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Peculiar properties of interacting electrons in 1D

e Correlation effects in any interacting 1D systems occupation number at 7' = 0

e Power-law suppression of density of states p(ef) — 0 1
= power-law behavior of correlation functions

f( E) interacting 1D
e Tomonaga-Luttinger liquid (TLL):
e correlation effects with observable features

e platforms: nanowires, quantum point contact, nanotubes ...

interacting 2D/3D
(FL quasiparticle)
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Correlated electrons in low-dimensional nanoscale systems

e Recent interest: Generalizations of Tomonaga-Luttinger liquids (TLL) to other platforms

e Beyond 1D: e Beyond spin-degenerate systems:
domain wall network appearing in spin-momentum-locked boundary states
twisted bilayer graphene (TBG) = helical liquids

= coupled network of TLL
s

Topological superconductivity in double helical liquids

(Fractional) quantum anomalous Hall effect in TBG CHH, Nanoscale Horiz. 9, 1725 (2024)

CHH et al., Phys. Rev. B 108, L121409 (2023) Time-reversal soliton corner modes in HOTI
Superconductivity in TBG network Hung, Wang, CHH et al., PRB 110, 035125 (2024)
Wang and CHH, 2D Mater. 11, 035007 (2024) Majorana zero modes in high spin Chern insulators
2D helix in TBG network Hung, CHH, and Bansil, PRB 111, 245145 (2025)

Chang, Saito, and CHH, arXiv:2412.14065
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Trio of quantum Hall-related phenomena

- coupled-wire or network construction

Kane et al., PRL 2002;

Hall Spin Hall
(1879) (2004)

Quantum Hall
(1980)

Anomalous Hall
(1881)

Quantum spin Hall Quantum anomalous Hall
(2007) (2013)
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Klinovaja and Tserkovnyak, PRB 2014;

Quantum anomalous Hall

CHH et al., Phys. Rev. B 108, L121409 (2023)



Outline

Electrically tunable correlated domain wall network in moiré structures

Tunable platform for topological superconductivity and zero modes



Outline

Electrically tunable correlated domain wall network in moiré structures



2D network of 1D domain wall channels in twisted nanostructures

e STM images of domain walls between AB-
and BA-stacking areas

200 pm

Alden et al., PNAS 2013; Rickhaus et al., Nano Lett. 2018
1D channels in chiral twisted trilayer graphene and
twisted bilayer WTe,

Huang al., PRL 2018 Nakatsuji et al.,, PRX 2023; Wang et al., Nature 2022



2D network formed by domain wall modes of moiré bilayer systems

e In the presence of an interlayer bias:
local spectral gap with opposite signs in the AB- and BA-stacking regions
= a mesoscopic network of domain walls
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e (Quasi-)1D interacting electron systems: Tomonaga-Luttinger liquid (TLL)
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e Domain walls in TBG: triangular network of coupled Tomonaga-Luttinger liquids

e Correlation effects and e-e interactions in the network of moiré structures:
e no formation of flat bands
e not limited to the “magic angle”



Charge density distribution of the low-energy states

e Continuum model of twisted bilayer graphene (TBG) (+ interlayer bias here)
Bistritzer & MacDonald, PNAS 2011; Nam & Koshino, PRB 2017; Tarnopolsky et al. PRL 2019

e Spatial profile of the charge density p,p for low-energy states:

following the triangular domain wall network
e 2D global fitting of the charge

density distribution
pan(7) = Co Z > Z P5om (Rajm /37)
j=0 m

e pop depending on interlayer bias
V4 and hybridization asp
= offering tunability
L] Vd/h\/pkg =15
e aup=1.4(0=0.5°)

« blue/yellow curves: energy bands intersecting at i along K-K lines within mBZ



e-e interaction strength in 2D triangular domain wall network

e TBG stacked with a dielectric layer of thickness d and a metallic gate
= d as a screening length
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e Screened Coulomb interaction strength within a domain wall (“intrawire” interaction)
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e Electrically tunable through in-situ bias, screening length, and dielectric material
=- enhanced by ~ 7 fold




Interaction strength between parallel domain walls

e Interaction strength between nth-nearest-neighbor domain walls (“interwire” interaction)
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e varying dielectric layer thickness, with V;/fivpky = 1.5
e varying interlayer bias, with d = 20 nm
e Electrically tunable interaction strength in the domain wall network




Bosonization
e Low-energy regime: linear dispersion near the Fermi level
AB BA

backscattering
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e Fermion field wgga,m for electrons in the mth domain wall of the jth array
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e Subscripts for fermion species (8 gapless modes per domain wall):
e { = R (¢ = L): right-moving (left-moving) mode
e 6 =1 (6 = 2): outer (inner) branch of the energy bands
e 0 =7 (0 =|): spin-up (spin-down) state
e lllustrations of various microscopic processes in the domain wall network



Bosonized model for the correlated domain wall network

e Bosonized operators:
o charge density o O,¢/.

cP.m

e Hamiltonian in the bosonized form:

2
He=) Y X HY

J=0 ve{c,s} PE{s,a}

D=3 [ 5208 (i) (0hnman) + U8 (00n) (0
9=5 [ 55 [R (0han) + wrkir (00)']

e v € {c, s} for charge/spin sector (symmetric/antisymmetric combination of o =1, |)
e P € {s,a} for symmetric/antisymmetric combination of 6 = 1,2

e charge current « 9,6’

cP,m

e Coulomb (density-density) interaction ' .
= forward-scattering terms (R <> R & L <> L) in the quadratic form o 9,¢.p ,,0:@.p 1.,
= diagonalizable



Correlation effects from electron-electron interactions

e Interaction-dependent parameters related to scaling exponents of correlation functions:
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e scaling parameters A — 1 for noninteracting electrons
e larger deviation from the unity due to the stronger correlation

e Electrically tunable exponents through the interlayer bias V,; and screening length d:
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Localization induced by potential disorder
e Effective action from disorder-induced backscattering process:

St(illz m Dg)m dW / ir ir ir /
h - 271'(13 Z/deT dx COS |:¢)]cs7m(x’ T) + 6¢Ica7m(x’ T) - ¢Ics m(x T ) 6¢Ica,m('x7 T )

X €08 [0, (3, 7) + 0805, (x, 7)) €08 [ 943, (. 7') + 64,7

e Localization for a sufficiently large sample (L > &) at sufficiently low temperatures (T < Tioc)
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Wang and CHH, 2D Mater. 11, 035007 (2024)

e more pronounced as one attempts to scale up devices
e |localization length and temperature also electrically tunable within a sample



Electrically tunable correlated domain wall network
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e Various phases:
correlated domain wall network, density wave, superconductivity, e-phonon-coupled liquid

e Distinct behavior upon varying phonon velocity:
e low-velocity regime: no pairing instability
e intermediate regime: pairing instability for sufficiently large electron-phonon coupling

e Electrically tunable phase transitions



Outline

Tunable platform for topological superconductivity and zero modes



Helical edge channels in two-dimensional topological insulator (2DTI)

e Gapped 2D bulk and gapless 1D edges

e Topologically protected helical edge channels in time-reversal-invariant materials:
electrons with opposite spins flow in the opposite directions

e Predictions and experimental realizations:
e HgTe quantum wells Bernevig et al., Science 2006; Konig et al., Science 2007
e InAs/GaSb heterostructures Liu et al., PRL 2008; Knez et al., PRL 2011
e monolayer 1T’-WTe, Tang et al., Nat. Phys. 2017
e bismuthene on SiC Reis et al., Science 2017
o twisted bilayer MoTe, Kang et al., Nature 2024



Helical hinge channels in higher-order topological insulators (HOTT)

e Gapped bulk and surfaces in 3D 2nd-order topological insulator
e Surface gap changes its sign with the surface orientation
= surface-dependent Dirac mass: m(it)
= gapless states at the hinges between two surfaces with the opposite signs

e Candidate materials:
e Bi (theory/exp: Schindler et al., Nat. Phys. 2018; Murani et al., PRL 2019; Jack et al., Science 2019)
e BiyBr, (theory/exp: Noguchi et al., Nat. Mater. 2021)
e multilayer WTe, in T, structure (theory/exp: Choi et al., Nat. Mater. 2021)
e SnTe, Bi, Tel, BiSe, BiTe (theory: Schindler et al., Sci. Adv. 2018)



Helical liquids formed by interacting electrons in helical channels
=

L} R,
- N
L S —— -
I H
_t

AA L,

Electrons in 2DTI edges or HOTI hinges: Hy = Hyin + Hee

Kinetic energy:
Hyn = —ihvp / dr (R:[arRJ, —L}&M)

e-e interaction (go, g4: interaction strength):
84 2 2
He = g / drRIRLILy + 5 [ ar {(RIRO + (Liy) }

Spin-momentum locking nature + correlation effects in 1D confinement
= helical liquids
Review article: CHH et al., Semicond. Sci. Technol. 36, 123003 (2021)



Nanoscale platforms for topological superconductivity

e Engineered nanoscale systems with nontrivial topology + superconductivity
e Synthesizing topological superconductivity with Majorana zero modes

Klinovaja et al., PRB 90, 155447 (2014); CHH et al., Phys. Rev. Lett. 121, 196801 (2018)

e Proposals based on double helical liquids with proximity-induced pairing
= time-reversal-invariant topological superconductor

e When two parallel helical channels are in contact with a superconductor:
Cooper pairs tunnel into the channel(s), establishing the pairing of electrons in the system
= proximity-induced pairing in helical channels

* alternative platform without relying on the proximity effect: Hung, CHH & Bansil, PRB 2025



Proximity-induced pairing in helical channels

e Helical channels in contact with s-wave spin-singlet superconductor:
two types of pairing processes allowed by momentum and spin conservation

same helicity opposite helicity

channel 1 A, ~ channel 2 channel {/’,,,X\\\\channel 2

- - - ~

R A~ L A R L A R
Ly A Ry LQ AY) S Ry LA .‘/1l N 2\\jT

e Local pairing A, (channel index n):
Cooper-pair partners tunnel into a single channel

e Nonlocal (crossed Andreev) pairing A.:
Cooper-pair partners tunnel into different channels with the same helicity



Proposals exploiting double helical liquids in 2DTI or HOTI

e Proximity effect allows nonlocal and local pairings in double helical liquids
e Local vs nonlocal pairings: competition between two gap opening mechanisms

e Band inversion takes place upon varying the relative strength of the local and nonlocal pairings
= Majorana zero modes (MZM) emerge at system corners in the band-inverted regime

e Criterion: nonlocal pairing dominates over local pairing

gate

1 2DTI F

Klinovaja, Yacoby and Loss, PRB 90, 155447 (2014); CHH et al., Phys. Rev. Lett. 121, 196801 (2018)

e Questions to be explored:
e tunability of the system between topological and trivial phases?
e stability of MZM against phonons in interacting systems?



Stability of the helical liquids themselves against various mechanisms

TRS preserving mechanism R or —6C

IPB by Hee,5 e~tvrki/(nT)  for kpT < hv,
(for clean systems) T2K+3 for kT > hvpkp
1PB by Hees & Himp,r ° T2

1PB by Hees & Hloc T2K 42

iy
1PB by Hee,1 & Himp,p, ©
1PB by Hees & Himp,p ¢

TS for K ~ 1
T4 for K ~ 1

2PB by Hee,3 & Himp £ & gk
2PB by Heeia & HIG T8K-2

Random SOT 0

For K > 1/2:
T4 for T < T,
T4 (kg T/Ay) for T > T3,

For 1/4 < K < 1/2:
K2 for. T2 T2
TAE In2 (kg T/ Ay,) for T > T7,

Higher-order random SOI*
(single scatterer)

T*  for kT < b4
even valley: { 1% for 6g < kpT' < Een
const. for kpT > Eq,
T for kpT' < T
Short channel : odd t. for Ty < k' < by
(a single puddle) transition: | T2 for 6q < kpT < Een
const. for kgl > Hen
for T < Tx

1PB in charge puddlest

7 5 In2(1/Tx) for knTy < kpT' < 6,
(for K ~ 1 s Respi e e
(for K ~1) odd valley: 7 for 6y < haT & By
const. for kBT > Fen
Long channel: B < ba: T for kel <6
e Ean % 8a: 1/10%[8a/(ksT)] for knT < da

[’“““ﬂ"‘“‘f‘ B by | 1/ P00/ ()] for kT < 8

puddle configurations) =eb 2 9d* | 1/ 1[5, /(ksT)] for &, < ksT < 8a
- Telegraph noise: T2 tanh (ng%)

(for K = 1, long channels) 1/ noise:

e No influence from acoustic phonons
to the leading order Budich et al. PRL 2012

T2 for kpT < Eay
T for kT > Eay

Reference

Notation or name in the original work

Kainaris e al (2014)

g1 % b process

‘Wu et al (2006)
Xu and Moore (2006)
Kainaris et al (2014)

Hai, or two-particle backscattering due to quenched disorder
Scattering by spatially random quenched impurities
g3 x f process (in their class of two-particle processes)

Schmidt er al (2012)
Kainaris ef al (2014)

i,
g3 % b process (in their class of one-particle processes)

Wu et al (2006)
Maciejko e al (2009)
Lezmy et al (2012)

H, or impurity-induced two-particle correlated backscattering
H, or local impurity-induced two-particle backscattering
22p process or two-particle scattering

Schmidt er al (2012)

Kainaris et al (2014)
Chou er al (2015)

Hiy, or inelastic backscattering of a single electron with energy trans-
fer to another particle-hole pair

g5 process
Hy or one-particle spin-flip umklapp term

Kainaris et al (2014)
Chou et al (2015)

gs x f process (in their class of one-particle processes)
Hy (same notation for clean and disordered systems)

Kainaris et al (2014)

g5 x b (in their class of one-particle processes)

Lezmy et al (2012)

gie process or inelastic scatering

Strom et al (2010)
Geissler et al (2014)
Kainaris et al (2014)
Xie et al (2016)

Hp or randomly fluctuating Rashba spin-orbit coupling
Random Rashba spin-orbit coupling

Simp,b Process

Random Rashba backscattering

Kharitonov ef al (2017)

Hg or U(1)-asymmetric single-particle backscattering field

Crépin et al (2012)

Inelastic two-particle backscattering from a Rashba impurity

Topical review on helical liquids

CHH et al., Semicond. Sci. Technol. 36, 123003 (2021)



Double helical liquids

e Helical liquids formed by interacting electrons in topological edge channels n € {1,2}

bosonization:
° Ry (r) = hei[—qﬁn(r)-i-@n(r)]7 Lo1(r) = &ei[@(r)wn(r)]

V2ma V2ma
e Double helical (Tomonaga-Luttinger) liquids:
h .
Hdh = Z / M5 — rgb(s) —+ K§ (6,95)2} ; [(155(}’), 95/(}’/)] = i(s(;(;/ gggn(r' — r)
se{s,a}

e interaction parameters Kj, K, :

[1 (U + 6Vee)} e

why VF
e § € {s =+, a = —}: symmetric/antisymmetric combination of the two channels
e U, (Ve.): intrachannel (interchannel) interaction strength

e repulsive interaction: U,,, V.. > 0= K, < K, < 1



Proximity-induced pairings in double helical liquids

e | ocal pairing within each channel:

A A
Viee = / dr SH(RIL] — L{RY) + 7 (RIL] — LiR}) + He.

2
z/dr +
Ta

e Nonlocal pairing between different channels:

cos(V26;) cos(V26,), Ay = (A +Ay)/2

Ac
Vn = [ ar 25 [(&]L] - LiR]) + (®IL] - LiRD] + B

/ drz—cos(\fﬂ)cos(\fqﬁa)

™a

o Criterion for band inversion and topological zero modes:

A7 +A2>AL = A > [AL] (for A=A, =

= nonlocal pairing dominates over local pairing

Ay)



Electron-phonon-coupled system

e Phonon-induced terms in the Hamiltonian: Hp, + He,

e Phonon subsystem:
d
Hpn = Z/ 2; {wﬁ + 07 (9,d,)’

e ¢: phonon velocity e p: mass density of lattice
e d,: displacement field due to phonons e 7,: conjugate field of d,

Electron-phonon coupling (strength g): deformation potential coupled to charge density

He, = Zg /dr (Orn) (Ordn)

Perturbative analysis:
acoustic phonons have no leading-order effects on helical liquids
Budich et al., PRL 2012

We treat Hq, + Hpn + He, non-perturbatively: renormalization-group (RG) analysis



RG flow without phonons vs RG flow with phonons

08l "
flow Ila

06r  (no phonon)

0.4f

0.2}

e Renormalized pairing strengths: local A versus nonlocal A,
Direct comparison of the RG flows: observing how phonons modify the flows

Distinct behaviors in the RG flows of K,: flowing to larger values with phonons
= favoring local over nonlocal pairing

Opposite outcomes for topological properties despite identical initial parameters



e-e interaction and phonon effects on topological phase diagram

0
0 02 04 06 08 1
Vee/Uee

e e-ph coupling: g vz,/(ch) e interchannel (V,.) and intrachannel (U,.) interaction strengths

flow Ila
(no phonon)

flow IIb

i

e Phonons: effectively mediate attractive interactions within each channel
= enhancing local pairing A, more significantly (compared to A.)

e Electron-phonon coupling can push the system from topological SC to trivial SC phase
= phonon-induced topological phase transitions

: (with phonons) &

0 2 4 6 I



Tunable platform for topological superconductivity
e Electrically tunable topological phase transitions
e Intrachannel U,.: screening length Dy, and dielectric constant ¢, of insulating layers
° Interchannel-to-intrachannel ratio V,./U,.: Ds, € and interlayer separation d

Unltatvey 100 Vel Us
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e Omnipresence of e-e interactions and phonons
= constraints in realizing topological superconductivity and zero modes

- N W s> o
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4 ’nmdcs \
Y

Uee phase transition

' “phonon

CHH, Nanoscale Horiz. 9, 1725 (2024)



Summary
e Electrically tunable domain wall network as a platform for strongly correlated systems
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Wang and CHH, 2D Mater. 11, 035007 (2024)

e Electrically tunable phase transitions between topological and trivial superconductivity
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CHH, Nanoscale Horiz. 9, 1725 (2024); highlighted on the journal cover



Additional works and open positions

Fractional excitations, (fractional) quantum anomalous Hall effect, gapless chiral edge modes
from moiré umklapp scatterings in TBG
CHH et al., Phys. Rev. B 108, L121409 (2023)

Spin helix in domain wall network of twisted bilayer graphene
Y.-Y. Chang, K. Saito, and CHH, arXiv:2412.14065 (under review)

Quasiperiodicity-induced localization in non-Hermitian systems
Y.-P. Wang, C.-K. Chang, R. Okugawa, and CHH (under review)

Time-reversal soliton pairs in high spin Chern insulators
Y.-C. Hung, B. Wang, CHH, A. Bansil, and H. Lin, Phys. Rev. B 110, 035125 (2024)

Magnetic field-free platforms for topological superconductivity
Y.-C. Hung, CHH, and A. Bansil, Phys. Rev. B 111, 245145 (2025)

Open positions in Quantum Matter Theory
e https://sites.google.com/view/gmtheory
e Welcome highly motivated postdocs, assistants and students! [s]
e Follow us on X: hbar_FanClub




Appendix

Technical details



Moiré bilayer systems in 2D twisted nanostructures

e Twist angle between two graphene monolayers:
a tunable parameter allowing for continuously varying the band structure

1/

Vw’ Meow
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Nam and Koshino, PRB 2017  Bistritzer and MacDonald, PNAS 2011

e (Quasi-)flat bands close to the magic angle (e-¢ interaction > bandwidth ~ kinetic energy)
= a platform for strongly correlated electron systems

e Observations on superconductivity and correlated insulators (Jarillo-Herrero group)
Cao et al., Nature 556, 43 (2018); Cao et al., Nature 556, 80 (2018), and many more!

e Early studies on lattice mismatch-induced moiré structures in MoS,/WSe; heterobilayers
Shih group: Zhang et al., Sci. Adv. 3, e1601459 (2017)



Continuum model for TBG
e Single-particle Hamiltonian: hybridization of Dirac cones in the two layers

Hy = ( Hiy  Ty(x )

b
Ti(x) HY

iar (ot t b b T
e basis: (CA'yoa CB’)/U’ CA’yo: chya)

e Dirac Hamiltonian for the TBG with a twist angle 6:

g — —nVa Vv ke~ O=n0/2)
7\ yhwe k| Gnt/2) —nVa

éWﬁ«”"Voko 2w = fvgky

Cao et al., Nature 2018

e 0;: angle of the momentum direction; Vy: interlayer bias; n: layer index; : valley index
e Interlayer hybridization (with the 2D coordinate x):

3 .
w s 11 x e /3 1
T,(x) = gzew O Ty Ty = < 11 ) Ty =(Ty3)" = ( o—2vT/3  gi2ym/3
=1

° Qi = —koey, @ = ko(Ley + Ley), @3 = ko(—Lex + Ley), and ky = 52 sin(0/2)
Bistritzer and MacDonald, PNAS 2011; Efimkin and MacDonald, PRB 2018



Low-energy effective model

o For sufficiently large Vg4, the continuum model H, can be projected onto the conduction band
of the top layer and the valence band of the bottom layer

e Low-energy effective model: describing massive Dirac fermion

hvr|K| —vA_ cos b — iA, sin
—vA_ cos O + iA, sin by —hvr|K|

o effective mass from the interlayer hybridization:

|TAB| + ‘TBA|
Ary = L0
arg(THP) 4 arg(TH)
(biﬁ’ = 2

e spatial dependence in A_: a spatially dependent sign of mass (i.e., spectral gap)
e mapped to a (p, + ip,) superconductor:
= gapless modes between domains with opposite mass set by sign(vA_)



Helical Tomonaga-Luttinger liquids

e Bosonization:

Uk i[—o(r r UL ilo(r r
Rilr) = i gl o000 () = D glot 000

S)

e Helical Tomonaga-Luttinger liquid:

e
T 2n

o= [ [}( 0.0 + K <are)2] 180, 6(")) = i sign(r’ — 1)

e K = 1 for noninteracting systems; K < 1 for repulsive interaction
e Local density of states: universal scaling behavior
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e Interaction parameter K can be extracted through oo = (K + 1/K)/2 — 1
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Estimated bare gap ratio
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estimated from source-term approach:
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e d: inter-hinge separation, vr: Fermi velocity, a: hinge state width, 1y, K,: modified Bessel
functions, A, &: pairing gap and coherence length of the parent superconductor

A(0)
Ac(0)

depends weakly on A and a (except for linear dependence on d/a)

e For A; € [0.1 meV, 1 meV]anda € [1 nm, 10 nm], A;(0)/A.(0) ~ O(1)-0(10)



Influence of electron-phonon coupling: excitation velocities

e Hgy, + Hp, + Hep: incorporating both e-e interactions and phonons in a non-perturbative way
e Hybridization of electron and phonon modes leads to modifications of excitation velocity:
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= quantifying how electron-phonon coupling alters excitation dynamics
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e Phonon-induced modified velocity vanishes
= Wentzel-Bardeen singularity in 1D systems Wentzel 1951; Bardeen 1951; Loss & Martin PRB 1994



Influence of electron-phonon coupling: scaling dimensions

e Electron-phonon coupling g v§ influences the scaling dimensions of various operators
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e Larger g values decrease the scaling dimensions of ¢%, ¢/% while increasing those of ¢/%,

= enhancing pairing instability and suppressing density wave instability
= equivalent to attractive interactions

e Electron-phonon coupling alters the scaling dimensions of pairing operators
= expecting effects on phase diagram through scaling dimensions

e”ba



Pairing strengths renormalized by e-e interactions

¢ Renormalization-group (RG) flow equations with the cutoff a(l) = a(0)e':
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o dimensionless couplings: A, = A, /A, A, = A./A, e A,: bandwidth

e For each set of initial parameters at / = 0, we numerically solve the RG flow equations
e to extract the renormalized local and nonlocal pairings at the end of the RG flow / = [*
e to examine the topological criterion through the relative strengths A, (I*) vs A, (I*)



Interaction effects on the phase diagram in the absence of phonons
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e RG analysis to examine e-e interaction effects on local A and nonlocal A, pairings
e Various phases: topological/trivial SC (top/tr SC) & double helical liquid (DH)
e Intrachannel interaction U,, suppresses A more than A,

e Interchannel interaction V,, reduces A.:
sufficiently large V., induces phase transition towards trivial superconductivity
= suppressing topological zero modes

e Tunability provided by controlling the ratios of V,./U.. and A (0)/A.(0)



RG flow analysis including e-e interaction and phonon influences

¢ RG flow equations with the cutoff a(l) = a(0)e' and channel index n € {1,2}:
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e A,: bandwidth e dimensionless couplings: A, = A, /A, A, = A /A,
e dimensionless parameters yﬁn, yg,n (depending on the modified excitation velocities)
e For each set of initial parameters at [ = 0, we numerically solve the RG flow equations
e to extract the renormalized local and nonlocal pairings at the end of the RG flow [ = I*
e to examine the topological criterion through the relative strengths A (I*) vs A, (I*)



More numerical analysis - I
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o Phase diagrams for different initial values of the local-to-nonlocal gap ratio A, (0) /A (0)



More numerical analysis - II

e Phase diagram without phonons for U,,/(mhvr) = 2 and A.(0) = 0.03
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More numerical analysis - III
o RG flow and phase diagrams for U,./(whvr) = 2 and A.(0) = 0.03
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Electrically tunable topological phase transition
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Intrachannel interaction U,.:
tunable by screening length Dy, and dielectric constant ¢, of insulating layers

e Interchannel-to-intrachannel interaction strength ratio V,./U..:
tunable by Dy, ¢, and interlayer separation d

One can induce phase transitions by varying the strengths of U,. and V,,
= monitoring the presence/absence of topological zero modes

Our results indicate electrically tunable topological phase transitions in double helical liquids



Proposals for MKP detection and quantum computing
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