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Standard Model

physicists are curious about 
flavor structure:
mass hierarchy (order 10E11), 
quark, lepton mixing patterns,…
puzzles for decades
usually explained by new physics



Speculation  
• Physical observables, being analytical, must respect dispersion 

relations
• Dispersion relation connects various dynamics at different scales; 

heavy meson lifetimes link EW and strong interactions; Higgs decays 
into b quark pairs link Yukawa coupling and strong interactions,…

• Numerous observables imply numerous links --- nontrivial constraints
• Perhaps SM parameters may not be completely free?
• SM flavor structure governed by dispersive constraints?
• If yes, SM flavor structure can be understood dynamically
• Our speculation: only the three gauge couplings are fundamental



Mixing patterns
Why are quark and lepton mixings so different?
A simple example to demonstrate our formalism Li, 2306.03463



Issues about fermion mixing
• Neutrino mass ordering                                                                                              

but normal ordering or inverted ordering?
• Why small mixing in quark sector, but large mixing in lepton 

sector?
CKM:
Pontecorvo–Maki–Nakagawa–Sakata: 

• Why lepton mixing has maximal angle                ?



Dispersion relation
• mixing amplitude
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Crazy idea
• Dispersion relation reminds QCD sum rules, which link perturbative 

and nonperturbative dynamics
• Nonperturbative properties (hadron mass, decay constant) can be 

constrained by perturbative dynamics
• No condensate, no bound state
• Related to chiral symmetry restoration and breaking
• Neutrino properties related to electroweak symmetry restoration and 

breaking?
• Then EW symmetric phase, corresponding to perturbative phase in 

QCD, provides inputs, which constrain EW broken phase



What if EW symmetry restored at high energy?
• Composite Higgs model, Kaplan and Georgi, Phys. Lett. B136, 183 (1984):

• Electroweak group is broken at a scale                                                 
much smaller than the condensate scale

• This sequential breaking can                                                                            
be realized in SM4 with                                                                            
fourth generation fermions
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Mixing in symmetric phase
• Internal particles massless
• All intermediate channels give same contribution 
• Sum over all channels vanishes due to unitarity
• Mixing phenomenon disappears!

Li, 2306.03463 

EW symmetry broken at low energy;
constrains fermion masses and mixing angles

restoration scale



Box diagram in broken phase
• s’ can be low, so           depends on PMNS matrix elements and 

intermediate neutrino masses in broken phase.
• Box-diagram contribution from channel with two real neutrinos 

Cheng 1982
Buras et al 1984



Constraints 
• How to diminish dispersive integral                       ?
• Asymptotic expansion

to have finite integral

to diminish integral



These four conditions constrain 
neutrino masses and mixing 
angles!
Test quark mixing first---constrain quark masses and CKM matrix elements

for D meson mixing



Minimization 
• Use unitarity to eliminate       and rewrite constraints

• Expression for              similar, but with  
• Ratio of CKM elements

• Tune u and v to minimize the sum (real parts of constraints)

then imaginary parts also small

refer to finite integral



Results 

m=i

variation of ms by 0.01 GeV

PDG

they agree well; CP phase must exist

v=0

m=1
m=0,-1

v=0.00062
minimum reached



Global fits experimental discrimination of NO, IO difficult

PDG
2024



Chau-Keung parametrization

Pontecorvo–Maki–Nakagawa–Sakata matrix
U =



Neutrino mass orderings
• Apply to lepton                    mixing with intermediate neutrino channels
• Normal ordering (NO) 

• Predict

• Be reminded that it is LO analysis with 3 generations
• Inverted ordering (IO)

• NO and observed PMNS matrix satisfy constraint at order of magnitude

de Salas et al, 2018

global fit

(as long as it is small enough)

dramatically different



Mixing patterns
• Insert u=-1 into m=1 constraint to get analytical expression of v

• v proportional to sine of mixing angle 
• Larger mixing angles in lepton sector due to smaller mass hierarchy



Mixing of generations 1-3

•  Heavy lepton could be      or     , same intermediate neutrinos
•                      and satisfy same constraints?
• Magnitude of PMNS matrix elements 

These two rows are indeed similar,             reflection symmetry 

NuFIT, 2023

𝜇𝜇 − 𝜏𝜏



Maximal mixing angle 
• Recall v has two solutions with opposite signs, so one for                        

another for                     ?
• Check data

• Implication:    

de Salas et al, 2018

Capozzi et al, 2018 

roughly equal

roughly equal



Impact from 4th generation
How to improve constraints on neutrino masses and mixing angles?
Have predicted                                 , 

Li, 2407.07813



Motivation 
• If SM flavor structure constrained dynamically, scalar sector of SM 

may not be free
• Bold conjecture: SM contains only three fundamental (gauge) 

parameters, and other parameters, governing interplay among 
various generations of fermions, are fixed by SM dynamics itself

• To maintain simplicity and beauty, natural extension of SM is to 
introduce sequential fourth generation of fermions, since associated 
parameters in scalar sector are not free

• Solutions for PMNS matrix with 3 generations deviate from data
• Check whether consistency can be improved in SM4
• QED corrections also estimated



Solutions 
• Formalism basically the same, solve for two PMNS ratios in SM4

• Suppress detail, solutions
• Data 

• Consistent within experimental uncertainties
• In terms of mixing angles, we predict

assigned to
de Sala et al, 2021
Capozzi et al, 2021

de Sala et al, 2021
Capozzi et al, 2021

?
data



Summary 
• Only electroweak symmetry restoration is assumed
• Quark and lepton mixing patterns due to different mass hierarchies
• reflection symmetry due to same intermediate states in mixing
• Normal ordering favored,        tends to be in the 2nd octant
• Consistency with the neutrino mixing angles improved in SM4
• Consistency further improved by QED corrections
• Predicted small CP violation in lepton sector
• Scalar sector, governing interplay among generations, fixed by dynamics 
• Our explanation sheds light on model building for new physics

𝜇𝜇 − 𝜏𝜏 
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