy is much smaller than 2m, pair pro-
duction is highly suppressed. For finite e/m, one expectsR 1
0 dxf(x) � 1. At finite a and finite volume, this bound
might be modified [29]. Our central value is consistent
with this bound, although the error is large, while the re-
sults of the 1+1 D Nambu-Jona-Lasinio model are below
this bound [27, 40].
In our calculation, all the partons, valence or not, are

accounted for since they all show up in the positronium
state. There is no di↵erence in the resource requirement
to compute the valence or nonvalence PDFs, which is an
interesting distinction from lattice QCD approaches.
In this work, the errors presented are all statistical. As

discussed above, the standard errors scale as 1/Nshots,
which can be reduced with more resources. For example,
if Nshots = 160, 000 (20 times more than this work) is
available, then the momentum sum rule statistical error
can be reduced to 4%.
Systematic errors, such as the discretization errors and

the finite volume e↵ect, require more advanced quan-
tum computers to reduce them. Numerically, we find
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FIG. 2. (Upper) Combined result of the imaginary part
of D(z) with DD+PT+ODR from ibm sherbrooke and
ibm kyiv with 4,000 shots each. The triangles are results
from a classical simulator. (Lower) The f(x) result from the
Fourier transform of the D(z) result above.

tion (Eq.(32)) are applied such that D(z) becomes purely
imaginary and odd in z. Error mitigation is applied using
DD, PT(randomization=100), and ODR (step (4) of Sec.
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Gaussian, the standard errors would be N independent.
This seems to be the case except for the points at the
boundaries where the errors of N = 4 and 8 are about
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In the lower plot of Fig.1, the ODR normalization en-
hancement factor used in the upper plot is shown as a
function of the length of the Wilson line, z. The z = 2
result is interpolated with quadratic fits.
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errors reduced by about one-half. This is because the
standard error, SE, is related to the standard deviation,

�, through SE = �/
p
Nshots with Nshots being the num-

ber of times (shots) the quantum computation is car-
ried out. Since � / 1/
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from the di↵erence of the Hamiltonian expectation val-
ues between the first excited state and the ground state
(vacuum) using a classical simulator. The distribution
outside the physical region x = [�1, 1] is consistent with
zero. The total momentum carried by the partons is

Z 1
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dxxf(x) = 1.04+0.66

�0.76, (34)

where the errors are asymmetric because the positivity of
xf(x) is imposed in the error computation. It is encour-
aging that the central value agrees with the sum rule of
Eq.(17) at the 4% level, although the error is still large.
Our result also yields the number of fermion anti-

fermion pairs in the positronium:

Z 1

0
dxf(x) = 1.37+0.89

�1.02, (35)

where the positivity of f(x) for x = [0, 1] is imposed in
the error calculation. As mentioned above, this integral
is not a conserved quantity. Its value depends on e/m
and the renormalization scheme and scale. In our QED2

calculation, f(x) depends on 1/a, although the theory is
super-renormalizable. In the heavy fermion and contin-
uum limit (e/m ! 0 and a ! 0), one expects that there
is just one fermion pair in the lightest positronium since
the potential energy is much smaller than 2m, pair pro-
duction is highly suppressed. For finite e/m, one expectsR 1
0 dxf(x) � 1. At finite a and finite volume, this bound
might be modified [29]. Our central value is consistent
with this bound, although the error is large, while the re-
sults of the 1+1 D Nambu-Jona-Lasinio model are below
this bound [27, 40].
In our calculation, all the partons, valence or not, are

accounted for since they all show up in the positronium
state. There is no di↵erence in the resource requirement
to compute the valence or nonvalence PDFs, which is an
interesting distinction from lattice QCD approaches.
In this work, the errors presented are all statistical. As

discussed above, the standard errors scale as 1/Nshots,
which can be reduced with more resources. For example,
if Nshots = 160, 000 (20 times more than this work) is
available, then the momentum sum rule statistical error
can be reduced to 4%.
Systematic errors, such as the discretization errors and

the finite volume e↵ect, require more advanced quan-
tum computers to reduce them. Numerically, we find

Our approach is applicable for quantum simulations

But the error is still large (~100% !), as expected 



Concluding remarks

A small but active lattice-PDF community in Taiwan

Projects highly relevant to the EIC era

We have our own original ideas and will implement these ideas


