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Motivation

Power corrections

Theoretical foundations to
inform Q2 cuts of empirical

parton fits.
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Neutrino-nucleus
cross sections
Precise theoretical
input required for next-
generation neutrino
oscillation program

Radiative corrections
Searches for new physics
in the proton weak
charge.

Require knowledge of
gamma-Z interference
structure functions.




Letter | Published: 09 May 2018

Precision measurement of the weak
charge of the proton

The Jefferson Lab Qweak Collaboration

Nature 557, 207-211(2018) | Cite this article

Need to correct for (energy-dependent)
gamma-Z box.

Dispersive calculation of box requires knowledge
of gamma-Z interference structure functions.

Precision radiative corrections
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/\ W2 (GeV?)

Resonance region with
2-body final state

(Nr|J|N)
(working towards 3)

Matrix elements of local operators
— Low(est) moments of parton
distributions

e.g. (x)



Partons
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Q% (GeV?)
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R nces >/// Regge

1 4 9

/\ W2 (GeV?)

Resonance region with
2-body final state

(Nz|J|N)

(working towards 3)

Matrix elements of local operators
— Low(est) moments of parton
distributions

e.g. (x)
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Phenomenological estimate of yZ
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| Gross—-Llewellen Smith |

Subtraction function —

Feynman-Hellmann

e e e e — - -

F; Comptonand  §{
moments of the |
structure functions |

e———— e

F5 and longitudinal
structure




Compton amplitude

and structure
functions




Optical theorem
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Cross section ~ Hadron tensor
q 92
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Structure functions (Compton) structure functions
Fia(P - Q%QQ) ]:1,P - q, Q%)

\ Optical theorem: F; = —ImJ/F; |
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Dispersion relation for Compton amplitude

Jmw

Compton amplitude in
unphysical region

Inverse Bjorken variable
2P - q
W =

¢

1 Re w

a A a A A a
N N/ N/ N/ v N/ N/ \S

| Discontinuity across cut ‘
| — Imaginary part !

Integral over inelastic
structure function




Structure functions Compton amplitude

0.40¢ 1.0
' Q? = 5.0 GeV? — P . Q% =5.0GeV" P

0.35¢f

0.30¢

& 0.25F
Q; |

H'\ 0.20;

N L
&, 0.15}

0.10¢

0.05}

0.00"

0.0 0.2 0.4
high-W: NMC, PLB(1995)
low-W: Bosted-Christy, PRC(2010)
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What does Compton look like? £

Structure functions
NNPDF (leading-twist only)

Compton amplitude

0.8
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T(p,q)

SBut the lattice Is

—uclidean??

————— e ———————

Minkowski Compton

— 1 / dd > o297 <p\T {J(Z)J(())} ‘p> (spin, Lorentz suppressed)

2{ /Ooo dt i !\ 0T Er—Ex it (1) 1(0)| X (p + q@)) (X (p + Q)| (0)|p) + (¢ — —q)

12



SBut the lattice is Euclidean??

———— 3 = —— -

| Minkowski Compton
T(p, q) — i/d4z ezq'z<p\T {J(Z)J(O)} ‘p> (spin, Lorentz suppressed)

- 2; /ooo dt i (@0 Er=Ex+9t () 7(0)| X (p + q)) (X (p + )| (0)[p) + (¢ = —q)

S

12



Sut the lattice is _uclldean??

———— 3 = —— -

| Minkowski Compton
T(p, q) — i/d4z ezq"z(p\T {J(Z)J(O)} ‘p> (spin, Lorentz suppressed)

— 2; /O h dt i e a0t Ep=Ex+ic)t i) 7(0)| X (p + @) (X (p + q)|J(0)|p) + (¢ — —q)

(Ex — Ep — qo — t€)

Euclidean Compton

T = /OO dTerT/dgze_zqz@!J(Z 7)J(0)[p) + (¢ = —9)
ka/ dr e 90T Er=EX)T (151 7(0)| X (p + @)} (X (p + q)|J(0)|p) + (¢ = —q)
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Sut the lattice is _uclldean??

———— 3 = —— -

| Minkowski Compton
T(p, q) — i/d4z ezq"z(p\T {J(Z)J(O)} ‘p> (spin, Lorentz suppressed)

— 2; /O h dt i e a0t Ep=Ex+ic)t i) 7(0)| X (p + @) (X (p + q)|J(0)|p) + (¢ — —q)

(EX — Ep — (Jo — ZG)

Euclidean Compton

T = /OO dTerT/dgze_Zqz@!J(Z 7)J(0)[p) + (¢ = —9)
ka/ dr e 90T Er=EX)T (151 7(0)| X (p + @)} (X (p + q)|J(0)|p) + (¢ = —q)

leX>Ep‘|_q0
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Sut the lattice Is _uclldean??

Minkowski Compton
(spin, Lorentz suppressed)

(EX _ Ep — qo — 7;(5)

> _ Ciam Euclidean Compton
T ) = [ dre [ @ ol n) 10l + (0 o P

Z[:/ dr e(@0+Ep EX)TOU\J( 0)| X (p+ )X (p+q)|JO0)|p)+ (¢ = —q)

it Ex > F,+q
| (Ex — Ep — qo) ! ’
and if Ex > E, + qo there are no singularities in / dFE x
Ein

if Ex(ptq) > Ep 0 = T(p,q) = T(p,q)

12



Sut the lattice Is _uclldean??

Minkowski Compton
(spin, Lorentz suppressed)

1 | Euclidean hadron tensor |

(Ex — E, — qo — t€) |+ Unintegrated form
| + Inversion problem
J(0)|p) _

if F E
(EX—EP—QQ) 1 X > p—|‘CIO

©.@)

and if Ex > E, + qo there are no singularities in / dFE x
Ein

if Ex(prq) > Eptq0 = T(p,q) = T(p,q)

12



2.5}
2.0} dispersion relation
15;_ Eth=\/m]%,+(p+nq)2

o , , §

-1 0 1 2
n

Must only consider nucleon momenta to correspond to lowest
energy connected by discrete multiples of q
13



Feynman-Hellmann

in lattice QCD
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J Sink

~— 3-pt functions
T tt > ! t
: — energy gap to
\i AE lowest excitation
\\
N\ /
N (Cs(t, 1)) ,
Source X (N'|J|N
t N N Ca@)caeyy < Y

Sink
AJ _ Feynman-Hellmann
AN ‘ \\
| ~
N i L
LN AE
lé N RN
j NN — x (N|J|N)
o OA A—0
Source | A
>
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Matrix elements from Feynman—Hellmann

- e ——————

Feynman—-Hellmann in guantum mechanics:
dF,, < ‘6’H
— (N —
d

n

TR

matrix elements of the derivative of the Hamiltonian determined by derivative of
corresponding energy eigenvalues

Lattice: evaluate energy shifts with respect to weak external fields

Modify action with external field:

S%S+>\/d4az(9(az)

/ ™~ local operator, e.g. ¢()v5v3q(x)
real parameter

Calculation of matrix element hadron spectroscopy [2-pt functions only]
OEn(\) 1
o\  2Ep(\)

(H[O|H)

16



Spin content [connected

- Modify action

* Nucleon energy shift isolates

17

S = S+AY q@)ivsysq(x)

spin content

OEN(N)

O\

L
T 2My

Energy difference

0.00}

aAFE

—0.02}

—0.04}

N|qivsy3q|N)

—0.06}

—0.06 —0.04 —-0.02 0.00 0.02 0.04 0.06

Slope — matrix element

A

Strength of external field

[Chambers et al. PRD(2014)]

3-pt function — 2-pt function



4-pt functions
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Compton on the

£
S
=

Feynman-Hellmann

t S
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A—0
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Feynman Hellman (2nd order)

Field theory version of 2nd order perturbation theory:

(N|VIX)X|V|N
E = Ey + MN|V|N) AQZ V] VIN) |

XN By — Ex
Only get a linear term Ey < Ex
for elastic case wm=1 Intermediate states cannot

go on-shell for w<1

Final result. We study second-order perturbation on the lattice

see Can, RDY et al. PRD(2020)

19



(First) numerical

results:
F1 = moments of F;

Chambers, RDY et al. PRL(2017)
Can, RDY et al. PRD(2020)

20



Compton on the lattice

= == — L e e e

Forward spin-averaged Compton amplitude W =

TH (p, q) = pss / dhz 7% (p, §'| T {J#(2)J" (0)} |p, 5)

R el 1 ' v 4,
~ (o LE) R+ o (- ) (3 - D) Pl @2
q p-q q q

Choose simplest kinematics to directly isolate F1

J*J?, and g3 = p3 =0

T (p,q) — F1(w, Q%)

21




QCDSF /UKQCD configurations
<323 X 64

483 96)7 2+1 flavor (u/d+s)
X

p = (ggg), NP-improved Clover action

Phys. Rev. D 79, 094507 (2009),
arXiv:0901.3302 [hep-lat]

I

1
1
1

Unmodified
QCD background

Obligatory slide on lattice specs

— _———

=™ 420
5.6 0.074

L~ — f
" [6.9] [0.068]

Local EM current insertion, J,(x) = Zy,q(x)y,q(x)
(valence only)

Feynman—Hellmann propagators at 4 field

strengths, A = [£0.0125, = 0.025]

Up to O(10%) measurements for each pair of Q2
and A



—nergy shifts

0.006
{ X=0.0125
S ] | Effective energies
. 0.004 B L) : {l ...... | :
~ | $ 4 .
égii 0.003] I'E : { I 2 external field strengths
Bﬁw 0.002 .7 |
= 0.001 . g S A I }I | AE:E()\)_EO
0.0 - - lﬂ -|-__ ® .0
EoRlr 1|
—0.001775 5 10 15 20
t/a
X103
1.81 4 —(4. 1, 0) 25/ . Isolate “2nd d?rlvatlve.
2 1.44 Pp=(1,0,0)27/L (almost “exact” quadratic)
% 1.0 LT -
R 2
q 0.6 o AR — l)\28 E |
0.2- | 270 9)\2
0.000 0.005 0.010 0.015 0.020 0.025
A
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Kinematic coverage

Feynman-Hellmann

J /7 ) L) f

////////
VAV EAEN

q fixed for each
propagator evaluation
(costly)

freedom to choose
Fourier projection at
hadron sink
(cheap)




—0.51 1 q =(4,1,0) 27 /L

0.12 0.24 0.35 0.47 0.59 0.71 0.82 0.94
W



—0.5]

q =(4,1,0) 27 /L

0.24 0.35

W

0.82 0.94
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Moments

Recall dispersion integral:

233F1(377Q2) _
1—(zw)2

1
Filw,Q?) = 2w2/ dx
0

2y WMy, (Q°)
n=1

Positivity constraint:

My > My > Mg > Mg > Mg > ...>0
Use Bayesian fit enforcing monotonicity of moments

Priors:  Ms,1o € [0, My,] (uniform sampling)

low moments insensitive to truncation order

Moments

26



L ow moments

different Q2 Isovector: uu—dd
0.7
0.6 ® Q*=274 A Q?=5.48
o * & Q2 =3.56 i Q2=17.13
o 0.5 $ Q*=14.66
5047 % }
]
1 0.3

higher moments

27



Lowest isovector (u — d)

moment

Q* | GeV?]

squint hard enough and there’s a power correction in (lowest moment of) &

28



- and the

longitudinal
structure function

Can, RDY et al. Phys.Rev.D 107 (2023) 5, 054503
7

29



483X96, 2+1 flavour
a = 0.068 fm

Compton structure functions iy ~ 420 MeV

02 =49 GeV?

30



483x96, 2+1 flavour
a = 0.068 fm
m, ~ 420 MeV

0? = 4.9GeV?

30



483x96, 2+1 flavour
a = 0.068 fm
m, ~ 420 MeV

0? = 4.9GeV?

Fo(w, Q%)

L

30



483x96, 2+1 flavour
a = 0.068 fm
Compton structure functions e~ 420MeV

02 =49 GeV?

;
Fr(w, Q%) = —F1(w, Q%) (w _2My

2 wQ? > F2(w, Q%)

Longitudinal Compton amplitude 30



Dispersion relation for F7:

1 — 22w? — je

1 1
Fr(w, Q%) = My / dx Fy(z, Q%) + 2w2/ dx Fi (2, Q%)
0 0

QZ

Parameterise in terms of moments of F; and F;
VAV VP N

M M M

independently positive definite

Fit to two independent amplitudes £ and F,

Fr(w, Q%) =2 M) (Q?)

n=1
f2(w7 Q2) T 2n (1) (L)
W B 1+ 7w? Z4w {MZ” + My, }

=0

31



1.0
0.5

0.0}

A Ny

+lll

0? = 4.9 GeV?

777777 >- ‘ E s
" = . )
O.IO | | 0.I2 0.I4 | 0.I6 O.I8“ 1.0
2 N
d d
+. | N )

0.075¢f
0.050;
0.025;
0.000
—0.025;
—0.050;

—0.075}

0.0 0.2 04 06 08

flavour-interference
structure functions
* small in magnitude

* non-trivial signal for /

longitudinal structure

32



Comparison with experiment

0.30
Exp. 323 x 64 483 X 96

483x96, 2+1 flavour 0.28} @) ) o 2) ) o @)
a=0068fm : \ 'I'Mz (Q) §M2 (Q) §M2 (Q)

0.26}
m, ~ 420 MeV | Armstrong et al., PRD63,094008(2001)

0.24} g

0.22}

M2,p(Q2)

0.20}
0.18}

0.16}

0.14}

““‘m s e — ——J\
| Compatible with phenomenological trend ?'

| Clear evidence for power corrections!

33



Longitudinal moments

— — — e _

- 323 x 64 483 x 96
407 0 Exp. Y Direct t Direct T Monaghan et al., PRL110,152002(2013)
$ twist-2 X twist-2
0l
30
- ? %
S it
S %20 L
E Cl 0
A 5 =
10 T &
g 2L | Leading-twist part
0- . T — T — L M2<’l;9)7tWiSt_2 _ S;iﬂ_OJSMé’QIz’tWiSt_Q
0 2 4 6 8
Q? [GeV?]
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Moment posteriors — longitudinal Sk

wuMY
(L) (2) — prior
MO ~ M2 — posterior
2 N
I nal u u
clean signa
+. | N )
0.0 0.2 0.4 0.6 0.8

— prior
— posterior

0.8 1.0
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Preliminary update:

Quark mass
dependence

Can, RDY et al., 2505.04033 (conf proc.)

36



“Typical” calculation:

fix strange quark mass to
physical point and lower
light quark mass

physical point

My
light quarks

Bietenholz et al. [QCDSF-UKQCD], PRD(2011) 37



physical point , “Typical” calculation:
o’ fix strange quark mass to
*" " 4—',‘ physical point and lower
\‘ "

light quark mass

S QCDSF approach:
¢ Tune to physical average quark mass.
Pt Approach physical point by breaking
¢ SU(3) symmetry.

¢ Hold “m-bar” constant:

=4 (2my 4 m) = 4 (2P 4 mPPV)

My
light quarks

Bietenholz et al. [QCDSF-UKQCD], PRD(2011) 37



0.22} , ,
O° ~5GeV
0.20
3 ¢
10.18 1 + %
=3
0.16}
0.14} o
- preliminary
0.000 __ 0.005 0.010 0.015 0.020 0.025

(aM,)?

Isovector moment appears to show
weak quark mass dependence

38



0.40

0.30
0.20}
preliminary
015550 - - - -
000 0.005 0.010  0.015 0.020  0.025

(aM,)?

Mild quark mass dependence

at lower O



0’ ~ 1.4 GeV? 02 ~ 5GeV?

0.16
o 0.14}
| preliminary | |
0-4%00 0.005 0.010 0.015 0.020 0.025 0.000 __ 0.005 0.010 0.015 0.020 0.025
(aM,)? (aM,)?

40



0.40

0.351

" 0.357 . ® LQCD moments
| guark mass correction e=ru fit

QCD evolution

== Power correc.
B FLAG24 (x),_g4




The Compton
subtraction function

Can, Schar, RDY et al. Phys.Rev.D 111 (2025) 9, 094513 42
Y 4



Compton subtractlon funchon

91(60, Q2) — LG/T;l(oan) + -
/ |
The subtraction function:

97'1(0»Q2) = S1(Q2)
) g

2w? r’ ImF (0, 0?)

Muonic hydrogen

Cottingham formula Proton charge radius

Electromagnetic selt energy i 7
t

I

(M, — M )*"?

>

\
'Y
=

43



o 2 o 2 20
F (v, Q%) = F,(00,0 )+7

. o' (w'? — w? — ie)

/ Results above for F | were only for the
dispersive part... a subtracted dispersion

The subtraction function:  relation & (w, Q?)

97'1(0»Q2) = S1(Q2)
x > .
Muonic hydrogen

Cottingham formula Proton charge radius

Electromagnetic selt energy

I

(M, — M )*"?

43



What happens in

?
Low energy constrained between?
by chiral EFT,
Birse & McGovern
EPJA(2012) \ B | I
" X / B High energy constrained
— : 1~ by OPE
N B —
O 0Or #
<IN :
; i -
-10 - _
-20 |

Hill & Paz, PRD(2017)

44



ST(Q?)

1.0

0.5}

0.0

—0.5¢
—1.071

—1.57

Feynman—Hellmann

e —— ——————— T

ol tof

continuum OPE (Hill & Paz)
Np, =32, a = 0.074[fm]
N, = 48, a = 0.068(fm]
Ni, =48, a = 0.058[fm]

OPE prediction ~ 1/0?
e (with matching lattice inputs)

Lattice results
_— approaching non-zero

constant

45



ST(Q?)

1.0

0.5}

0.0

—0.5¢
—1.071

—1.57

Feynman—Hellmann

——— —— —————— T

continuum OPE (Hill & Paz)
Np, =32, a = 0.074[fm]
% \\ Ny, = 48, a = 0.068]fm]

ol tof

\ Np = 48, a = 0.058[fm]

OPE prediction ~ 1/0?
e (with matching lattice inputs)

g3fn 3 Te

Lattice results
_— approaching non-zero
constant

> A 6 3 10 12 14 16
Q? [GeV?]

2 Possible scenarios

A: Yikes! B: Exciting!
Massive lattice Evidence for fixed pole
discretisation artefactsl!! [suggested by Regge

phenomenology] 45



L attice OP

Wilson propagator L TEF EETEFEE T R Note that we’re on a lattice:
, cedeotodoovoaoono.  careful with limits
M(k) — iy, sin(ak)) Tt P C) -4
Sw(k) = a > — : B ) N ey
M(k) +Zﬂsm (ak,) CLEMGhE e T ) Not g — o0,
—a?
L)y 60 Ut Py </ ~4

46



Free fermion

Subtraction function vanishes for free fermion Slfree(Qz) =0

On the lattice, this is 100% discretisation artefact

AS, = Cylq, my) Z {p | wy | p)

Leading Lattice OPE

Zer [1 — cos(aqp)]

Gockeler et al. QCDSF —
PoS(2006)

Cyw(g, my) =
WA\ 7740 .
Y sin(aq,) + a2M2(q, m,)
0.0 g™
--------- ~AS™ (2006 QCDSF)
0 o SF® (FH)
02 - This calculation
—0.3 1
—0.4 1

0.0

0.1 0.2 0.3 0.4 0.5

amg 47



0.00

c —0.02}
9O
©
‘2 —0.04 1
1)
—0.06 |
(&
2
© —0.08
O
= _
©
OV 1o}
5 .
=

—0.14 ¢

/

® ® ® ® ® ® ® ®
) )
) Q@ ® ® ® ®
o o™ x  —ASW (k= 0.1248)
o & x —AS™ (k=0.1239)
o sy x —AS™ (k=0.1225)
&
Q R 9 % v
Q QR R
10 15 20 25 30 35
(L/2m)*q

Open symbols:
Numerical Feynman-
Hellmann

Crosses:
| attice OPE

48



= —— = _ =

Apply correction to proton $;

Numerically evaluate correction for proton subtraction function

Requires evaluation of scalar matrix element (compute from 3-pt function)

---- Continuum OPE
[ O 323 %64, a=0.074 fm
O 483 x 96, a = 0.068 fm
483 % 96, a = 0.058 fm

2.0¢

Curve is NOT a fit: . NO Regge flxed po'el
PREDICTION of 5 .
continuum OPE - Can get $;(Q~) from lattice

49



Sum rules:
Gross-Llewellen Smith,
Bjorken

Can, RDY et al., Phys.Rev.D 111 (2025) 11, 114505
/

Crawford, RDY et al., (for Josh’s thesis, soon!) 50
Y 4



Precision beta decay

e

Neutron lifetime: Czarnecki, Marciano & Sirlin,

1 G? |Vl PRD(2004
— = “’3‘m2(1+3gi)(1+RC)f, ( )
Tn 2T
Includes y W box Seng et al. PRL(2018)
AO'OS__—This work
”; - MS
Na 0.06}
raam|
c\'5\0.04—
3a 00 dQ2 M2 1 ::
yw _ 2%YEM W 2y 17(0) 2y =
v 21 L Q> M3 + Q2 Jo Al @9 137 27 92”0.02—
Low moment of F, / ST,
; . 10° 10* 103 102 10' 10° 10' 102 10® 10* 10°
structure function required Q2 (GeV?)

from lattice QCD Form factors pQCD
0.01 < 0° <2 GeV? 3



Darl’[y wolatmg Structure

P aq,ﬁ

PP
— _g/,w‘o}/l(a)a Qz) + i 92(0), Q 37;3(0), Q2)
pP-q 2p . q
+——F (@, Q%) + F (0,0
F3(@,0?)
Compute low moment from lattice FH: MPNQ?) = J dxF5(x, Q%) = 73 -
w=0

Gross-Llewellyn Smith sum rule:

- 3
M (0% = [ AxFy(x, 09 =2 (1 " ey )> ' % i <é>

0

/ =1
Leading-twist matrix \

element is just vector Clean opportunity for lattice to
charge!! resolve perturbative correction s



Isoscalar (uu + dd) GLS sum rule
Elastic pole subtracted

--- Parton model —pQCD (N3LO) % Exp
T 1 ——————
~2.5| B3 2
@ ﬁ = i
sa |
20 2.0t
1.5 - Curve is NOT a fit: Our results M;°)," 5,
: N3LO pQCD f 3 =5.65 (a = 0.068 fm)
ﬁ A B =5.95 (a = 0.052 fm)
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Elastic-subtracted
Bjorken sum rule
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Sjorken sum rule

preliminary
1
(Full) Bjorken sum rule 654
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N“LO Corrections |
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Dovver Correctlons |n

BJorken sum rule
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—— Q2 corrections
0.08! ¢ FH results
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wist expansion

From 3-pt functions NEW!

M2 1 \4\ /
4d, + 4
Q2 3/6}2 _I_/'Z + f2
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Twist 3
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Twist 4
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Colour Lorentz forces (see Zanott)
d, and f, allows separation of chromo- |
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\
Compton on the lattice provides clean determination
of integrated quantities

FQ(W7Q2) :4/1 dr FZ(ZC7Q2)
0

W 1 — (zw)?

Perspective

\

Continuum OPE
323 x 64, a = 0.074 fm
483 x 96, a = 0.068 fm
483 x 96, a = 0.058 fm

ot tof |

Moments provide useful benchmarking tool

Weak quark-mass dependence at leading
twist; stronger at low Q7

Lattice OPE helps resolve discrepancy with
subtraction function

---Parton model —pQCD (N°LO) ¥ Exp

GLS and Bjorken sum rules offer potential to
resolve pQCD and higher twist

Our results Ml(iiif;d
f B = 5.65 (a = 0.068 fm)
A B =5.95 (a = 0.052fm)
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4
Q*[GeV?]



Lattice
Compton




Backup slides

59



Proton subtraction correction
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