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o Motivation & Goal: Parton Distribution Functions
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Parton Model and Deep Inelastic Scattering

> PDF: probability of constituent with momentum fraction &
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Parton Model and Deep Inelastic Scattering

> PDF: probability of constituent with momentum fraction &

> test: deep inelastic scattering (DIS)

> large momentum transfer QR*=-¢°

2
> Bjorken parameter & = 2%‘7
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Parton Distribution Functions

(o] e}

Parton Model and Deep Inelastic Scattering

> PDF: probability of constituent with momentum fraction &

> test: deep inelastic scattering (DIS)

> large momentum transfer QR*=-¢°

2
> Bjorken parameter & = 2%‘7

» QCD asymptotically free: scattering on free parton

» scattering amplitude factorizes:

/o(a Q) = g( Q?) fwﬁ

experiment perturbative non-perturbative

[Schwartz 2014]
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Parton Distribution Functions
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Parton Model and Deep Inelastic Scattering
Parton Distribution Function (PDF):
> universal

> PDF: probability of parton with momentum fraction &

[Schwartz 2014]
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Parton Distribution Functions

[e]e] J

Parton Model and Deep Inelastic Scattering

Parton Distribution Function (PDF):
> universal

> PDF: probability of parton with momentum fraction &

’2

F(&) = ¥, [ d*pa(P* = p" = p)o(n- P = n- p)| (P (0)1X)

n-p=£&n- P, nlight cone vector

S| F(©) = [ e (PR Wz < 0w(0)]| P)

[Schwartz 2014]

Manuel Schneider Direct calculation of PDFs with tensor network states @ Workshop on parton distribution functions in the EIC era 16 June 2025 6 /28



Parton Distribution Functions ensor Network States Schwinger Model

[e]e] J

Parton Model and Deep Inelastic Scattering

Parton Distribution Function (PDF):

) Euclidean
> universal 1

> PDF: probability of parton with momentum fraction &

time
o
T
o
|

2
F(&) = 3, [ d*po(P" = p = p)o(n- P~ n-p) (Pl @)IX) e
space
n-p=£&n- P, nlight cone vector
| 1(©) = [ dze ' (P2 )y Wiz < 0)u(0)|P) .
Minkowski
1
> integration along lightcone direction z* ‘QE) 0 ’?}
> lattice QCD in euclidean space: lightcone — point ) U=
> Hamiltonian formalism: lightcone in Minkowski space -1 0 1
space

» — use tensor network states/quantum devices
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Q Method: Tensor Network States
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Tensor Network States
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Tensor Networks

[p)y=" > VI 5)@|n)®... 0 |sy)

N . .
generic state scales exponentially S sy
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Tensor Networks

[p)y=" > VI 5)@|n)®... 0 |sy)

N . .
generic state scales exponentially S sy

> tensor network state as ansatz

Yois2e SN — Z A]'-;Sl _A?7§2 -A3’53 AN,SN
i

» 1d: matrix product state (MPS) 5 il "yl T i
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Tensor Networks

— 5152...5N
> generic state scales exponentially ) = Z v [s1) @ls2) @ ... ®sw)

S1,525--+5SN
> tensor network state as ansatz
D

) STIRC A]'-;Sl _A?7§2 _A§75'3 N .A{V;SN

» 1d: matrix product state (MPS) {,.Z}::1 i fal2 "y -1
> truncation to bond dimenion D Q_Q_Q_Q_Q_Q

- 1 1 1 1 1 1

1 1 1 1 1 1

v

polynomial resource scaling
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Tensor Networks

— 5152...5N
> generic state scales exponentially ) = Z v [s1) @ls2) @ ... ®sw)

S1,525--+,SN
> tensor network state as ansatz
D
1,s: 2,s; 3,s: N,s
. poimes . S ple g2 p3s N
» 1d: matrix product state (MPS) {,.Z}::1 i fal2 "Ry -1

» truncation to bond dimenion D
> polynomial resource scaling

» good approximation for ground states and
low excited states
ground states
> area laws of entanglement entropy
[Hastings 2007]
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Distribution Functions Tensor Network States

00e000

Singular Value Decomposition (SVD)

dim(a) dim(b)
Mab— Z Z Ua, SI,J \/_],b

v

unitary: diagonal: unitary:
UTUZJ]. 5,'7]':5,"]].,'71' VVT=]1
with s; >0
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Tensor Network States

00e000

truncated Singular Value Decomposition (SVD)

D D
Mab— Z Z Ua,l SI,J'Vj,b

S

column-unitary: diagonal: row-unitary:
UTUZJ]. 5;7j25;~]].,'7j VVT=]1
with s; >0

» exact for D = rank (M)
» approximation for D < rank (M)

~@—  —O-C-O—
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Tensor Network States
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MPS through SVD

WJ) _ Z YS1925358 |51>®|52)®|S3)®|54)

51,52,53,54
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MPS through SVD
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Tensor Network States
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MPS through SVD

W)) _ Z YS1925358 |51>®|52>®|S3)®|54)
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Tensor Network States

000@e00

MPS through SVD

¥)

>, VIR s) @) ©|ss) © |s)

51,52,53,54
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Tensor Network States

000@e00

MPS through SVD

W)) _ Z S 525358 |51>®|52>®|S3)®|54)

51,52,53,54
\U wl
1 1 1 1 1 - 1 1 1 1
1 1 1 1 ] - 1 1 1 1
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Tensor Network States

000@e00

MPS through SVD

W)) _ Z S 525358 |51>®|52>®|S3)®|54)

51,52,53,54
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Tensor Network States

000@e00

MPS through SVD

>, VIR s) @) ©|ss) © |s)

51,52,53,54

¥)
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Tensor Network States

000@e00

MPS through SVD

>, VIR s) @) ©|ss) © |s)

51,52,53,54

¥)

O v
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Tensor Network States
0000e0

Singular values and cutoff

Schwinger model, L =14, u=0.125, x = 10, 2nd excitation

10° T T T T T T
0 "
107
~ .
~
102F =
\.‘ "
™ 710t E
105 -, 1 o N
~, 8 .
. g 10 % 3
\_. <§ .
) . Y o8k - ]
24010} . - E
> . » P
. o .
= jp10f . ]
‘c -
z
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B 1012k .
107% £ .
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10716 . L. . Wil ) . ;
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20 40 60 80 100 120 140
Singular value

Bond dimension D
Infidelity on MPS with exact state
1- | (W(D) | wexact) |

Singular values for cut in the middle
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Tensor Network States

00000e

Efficient Tensor Network operations

> Find groundstate and excited states

o - My - EHEHEHEHIHE /(0 0
AO-O-O-0-0-0

> Apply operators / time evolution

| | | | | |
ow- | [ [y | -9 Y90

> Calculate overlap
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© Application: Schwinger Model
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stribution Functions ) E Schwinger Model

0@00

The Schwinger Model [Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry

» fermion couples to gauge boson — partons

v

bound states — hadrons [Bafiuls et al. 2013]
» = can calculate PDF [Dai et al. 1995]

> Lagrange density:

— 1
L :‘l’(f¢ - gA_m)w_ZFuVF,w - AOp
FHV =8MAV - &,AH

» for TN/QC: transform action into spin-model Hamiltonian
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Distribution Functions Network S Schwinger Model

[e]e] o)

Spin formulation of the Schwinger Model

_ 1
£=0(id ~ gh-m)V— Fu F* — Agp

H =iV~ (0 - igAl)\U+m\TJ\U+%E2

Legendre transformation
(E = Fo1)
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1 Distribution Functions ) ork States Schwinger Model

Spin formulation of the Schwinger Model

_ 1
£=0(id ~ gh-m)V— Fu F* — Agp

H =iV~ (0 - igAl)\U+m\TJ\U+%E2

. . n . 4 ' 2
H :—L Z (¢Le,9n¢n+l - ,|7+1e—/9n¢n)+m Z(_I)H¢L@n+£ Z Li

2a 4

W pper(X) if n even

\Ulower(x) if n Odd,

staggered fermions
(9=agA1,gL=E) ¢n~{

Manuel Schneider Direct calculation of PDFs with tensor network states @ Workshop on parton distribution functions in the EIC era 16 June 2025 15 /28



stribution Functions ) E Schwinger Model

[e]e] o)

Spin formulation of the Schwinger Model

_ 1
£=0(id ~ gh-m)V— Fu F* — Agp

- — 1 Ll 1 [_l 1 Ll 1 Ll 1 Ll 1
Hz—/wl(al—igAl)w+mw\U+%Ez o s s s s s

] : ) . 2
H :—i ((b:a}%(bn+l - ¢L+1>@¢n)+m Z(—l)n@2¢n+% ML

decoupling én = [1(e7%) ¢n

k<n
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arton Distribution Functions ) or Schwinger Model

[e]e] o)

Spin formulation of the Schwinger Model

_ 1
£=0(id ~ gh-m)V— Fu F* — Agp

- —_ 1 Ll 1 [_l 1 Ll 1 Ll 1 Ll 1
H =iV~ (0, —igAl)\U+m\U\U+%E2 s Cos s st s 7 os
. 2
| . . n .t ag
H =5 E (008 Cna ~ 01 0 m (1) Ghomt 5 L
1
==Y (o}o, 1+O'n+10n)+m2[1+( 1"Z+g Z:L2
2a n 2 n
Jordan—Wigner bn = [1Ge?) o,
transformation k<n
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Schwinger Model

[e]e] o)

Spin formulation of the Schwinger Model

_ 1
£=0(id ~ gh-m)V— Fu F* — Agp

- — 1 Ll 1 [_l 1 Ll 1 Ll 1 Ll 1
H:—i\lwl(éh—igA1)\U+m\U\U+%E2 o s s s s 0 os
- 2
1 ; ; not ag
H =35 2 (01801 = 0}, 80, rm B (-1)"0 00+ - D1
1
==Y (o}o, 1+O'n+10n)+m2[1+( D'oZ]+— g Z:L2
2a 5 25
Gauss's law: 1
Lo—Lyp1 == [(-1)"+0Z]+qn
(X:azlz’:“_s?n; 1 2[( )" +on]+q
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Parton Distribution Functions ensor Network States Schwinger Model

[e]e] o)

Spin formulation of the Schwinger Model

— 1
L‘:\U(i&—gA_m)\u_ZFW,EW_Aop Q (e D ) Q

NN NN

— — 1 1
H =—iVy' (01 - igAl)\U+m\U\U+§E2 So st $2 S3 S4 S5

] : ) . 2
H :—i ((b:a}%(bn+l - ¢L+1>@¢n)+m Z(—l)”gb,ﬂqﬁﬁi ML

1
H= %2 Z(Un0n+1+0;+la;)+g2[l+( D'oZ]+— g ZL2
N-2 MN] N-2[1 n . 2
=x Z OnOm +0noma ]+ > [1+(-1)"07]+ [ ((-1)%+0of +2qx)
n=0 2 0% =0 L2 k20
Gauss's law: 1
Lo—Lyp1 == [(-1)"+0Z]+qn
(x= A= 22 1= 5 [(=D)"+on]+g
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Distribution Func Ne Schwinger Model

[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0)
> (Ploc"(z" )W+ 00 (0)|P) +...
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Schwinger Model

[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0) v

> (Plo™ (z") Wyt oo (0)|P) +... 81 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:

time t [lattice units]
N
T
oy
|

e mH o (e—iérHeO o107 Hoe e—i&-rHL)NT | \\o‘g‘& |
» spatial evolution: 2 | = =
change electric field along the path : H 2 .
—move static charges 0 % .
| | | | | | | | |
: : : : : 0 2 4 6 8 10
1 ' 1 Lo ' 1 ' 1 ' 1 L. . .
: roe : : : : position d [lattice units]
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Schwinger Model

[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0)

> (Plo™ (z") Wyt oo (0)|P) +... 81 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

time t [lattice units]
~
T
J’—)
7
é*/}z( .
o)

> time evolution: 1
e 1TH oy (7707 Heo gI6T Hoe e—i&-rHL)NT

> spatial evolution: 2 y ’ 1
change electric field along the path : H 2 .
—move static charges L |

0 | | | | | | | |
0 2 4 6 8 10
: =S : : : position d [lattice units]
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[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0) v

> (Plo™ (z") Wyt oo (0)|P) +... 81 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:
e—iTH ~ (e—i(STH —idTH,

oe @

e —I'(STHL)NT

N
T T
l—ﬂ
AN
€4

> spatial evolution:
change electric field along the path
—move static charges 0 % .

OO0 o7 v & v
5

‘ position d [lattice units]

time t [lattice units]
N
T
oy
|
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Schwinger Model

[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0)

> (Plo™ (z") Wyt oo (0)|P) +... 81 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

time t [lattice units]
~
T
J’—)
7
é*/}z( .
o)

> time evolution: N 1
e—iTH ~ (e—i(STHeo e_i(STHoe e—f(STHL) T

> spatial evolution: 2 1
change electric field along the path : H 2 .
—move static charges 0 % .

0 2 4 6 8 10
: - G- A : : position d [lattice units]
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[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0) v

> (Plo™ (z") Wyt oo (0)|P) +... 81 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:
e—iTH ~ (e—i(STH —idTH,

oe @

e —I'(STHL)NT

N
T T
l—ﬂ
AN
€4

> spatial evolution:
change electric field along the path
—move static charges 0 % .
() — —0)—)
O— ) 0 2 4 6 8 10
‘ ‘ ‘ ‘ ‘ ‘ position d [lattice units]

time t [lattice units]
N
T
oy
|
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[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0) v

= (Plo" (z")Wer oo™ (0)[P) + ... 8 | Ta

> lightcone

(o)}
T
|

— small time- and space-like steps H ’;, .
,
> time evolution: N =
e—iTH ~ (e—i(STHeo e_i(STHoe e—f(STHL) T

N
T

> spatial evolution:
change electric field along the path
—move static charges 0 % .

time t [lattice units]
~
T
J’—)
7
é*/}z( .
o)

0 2 4 6 8 10
: - S - 8 : position d [lattice units]
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[e]e]e] )

Lightfront matrix elements

(P|W(z )y W(z" < 0)w(0)|P)
= Mee) + Mo,0) = M(oe) = M(e,0) v

> (Plo™ (z") Wyt oo (0)|P) +... 81 4

> lightcone
— small time- and space-like steps

(o))
T
\ l
N
N
—
|

> time evolution:
e—iTH ~ (e—i(STH —idTH,

oe @

e —I'(STHL)NT

N
T T
l—ﬂ
AN
€4

> spatial evolution:
change electric field along the path
—move static charges 0 % .

O—OO0O0@0 - v u
N

‘ position d [lattice units]

time t [lattice units]
N
T
oy
|
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Q Results
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n Distribution Fun: € v Mode Results

O®@00000000

Results: Matrix elements

m:%ﬁ:w;x:wom:ao;m:L=1oo;v:mi=1oo

37 VA
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1 X ] x X
| 0.05( noox 2
0.8 :: 2 N oox
! x kx b h
go.6~ h 2 - kx
': 0% ?30( [ : : Lo : X )'(X
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Results

Distribution Func Ne ) ode
: 0000000000

Results: Fourier transform of matrix elements

0; x = 100; D = 80; Ny = 100; V = 100; d = z¥ /~/2

m = 1
1.6 x‘
1
- x- first excited state ,'*
1.4H = .
o
" \
1.2F o .
)'( \
' \}
x

1160080000000 5 X0%00000000 0060060000

Fourier transform ¥, M(d)e

x! ,’
' X
oo} ] |
0.6/ VX .
X1
x

|
Il - /2 0 /2 T
Fourier mode k
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Results
Results: Fourier transform of matrix elements

i =10; x = 100; D = 80; N = 100; V = 100; d = z* //2

—
[e)}

I I * I
'\
- - x- first excited state ,'*
1
T\Em 1.4/ =©- ground state * v =
—_ 1
= !}
2 1.2 ! \ T
)'( \
o 1
N X
£ X
e x‘ 1
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© | ' ! |
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g 0.6 l| 1 Bl
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Fourier mode k
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Distribution Func s ode Results

0O0@0000000

Results: Fourier transform of matrix elements

= 10; x = 100; D = 80; N = 100; V = 100; d = z+ /v/2 CMS (s=7TeV,L=51fb"Vs=8TeV,L=53fb"
S .
1.6 T T X [ > : . 1
" % L 8 Unweighted
- - x- first excited state ,"F O 00 & 21500 ]
= ' ) 1
T 1.4 =©- ground state x ! 1 ]
2 T 2 ]
) P 5 ]
N—
S 1.2 o g e 70
’ L 3 m,, (GeV)
DE X \ S |
! § 500 [ ¢ Data ]
IS . & | — s+BFit
6 X + [ - B Fit Component
s.m [ 1 25 [ CJ+1o j
c ' X ? [ B 20 1
© L ! | A RN RN B R B
508 X ) 0" To 120 130 140 150
o [ m,, (GeV)
= LI ]
3 0.6 ' ?( | [CMS collaboration 2012]
L L] ~
X o0
N
X i
0.4_7[_ | | | pl
- /2 0 /2
Fourier mode k Do we observe a particle here?
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Results

[e]e]e] lelele]ele]e]

Results: Subtracted matrix elements [Collins 2011]
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Results: PDF
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Results: PDF

i/ =10; x = 100; D = 80; N+ = 100; ¥ = 100

6* I I I I

= our work
=== [Mo and Perry 1993]

PDF fy (&)

—6* 1 1 1 1

T

T T T

1
-1 -08 -0.6 -04 -0.2 0

| | | |
02 04 06 08 1

Bjorken parameter ¢

Results

[e]e]ele] Jele]ele]e]

observations:
» £>0: fy ~ symmetric

around & =0.5
> antifermion PDF from
negative &:

£5(6) =~ (-9)
> observed symmetry

— £5() = £,(€)

= meson v*

16 June 2025

21 /28

Manuel Schneider

Direct calculation of PDFs with tensor network states @ Workshop on parton distribution functions in the EIC era



arton Distribution Functions

Results: PDF
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Parton Distribution Functions

Results
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Results: N -dependence
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Parton Distribution Functions

Results: N -dependence — too small
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Results: x-dependence
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Results
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Results: x-dependence — too small
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Parton Distribution Functions
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Results: N-dependence
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Results: PDF [*preliminary]
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Outlook: lightcone distribution amplitude (LCDA) [very preliminary]

LCDA: decay or hadronization in inclusive processes

F—C147))

1-u

7 >q(u)a(1 - u)
=Yy *

i (u) = fdz-e"""*f (0|82 )7 W(z < 0)(0) | P)
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Outlook: lightcone distribution amplitude (LCDA) [very preliminary]

LCDA: decay or hadronization in inclusive processes
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1-u

7 >q(u)a(1 - u)
=Yy *

[EIC collaboration 2022]
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Results
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Outlook: lightcone distribution amplitude (LCDA) [very preliminary]

7 >q(u)a(1 - u)
=Yy *

LCDA: decay or hadronization in inclusive processes
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[EIC collaboration 2022]
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1 Distribution Functions

Summary

Summary: OO0
1
» PDF — universal structure of hadrons 3 \72 !
. ij___*

Euclidean space: lightcone — point t g ‘ ‘ ‘
X

>
5 - —
» = use tensor network states / quantum devices
» Schwinger model: .
fermion- and anti-fermion-PDF for the vector meson N/
2 0
[V
a
Outlook: o
> further lightcone observables Y
» same analysis for QCD @ [=]- - -5 n
[arXiv:2504.07508] L

| |
-1 -0.5 0 0.5 1

Xiv:2409.16996 .
[arxiv | Bjorken parameter &
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Lcu-dependence: truncation of electric field
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Light-cone structure
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Results - correlators
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Factorization

cross section:
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hadronic Tensor:
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Wilson line (gauge invariance), y-structure (projection of Dirac structure), t — z*, n- P = P™:
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Error sources and extrapolations

> initial state: D - oo

> entanglement growth in time evolution: y — oo
> Trotter error: N, = 577 -0

» continuum Limit: x — oo (which means a - 0)
> volume: % — 00

> electric field cutoff: Leyy — oo

> numerical optimization error: tol - 0
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