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Power corrections 
Theoretical foundations to 
inform Q2 cuts of empirical 
parton fits. 

Neutrino-nucleus 
cross sections 
Precise theoretical 
input required for next-
generation neutrino 
oscillation program

�
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Radiative corrections 
Searches for new physics 

in the proton weak 
charge. 

Require knowledge of 
gamma-Z interference 

structure functions. 

We begin our discussion by outlining in Sec. II the
dispersion relation formalism used to compute the !Z
corrections in terms of !Z interference structure functions.
The latter are the main input into the calculations and are
reviewed in detail in Sec. III. In particular, we discuss the
uncertainties in determining the !Z structure functions
from electromagnetic data for both the resonance and
nonresonant background contributions. Constraints from
parton distribution functions in the deep-inelastic scatter-
ing (DIS) region and new data from the parity-violating
electron-deuteron scattering experiment E08-011 at
Jefferson Lab [15] in the resonance region are used in
Sec. IV to limit the uncertainty range in models for the
!Z structure functions, and to provide more reliable bounds
on the box corrections. The resulting hV

!Z correction is

presented in Sec. V, where we contrast the revised uncer-
tainties with those estimated in previous unconstrained
analyses. Predictions are also made for parity-violating
deuteron asymmetries in the deep-inelastic region, as well
as for the recently completed inelastic measurement by the
Qweak Collaboration [16]. Finally, we draw some general
conclusions from this analysis in Sec. VI and explore
possibilities to further reduce the uncertainties on the !Z
corrections in the future.

II. DISPERSIVE ANALYSIS OF PARITY-
VIOLATING ELECTRON-HADRON SCATTERING

The !Z interference correctionh!Z can be decomposed
into two parts, arising from the electron vector with had-
ronic axial-vector coupling to the Z boson (hA

!Z) and from

the electron axial-vector with vector hadronic coupling to
the Z (hA

!Z):

h!ZðEÞ ¼ hA
!ZðEÞ þhV

!ZðEÞ: (5)

At very low energies, such as those relevant for atomic
parity violation experiments [17,18], the hA

!Z term domi-

nates, while the contribution from thehV
!Z is negligible. At

the energy of the Qweak experiment, however, both terms
provide significant contributions. The hA

!Z corrections

were first computed some time ago by Marciano and
Sirlin [7,8] and were updated recently within a dispersion
relation framework by Blunden et al. [19,20], with reduced
errors. The vector hadron correction,hV

!Z, which is subject

to significantly larger uncertainty, will be the focus of the
rest of this analysis. We will consider only the inelastic
contribution toh!Z; the elastic contribution has previously
been considered in Refs. [7,8,21,22] and is strongly sup-
pressed by an additional factor Qp

W .
For forward scattering, the dispersion relation for the

real part of hV
!Z is given by
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where P denotes the principal value integral, and we have
used the fact that hV

!Z is odd under the interchange E0 $
%E0. From the optical theorem, the imaginary part of the
PV !Z exchange amplitude can be written as [10–12]
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where Q2 ¼ %q2 represents the virtuality of the ex-
changed boson, and the integration variable k0 ¼ k% q.
The !Z lepton tensor is given by

L!Z
$% ¼ !uðk;&ÞðgeV!$ % geA!$!5Þ6k0!%uðk;&Þ; (8)

where the vector and axial-vector couplings of the electron
to the weak current are geV ¼ %ð1% 4sin 2'WÞ=2 and
geA ¼ %1=2, respectively, and & is the lepton helicity.
The hadronic tensor for a nucleon initial state is defined as

W$%ðp;qÞ¼ 1

2M

X

X

hNðpÞjJ$ð0ÞjXðpXÞi

& hXðpXÞjJ%ð0ÞjNðpÞið2"Þ3(ð4Þðqþp%pXÞ;
(9)

where J$! and J$Z are the electromagnetic and weak neutral
currents, respectively, and pX is the four-momentum of the
hadronic intermediate state X. Using isospin symmetry, the
matrix elements of the vector component of the Z current
for a proton target can be related to the proton and neutron
matrix elements of the electromagnetic current by

hXjJ$Z jpi ¼ ð1% 4sin 2'WÞhXjJ$! jpi% hXjJ$! jni; (10)

k k

p p

q

pp

q

k k

FIG. 1. Interference !Z box (left) and crossed box (right) diagrams. The wavy and dashed lines represent the exchanged ! and Z
bosons, with the electron, hadron and virtual photon momenta labeled by k, p, and q, respectively.
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Introduction : want << 400 words  (Shelley). Have 215.  
In the electroweak SM, elastic scattering is  mediated by 
the exchange of neutral currents  (virtual photons  and Z0 
bosons) between fundamental particles. The Z0 exchange 
contribution to electron-proton scattering can be isolated 
via the weak interaction’s  unique PV  signature (see Fig. 
1). Interference between EM  and weak scattering 
amplitudes  leads  to a PV  asymmetry A ep  that can be 
measured with a longitudinally-polarized electron beam 
incident on an unpolarized-proton target: 
 

                 (1) 
 
Here σ± represents  the helicity-dependent elastic 
scattering  p cross  section integrated over the 
scattered-electron detector acceptance. Helicity (±1) 
indicates  the spin direction of the electrons  in the beam 
either parallel or anti-parallel to their momentum. 
 
Measuring A ep  at small four-momentum transfer (Q 2) 
suppresses  contributions  from the proton's  extended 
structure relative to the proton’s  weak charge. However, 
A ep  is  smaller at smaller Q 2, making its  measurement 
more challenging. In this  low  Q 2 limit, the PV  asymmetry 
can be expressedciteEKM2003  as 
 
A ep  / A 0 = Q w 

p + Q 2 B(Q 2,θ),                     (2) 
 
where  –Q 2 is  the four-momentum transferA , 0 = 4πα√2

−G QF
2

 
squared, B(Q 2,θ) represents  the proton’s  extended 
structure defined in terms  of EM, strange and axial form 
factors, θ is  the polar scattering angle of the electron in 
the lab frame, G F  is  the Fermi constant, and ⍺ is  the fine 
structure constant.  

 
Figure 1 |  Schematic showing the basic features  of 
parity-violating electron  scattering from the proton, with 
its  three constituent quarks. The incoming electron with 
helicity -1 scatters  up, away from  the plane of the “PV 
mirror”. The image in the PV mirror  shows  the incoming 
electron with the opposite helicity (+1), and instead of 
scattering into the plane of the PV mirror  (as  it would in a 
real mirror), it scatters  up, out of the plane of the PV 
mirror. The dominant electromagnetic interaction, 
mediated by the photon (blue wave), conserves  parity. The 
weak interaction, mediated by the neutral Z 0 boson 
(dashed red line), violates  parity. The weak interaction is 
studied experimentally by exploiting PV through reversals 
of the incident beam  helicity, which mimic the PV mirror 
“reflection”.  

Experiment: want < 300 words. Have 228 here. 

The Q weak experimentciteNIM  employed a beam of 
longitudinally polarized electrons  accelerated to 1.16 GeV 
at the Thomas  Jefferson National Accelerator Facility. 
Three sequential acceptance-defining lead collimators 
matched to an eight-sector azimuthally-symmetric 
toroidal magnet selected electrons  scattered between 4.9° 
and 10.9° from a liquid-hydrogen target.  In each octant, 
elastically-scattered electrons  were directed to a quartz 
detector fronted by lead pre-radiators. Cherenkov light 
produced by the EM  shower passing through the quartz 
was  converted to a current by photomultiplier tubes  at 
each end of the quartz bars. These currents  were 
integrated for each one-ms-long helicity state of the beam. 
For calibration purposes, and to demonstrate 
understanding of the acceptance and backgrounds, drift 
chambers  were periodically inserted to track individual 
particles  when running at much lower beam currents.  
 

 
QwkDraft3.0, Sep. 20, 2017 
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.

19. Structure functions 23

NOTE: THE FIGURES IN THIS SECTION ARE INTENDED TO SHOW THE REPRESENTATIVE DATA.

THEY ARE NOT MEANT TO BE COMPLETE COMPILATIONS OF ALL THE WORLD’S RELIABLE DATA.
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Figure 19.8: The proton structure function F p
2 measured in electromagnetic scattering of electrons and

positrons on protons (collider experiments H1 and ZEUS for Q2 ≥ 2 GeV2), in the kinematic domain
of the HERA data (see Fig. 19.10 for data at smaller x and Q2), and for electrons (SLAC) and muons
(BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The H1+ZEUS combined values are obtained from the measured reduced cross section and converted to F p

2

with a HERAPDF NLO fit, for all measured points where the predicted ratio of F p
2

to reduced cross-section
was within 10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have
been slightly offset in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other
data are rebinned to the x values of these data. For the purpose of plotting, F p

2
has been multiplied by 2ix ,

where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 24 (x = 0.00005). References:
H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF
parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [86]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3
(1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).
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Introduction : want << 400 words  (Shelley). Have 215.  
In the electroweak SM, elastic scattering is  mediated by 
the exchange of neutral currents  (virtual photons  and Z0 
bosons) between fundamental particles. The Z0 exchange 
contribution to electron-proton scattering can be isolated 
via the weak interaction’s  unique PV  signature (see Fig. 
1). Interference between EM  and weak scattering 
amplitudes  leads  to a PV  asymmetry A ep  that can be 
measured with a longitudinally-polarized electron beam 
incident on an unpolarized-proton target: 
 

                 (1) 
 
Here σ± represents  the helicity-dependent elastic 
scattering  p cross  section integrated over the 
scattered-electron detector acceptance. Helicity (±1) 
indicates  the spin direction of the electrons  in the beam 
either parallel or anti-parallel to their momentum. 
 
Measuring A ep  at small four-momentum transfer (Q 2) 
suppresses  contributions  from the proton's  extended 
structure relative to the proton’s  weak charge. However, 
A ep  is  smaller at smaller Q 2, making its  measurement 
more challenging. In this  low  Q 2 limit, the PV  asymmetry 
can be expressedciteEKM2003  as 
 
A ep  / A 0 = Q w 

p + Q 2 B(Q 2,θ),                     (2) 
 
where  –Q 2 is  the four-momentum transferA , 0 = 4πα√2

−G QF
2

 
squared, B(Q 2,θ) represents  the proton’s  extended 
structure defined in terms  of EM, strange and axial form 
factors, θ is  the polar scattering angle of the electron in 
the lab frame, G F  is  the Fermi constant, and ⍺ is  the fine 
structure constant.  

 
Figure 1 |  Schematic showing the basic features  of 
parity-violating electron  scattering from the proton, with 
its  three constituent quarks. The incoming electron with 
helicity -1 scatters  up, away from  the plane of the “PV 
mirror”. The image in the PV mirror  shows  the incoming 
electron with the opposite helicity (+1), and instead of 
scattering into the plane of the PV mirror  (as  it would in a 
real mirror), it scatters  up, out of the plane of the PV 
mirror. The dominant electromagnetic interaction, 
mediated by the photon (blue wave), conserves  parity. The 
weak interaction, mediated by the neutral Z 0 boson 
(dashed red line), violates  parity. The weak interaction is 
studied experimentally by exploiting PV through reversals 
of the incident beam  helicity, which mimic the PV mirror 
“reflection”.  

Experiment: want < 300 words. Have 228 here. 

The Q weak experimentciteNIM  employed a beam of 
longitudinally polarized electrons  accelerated to 1.16 GeV 
at the Thomas  Jefferson National Accelerator Facility. 
Three sequential acceptance-defining lead collimators 
matched to an eight-sector azimuthally-symmetric 
toroidal magnet selected electrons  scattered between 4.9° 
and 10.9° from a liquid-hydrogen target.  In each octant, 
elastically-scattered electrons  were directed to a quartz 
detector fronted by lead pre-radiators. Cherenkov light 
produced by the EM  shower passing through the quartz 
was  converted to a current by photomultiplier tubes  at 
each end of the quartz bars. These currents  were 
integrated for each one-ms-long helicity state of the beam. 
For calibration purposes, and to demonstrate 
understanding of the acceptance and backgrounds, drift 
chambers  were periodically inserted to track individual 
particles  when running at much lower beam currents.  
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Dispersive calculation of box requires knowledge 
of gamma-Z interference structure functions.

dispersion integral in Eq. (12), which will be contami-
nated by the background contribution. This model also
forms the basis for Model II of GHRM [14]. The match-
ing of the CB and VMDþ Regge parametrizations at the

boundary between the low-W and high-W regions is
illustrated in Fig. 3 for the F!!

2 structure function as a
function of W2, at several fixed values of Q2, from Q2 ¼
0:05 to 2 GeV2. The agreement between the two models
in the region of overlap is clearly excellent. For the
structure function in the VMDþ Regge model, we
have assumed a conservative 5% uncertainty, similar to
that for the CB parametrization.
In the DIS region at high W and high Q2 (green

shaded area in Fig. 2), the structure functions can be
computed in terms of global PDFs, for which we use the
next-to-next-to-leading order (NNLO) fit by Alekhin
et al. (ABM11) [40]. This fit includes both leading twist
and higher twist contributions, allowing for descriptions
of data for Q2 > 2:5 GeV2 and W > 1:8 GeV, which
overlaps partially with the CB [24] and VMDþ Regge
[29] parametrizations. (Other similar global fits, such as
those in Refs. [41–45], give very similar results, and
differences between the parametrization generally lie
within the PDF uncertainties.) The transition between
DIS kinematics (Region III) and the models describing
the lower-W and Q2 regions is illustrated in Fig. 4
for F!!

2 at Q2 ¼ 2:5 GeV2 (where the transitions
between all three parametrizations are shown at W2 ¼
9 GeV2) and at higher Q2 values, up to Q2 ¼ 10 GeV2,
for the transition between Regions I and III. Again, the
models generally match very well across these kinematic
boundaries.
The boundaries between the three regions can also be

displayed for fixedW2 as a function of Q2, as illustrated in
Fig. 5. The matching of Regions I and II forW2 ¼ 4 GeV2
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FIG. 2 (color online). Kinematic regions contributing to the
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W and low Q2 is described by the CB F!!
1;2 fit [24], transformed to

the !Z case; Region II (red shaded) represents the high-W, low-Q2

domain as in Ref. [29] (or the GHRM Model II [14]), transformed
to !Z; and Region III (green shaded) at high W and high Q2 is
described by global PDF fits to high-energy scattering data [40].
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What can lattice do?
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2 structure function as a
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that for the CB parametrization.
In the DIS region at high W and high Q2 (green

shaded area in Fig. 2), the structure functions can be
computed in terms of global PDFs, for which we use the
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and higher twist contributions, allowing for descriptions
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overlaps partially with the CB [24] and VMDþ Regge
[29] parametrizations. (Other similar global fits, such as
those in Refs. [41–45], give very similar results, and
differences between the parametrization generally lie
within the PDF uncertainties.) The transition between
DIS kinematics (Region III) and the models describing
the lower-W and Q2 regions is illustrated in Fig. 4
for F!!

2 at Q2 ¼ 2:5 GeV2 (where the transitions
between all three parametrizations are shown at W2 ¼
9 GeV2) and at higher Q2 values, up to Q2 ¼ 10 GeV2,
for the transition between Regions I and III. Again, the
models generally match very well across these kinematic
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forms the basis for Model II of GHRM [14]. The match-
ing of the CB and VMDþ Regge parametrizations at the

boundary between the low-W and high-W regions is
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2 structure function as a
function of W2, at several fixed values of Q2, from Q2 ¼
0:05 to 2 GeV2. The agreement between the two models
in the region of overlap is clearly excellent. For the
structure function in the VMDþ Regge model, we
have assumed a conservative 5% uncertainty, similar to
that for the CB parametrization.
In the DIS region at high W and high Q2 (green

shaded area in Fig. 2), the structure functions can be
computed in terms of global PDFs, for which we use the
next-to-next-to-leading order (NNLO) fit by Alekhin
et al. (ABM11) [40]. This fit includes both leading twist
and higher twist contributions, allowing for descriptions
of data for Q2 > 2:5 GeV2 and W > 1:8 GeV, which
overlaps partially with the CB [24] and VMDþ Regge
[29] parametrizations. (Other similar global fits, such as
those in Refs. [41–45], give very similar results, and
differences between the parametrization generally lie
within the PDF uncertainties.) The transition between
DIS kinematics (Region III) and the models describing
the lower-W and Q2 regions is illustrated in Fig. 4
for F!!

2 at Q2 ¼ 2:5 GeV2 (where the transitions
between all three parametrizations are shown at W2 ¼
9 GeV2) and at higher Q2 values, up to Q2 ¼ 10 GeV2,
for the transition between Regions I and III. Again, the
models generally match very well across these kinematic
boundaries.
The boundaries between the three regions can also be

displayed for fixedW2 as a function of Q2, as illustrated in
Fig. 5. The matching of Regions I and II forW2 ¼ 4 GeV2
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Optical theorem

2

Forward Compton amplitude

P

q

P

q

(Compton) structure functions

Cross section ~ Hadron tensor

Structure functions

Wµ⌫ ⇠
Z

d4x eiq.xhp| [Jµ(x), J⌫(0)] |pi Tµ⌫ ⇠
Z

d4x eiq.xhp|TJµ(x)J⌫(0)|pi

F1,2(P · q,Q2)
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Structure functions Compton amplitude

p
p

n n

10

F2(!, Q2)

!
= 4

Z 1

0
dx

F2(x,Q2)

1� (x!)2
<latexit sha1_base64="8cEFIbeaH0ucNt7jfAuOUf7HfPQ="></latexit><latexit sha1_base64="8cEFIbeaH0ucNt7jfAuOUf7HfPQ="></latexit><latexit sha1_base64="8cEFIbeaH0ucNt7jfAuOUf7HfPQ="></latexit><latexit sha1_base64="8cEFIbeaH0ucNt7jfAuOUf7HfPQ="></latexit>

high-W: NMC, PLB(1995) 
low-W: Bosted-Christy, PRC(2010)
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But the lattice is Euclidean??
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Minkowski Compton 
(spin, Lorentz suppressed)T (p, q) = i

Z
d4z eiq·zhp|T {J(z)J(0)} |pi

=
XZ

X

Z 1

0
dt i ei(q0+Ep�EX+i✏)thp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)
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1

(EX � Ep � q0 � i✏)
<latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit>



But the lattice is Euclidean??

12

Minkowski Compton 
(spin, Lorentz suppressed)T (p, q) = i

Z
d4z eiq·zhp|T {J(z)J(0)} |pi

=
XZ

X

Z 1

0
dt i ei(q0+Ep�EX+i✏)thp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)

<latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit>

Euclidean Compton
T E(p, q) =

Z 1

0
d⌧eq0⌧

Z
d3ze�iq·zhp|J(z, ⌧)J(0)|pi+ (q ! �q)

=
XZ

X

Z 1

0
d⌧ e(q0+Ep�EX)⌧ hp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)

<latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit>

1

(EX � Ep � q0 � i✏)
<latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit>

1

(EX � Ep � q0)
<latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit><latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit><latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit><latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit>

if EX > Ep + q0
<latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit><latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit><latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit><latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit>



But the lattice is Euclidean??

12

Minkowski Compton 
(spin, Lorentz suppressed)T (p, q) = i

Z
d4z eiq·zhp|T {J(z)J(0)} |pi

=
XZ

X

Z 1

0
dt i ei(q0+Ep�EX+i✏)thp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)

<latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit>

Euclidean Compton
T E(p, q) =

Z 1

0
d⌧eq0⌧

Z
d3ze�iq·zhp|J(z, ⌧)J(0)|pi+ (q ! �q)

=
XZ

X

Z 1

0
d⌧ e(q0+Ep�EX)⌧ hp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)

<latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit>

1

(EX � Ep � q0 � i✏)
<latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit>

1

(EX � Ep � q0)
<latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit><latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit><latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit><latexit sha1_base64="9BR3IgTeaWt3hXly4pPfuZaDyHY=">AAACAHicdZDLSsNAFIYn9VbrLerChZvBItRFS5IGG3cFKbisYC/QljCZTtqhk4szE6GEbHwVNy4UcetjuPNtnF4EFf1h4Oc/53DmfF7MqJCG8aHlVlbX1jfym4Wt7Z3dPX3/oC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63uRyVu/cES5oFN7IaUwGARqF1KcYSRW5+lHf5winZpaWGm633HDj8q1rnGWuXjQqVcty7BpUpuqYF44y5rlt2VVoVoy5imCppqu/94cRTgISSsyQED3TiOUgRVxSzEhW6CeCxAhP0Ij0lA1RQMQgnR+QwVOVDKEfcfVCCefp94kUBUJMA091BkiOxe/aLPyr1kuk7wxSGsaJJCFeLPITBmUEZzTgkHKCJZsqgzCn6q8Qj5EiIhWzgoLwdSn837StiqnIXNvFurPEkQfH4ASUgAlqoA6uQBO0AAYZeABP4Fm71x61F+110ZrTljOH4Ie0t099SZWp</latexit>

if EX > Ep + q0
<latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit><latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit><latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit><latexit sha1_base64="Uh1FSS6HGAd/WBsqyjdUzYJOmT4=">AAACAXicdVDJSgNBEO2JW4xb1IvgpTEIghBmkmDGiwQk4DGCWSAJQ0+nJ2nSs9hdI4YhXvwVLx4U8epfePNv7CyCij4oeLxXRVU9NxJcgWl+GKmFxaXllfRqZm19Y3Mru73TUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdnk/85g2TiofBFYwi1vVJP+AepwS05GT3OsBuwfUS7uExrjqts6oTHV87ppPNmflioWCXyliTom2d2ppYJ6VCqYitvDlFDs1Rc7LvnV5IY58FQAVRqm2ZEXQTIoFTwcaZTqxYROiQ9Flb04D4THWT6QdjfKiVHvZCqSsAPFW/TyTEV2rku7rTJzBQv72J+JfXjsGzuwkPohhYQGeLvFhgCPEkDtzjklEQI00IlVzfiumASEJBh5bRIXx9iv8njULe0slclnIVex5HGu2jA3SELFRGFXSBaqiOKLpDD+gJPRv3xqPxYrzOWlPGfGYX/YDx9gmRmpZI</latexit>

and if EX > Ep + q0 there are no singularities in

Z 1

Eth

dEX
<latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit>

if EX(p±q) > Ep ± q0 ) T E(p, q) = T (p, q)
<latexit sha1_base64="govxZpMmiOs/bZZD5GRoWwbkdpI="></latexit><latexit sha1_base64="govxZpMmiOs/bZZD5GRoWwbkdpI="></latexit><latexit sha1_base64="govxZpMmiOs/bZZD5GRoWwbkdpI="></latexit><latexit sha1_base64="govxZpMmiOs/bZZD5GRoWwbkdpI="></latexit>



But the lattice is Euclidean??

12

Minkowski Compton 
(spin, Lorentz suppressed)T (p, q) = i

Z
d4z eiq·zhp|T {J(z)J(0)} |pi

=
XZ

X

Z 1

0
dt i ei(q0+Ep�EX+i✏)thp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)

<latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit><latexit sha1_base64="KD2pMycLQAF4+3QMBVxgYtFn3AI="></latexit>

Euclidean Compton
T E(p, q) =

Z 1

0
d⌧eq0⌧

Z
d3ze�iq·zhp|J(z, ⌧)J(0)|pi+ (q ! �q)

=
XZ

X

Z 1

0
d⌧ e(q0+Ep�EX)⌧ hp|J(0)|X(p+ q)ihX(p+ q)|J(0)|pi+ (q ! �q)

<latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit><latexit sha1_base64="RJpUsXcpNSiWphXAoP+HfoW0Ps4=">AAADTXichVJbb9MwFHYyYKPcOnjkxawCtepFCSCxF6RJqBLa0yatW6W6jRzHaa05iWs7SF2SP8gLEm/8C154ACGEk6WMXRDHinzyne8cf8c+vuBMacf5Ytkbt27f2dy627h3/8HDR83tx8cqSSWhI5LwRI59rChnMR1ppjkdC0lx5HN64p++K+MnH6hULImP9ErQaYTnMQsZwdpA3rZFjmYownpBMM+GRVv0lp0XbxGLtefMzB bqFQyQximks2zpOaVblGEYzF6dlWCfVfl+mC0LRIJEw/X/WVEgjuM5p1Dk++0LuFdW6ey3nU4ukKwYXcRpqNtLpBPYXyLJ5gvdQahhtKg0Qs8urVLdGN4gEvVQz0iqa3lOd+iJ/tAbr+tV4teSYF4qgPn4jzJRdC966dTK1vx/0fL/9+E1W87AqQxed9zaaYHaDrzmZxQkJI1orAnHSk1cR+hphqVmhNOigVJFBSaneE4nxo1xRNU0q6ahgM8NEsAwkeYz71Shf2dkOFJqFfmGWXahrsZK8KbYJNXh7jRjsUg1jcn5QWHKoWm1HC0YMEmJ5uYtGCaSGa2QLLDERJsBbJhLcK+2fN05fjlwnYF7+Lq1t1tfxxZ4CnZAG7jgDdgD78EBGAFifbS+Wt+tH/Yn+5v90/51TrWtOucJuGQbm78B8NAP2g==</latexit>

1

(EX � Ep � q0 � i✏)
<latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit><latexit sha1_base64="H0oyVWihDz2tcovCNCqvgv+Vvq0="></latexit>

1

(EX � Ep � q0)
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and if EX > Ep + q0 there are no singularities in

Z 1

Eth

dEX
<latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit><latexit sha1_base64="RPVg2RPzSDeTU6KJ1zznyzi5kvo="></latexit>

if EX(p±q) > Ep ± q0 ) T E(p, q) = T (p, q)
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Euclidean hadron tensor 
• Unintegrated form 
• Inversion problem
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of 2-point correlation functions using spectroscopic tech-
niques. We note that other related background field
methods also offer alternatives to the direct evaluation of
lattice 4-point functions [56,57].
In order to compute the forward Compton amplitude via

the Feynman-Hellmann relation, we introduce the follow-
ing perturbation to the fermion action,

SðλÞ ¼ Sþ λ
Z

d4zðeiq·z þ e−iq·zÞJ μðzÞ; ð22Þ

where λ is the strength of the coupling between the quarks
and the external field, J μðxÞ ¼ ZVq̄ðxÞγμqðxÞ is the
electromagnetic current coupling to the quarks along the
μ direction, q is the external momentum inserted by
the current and ZV is the renormalization constant for
the local electromagnetic current.
The general strategy for deriving Feynman-Hellmann in

a lattice QCD context is to consider the general spectral
decomposition of a correlator in the presence of the
background field. The differentiation of this correlation
function with respect to the external field reveals a distinct
temporal signature for the energy shift. By explicit evalu-
ation of the perturbed correlator, one is able to identify this
signature and hence resolve the desired relationship
between the energy shift and matrix element. Our principal
theoretical result here is that for the perturbed action
described in Eq. (22), the second-order energy shift of
the nucleon is found to be

∂2ENλ
ðpÞ

∂λ2
!!!!
λ¼0

¼ −
Tμμðp; qÞ þ Tμμðp;−qÞ

2ENðpÞ
; ð23Þ

where T is the Compton amplitude defined in Eq. (3), q ¼
ðq; 0Þ is the external momentum encoded by Eq. (22), and
ENλ

ðpÞ is the nucleon energy atmomentump in the presence
of a background field of strength λ. In the following we
sketch the main steps of the derivation, and refer the
interested reader to Appendix B for further details.
In the presence of the external field introduced in

Eq. (22), we define the two-point correlation function
projected to definite momentum as,

Gð2Þ
λ ðp; tÞ≡

Z
d3xe−ip·xΓhΩλjχðx; tÞχ̄ð0ÞjΩλi; ð24Þ

where here and in the following, a trace over Dirac indices
with the spin-parity projection matrix Γ is understood, and
jΩλi is the vacuum in the presence of the external field. The
asymptotic behavior of the correlator at large Euclidean
times takes the familiar form,

Gð2Þ
λ ðp; tÞ ≃ AλðpÞe−ENλ

ðpÞt; ð25Þ

whereENλ
ðpÞ is the energy of the ground state nucleon in the

external field and AλðpÞ the corresponding overlap factor.

For the purpose of current presentation, a nucleon
interpolating operator is assumed for χ. However, the
derivation applies to any ground-state hadron, provided
the ground state in the presence of the external field is
perturbatively close to the free-field state. A simple counter
example could be a Σ baryon in the presence of a
strangeness-changing current, where at λ ¼ 0 the correlator
behaves as e−EΣt but at any finite λ this will eventually be
dominated by e−ENt (kinematics permitting).
It is for a similar physical reason that one must work with

nucleon states that have the least possible kinetic energy
among all states connected to any number of current
insertions. This same condition guarantees the connection
between the Euclidean and Minkowski Compton ampli-
tudes described in the previous section. In the presence of
the background field, the Hamiltonian of the system will
mix momentum states connected by integer multiples of
the momentum transfer q. We hence choose the Fourier
projection of our correlation function, Eq. (24), such that p
corresponds to the lowest energy of all these coupled states
at finite λ. An example is given in Fig. 1, where we show
the single nucleon energy plotted along the direction of q,
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. In the example plotted, if the
Fourier projection were chosen at n ¼ 1 (i.e., pþ q) the
asymptotic behavior of the correlator would be dominated
by a state near that of the free particle at n ¼ 0 (with an
amplitude suppressed by λ and the elastic form factor).
When there is a degeneracy in the lowest energy states,

this corresponds precisely to Breit-frame kinematics, where
a linear response in λ isolates the elastic form factors, see
Ref. [50]. For the purposes of the kinematics discussed

FIG. 1. The lower curve shows the nucleon energy for momenta
along the direction of q, E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ðpþ nqÞ2
p

. At finite
external field strength, all momentum states connected by integer
multiples of q will be coupled, these are emphasized by the large
dots for the ground-state nucleon. We choose an example
kinematic point from the numerical results presented in the
following section: p¼ 2π=Lð−1;−1;0Þ and q ¼ 2π=Lð4; 1; 0Þ.
The upper curve shows the (noninteracting) two-particle Nπ
threshold, with the small dots representing the discrete nature of
this two-body “cut” on the lattice.

LATTICE QCD EVALUATION OF THE COMPTON AMPLITUDE … PHYS. REV. D 102, 114505 (2020)
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dispersion relation 

Eth = m2
N + (p + nq)2

 
threshold
Nπ

discrete set of states

Must only consider nucleon momenta to correspond to lowest 
energy connected by discrete multiples of q
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<latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit>

Source

Sink

Matrix elements on the lattice

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

3-pt functions

hC3(t, t0)i
hC2(t)ihC2(t0)i

/ hN 0|J |Ni
<latexit sha1_base64="/lAgDvToMblZ5vNuuNeWlRH4bYs="></latexit><latexit sha1_base64="/lAgDvToMblZ5vNuuNeWlRH4bYs="></latexit><latexit sha1_base64="/lAgDvToMblZ5vNuuNeWlRH4bYs="></latexit><latexit sha1_base64="/lAgDvToMblZ5vNuuNeWlRH4bYs="></latexit>

�J
<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

Feynman–Hellmann

@E

@�

����
�!0

/ hN |J |Ni
<latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit><latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit><latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit><latexit sha1_base64="0GeqJhgAQP+R0mZk5q+ErJd0Rx8="></latexit>

t, t0 � 1

�E
<latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit>

t � 1

�E
<latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit>

energy gap to 
lowest excitation
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Matrix elements from Feynman–Hellmann
• Feynman–Hellmann in quantum mechanics: 

 

• matrix elements of the derivative of the Hamiltonian determined by derivative of 
corresponding energy eigenvalues 

• Lattice: evaluate energy shifts with respect to weak external fields 

• Modify action with external field: 

• Calculation of matrix element  hadron spectroscopy [2-pt functions only]

dEn
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local operator, e.g. q̄(x)�5�3q(x)
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Spin content [connected]

• Modify action


• Nucleon energy shift isolates 
spin content

S ! S + �
X

x

q̄(x)i�5�3q(x)
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2MN
hN |qi�5�3q|Ni

= �q

En
er

gy
 d

iff
er

en
ce Slope → matrix element

�u

�d

[Chambers et al. PRD(2014)]

Strength of external field

3-pt function → 2-pt function
17



Sink

Source

J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

t0
<latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit><latexit sha1_base64="lPKRgpBxcchIfX/fOCWi/6Pi7ec=">AAAB6XicdVBNSwMxEM3Wr1q/qh69BIvoacnagvVW8OKxiv2AdinZNNuGZrNLMiuUpf/AiwdFvPqPvPlvTNsVVPTBwOO9GWbmBYkUBgj5cAorq2vrG8XN0tb2zu5eef+gbeJUM95isYx1N6CGS6F4CwRI3k00p1EgeSeYXM39zj3XRsTqDqYJ9yM6UiIUjIKVbuF0UK4Qt3ppUcfErRFCPJITUsWeSxaooBzNQfm9P4xZGnEFTFJjeh5JwM+oBsEkn5X6qeEJZRM64j1LFY248bPFpTN8YpUhDmNtSwFeqN8nMhoZM40C2xlRGJvf3lz8y+ulENb9TKgkBa7YclGYSgwxnr+Nh0JzBnJqCWVa2FsxG1NNGdhwSjaEr0/x/6R97nrE9W5qlUYjj6OIjtAxOkMeukANdI2aqIUYCtEDekLPzsR5dF6c12VrwclnDtEPOG+fltyNYg==</latexit>

J
<latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit><latexit sha1_base64="3HMLJjoaeI9j8KIUISueICOrsb0=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnriFm8BL+IpAbNAMoSeTk3Spmehu0cIQ77AiwdFvPpJ3vwbO5MRVPRBweO9KqrqebHgShPyYRWWlldW14rrpY3Nre2d8u5eW0WJZNBikYhk16MKBA+hpbkW0I0l0MAT0PEmV3O/cw9S8Si81dMY3ICOQu5zRrWRmjeDcoXYZ8S5PD/BxCYZMlJzqjXs5EoF5WgMyu/9YcSSAELNBFWq55BYuymVmjMBs1I/URBTNqEj6Bka0gCUm2aHzvCRUYbYj6SpUONM/T6R0kCpaeCZzoDqsfrtzcW/vF6i/Zqb8jBONIRsschPBNYRnn+Nh1wC02JqCGWSm1sxG1NJmTbZlEwIX5/i/0m7ajvEdpqnlXo9j6OIDtAhOkYOukB1dI0aqIUYAvSAntCzdWc9Wi/W66K1YOUz++gHrLdP3jSM9w==</latexit>

⌧
<latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit><latexit sha1_base64="hZTn5r5kc5EX34Srd003gUPNyXc=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBbBU9jYgvVW8OKxgv2ANpTNdtMu3WzC7kQooX/BiwdFvPqHvPlv3LQRVPTBwOO9GWbmBYkUBgj5cEpr6xubW+Xtys7u3v5B9fCoa+JUM95hsYx1P6CGS6F4BwRI3k80p1EgeS+YXed+755rI2J1B/OE+xGdKBEKRiGXhkDTUbVG3PqVRRMTt0EI8UhBSB17Llmihgq0R9X34ThmacQVMEmNGXgkAT+jGgSTfFEZpoYnlM3ohA8sVTTixs+Wty7wmVXGOIy1LQV4qX6fyGhkzDwKbGdEYWp+e7n4lzdIIWz6mVBJClyx1aIwlRhinD+Ox0JzBnJuCWVa2Fsxm1JNGdh4KjaEr0/x/6R74XrE9W4btVariKOMTtApOkceukQtdIPaqIMYmqIH9ISench5dF6c11VrySlmjtEPOG+fd12OgQ==</latexit>

4-pt functions

Compton on the lattice
Feynman–Hellmann

Source

Sink

t
<latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit><latexit sha1_base64="7D/JXAsgDnnKU+dxIGdfz0DEZaU=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbB05K1Beut4MVjC/YD2qVk02wbm80uSVYoS3+BFw+KePUnefPfmLYrqOiDgcd7M8zMCxLBtcH4wymsrW9sbhW3Szu7e/sH5cOjjo5TRVmbxiJWvYBoJrhkbcONYL1EMRIFgnWD6fXC794zpXksb80sYX5ExpKHnBJjpZYZlivYrV5Z1BF2axhjD+cEV5Hn4iUqkKM5LL8PRjFNIyYNFUTrvocT42dEGU4Fm5cGqWYJoVMyZn1LJYmY9rPloXN0ZpURCmNlSxq0VL9PZCTSehYFtjMiZqJ/ewvxL6+fmrDuZ1wmqWGSrhaFqUAmRouv0YgrRo2YWUKo4vZWRCdEEWpsNiUbwten6H/SuXA97HqtWqXRyOMowgmcwjl4cAkNuIEmtIECgwd4gmfnznl0XpzXVWvByWeO4Qect082aI0x</latexit>

�J
<latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit><latexit sha1_base64="yQOsk4nGnHud9IzMoFTH/28X4Vw=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a+6q7gRlxVsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829MpyOo6IHA4Zxzyb0nSDjTBqEPZ2FxaXlltbRWXt/Y3Nqu7Oy2dZwqQlsk5rHqBlhTziRtGWY47SaKYhFw2gnGlzO/c0+VZrG8NZOE+gIPJYsYwcZKd31uoyGG14NKFbmnyLs4O4bIRTlyUvdqdegVShUUaA4q7/0wJqmg0hCOte55KDF+hpVhhNNpuZ9qmmAyxkPas1RiQbWf5QtP4aFVQhjFyj5pYK5+n8iw0HoiApsU2Iz0b28m/uX1UhPV/YzJJDVUkvlHUcqhieHsehgyRYnhE0swUczuCskIK0yM7ahsS/i6FP5P2jXXQ653c1JtNIo6SmAfHIAj4IFz0ABXoAlagAABHsATeHaU8+i8OK/z6IJTzOyBH3DePgFqq5Ak</latexit>

t � 1

�E
<latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit><latexit sha1_base64="efDtfWmPcgwIs+DmaoOOmtdvy1I=">AAACAHicdVDJSgNBEO2JW4zbqAcPXhqD4GnoMQHjLaCCxwhmgUwIPZ2epEnPQneNEIa5+CtePCji1c/w5t/YWQQVfVDweK+Kqnp+IoUGQj6swtLyyupacb20sbm1vWPv7rV0nCrGmyyWser4VHMpIt4EAZJ3EsVp6Eve9scXU799x5UWcXQLk4T3QjqMRCAYBSP17QPwhkPsBYqyzM0z75JLoPgq79tl4lTODWqYOFVCiEsWhFSw65AZymiBRt9+9wYxS0MeAZNU665LEuhlVIFgkuclL9U8oWxMh7xraERDrnvZ7IEcHxtlgINYmYoAz9TvExkNtZ6EvukMKYz0b28q/uV1UwhqvUxESQo8YvNFQSoxxHiaBh4IxRnIiSGUKWFuxWxETRhgMiuZEL4+xf+T1qnjEse9qZbrtUUcRXSIjtAJctEZqqNr1EBNxFCOHtATerburUfrxXqdtxasxcw++gHr7RNu8ZZE</latexit>

@2E

@�2

����
�!0

/ hN |JJ |Ni
<latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit><latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit><latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit><latexit sha1_base64="2pUNSn1GYnI/RxhH+NgzWFJAZRU="></latexit>

hC4(t, ⌧, t0)i
hC2(t)ihC2(t0)i

/ hN 0|J(⌧E)J |Ni
<latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit><latexit sha1_base64="+95Ta/RhAN3L68pHNX7a2HgKIv4="></latexit>

t, t0 � 1

�E
<latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit><latexit sha1_base64="80x66JJPaIS8kB7c0Ec+oEiGHg4=">AAACA3icdVDLSgNBEJyNrxhfq970MhhED7LMmoDxFlDBYwQTA9kQZiezyZDZBzO9QlgCXvwVLx4U8epPePNvnDwEFS1oKKq66e7yEyk0EPJh5ebmFxaX8suFldW19Q17c6uh41QxXmexjFXTp5pLEfE6CJC8mShOQ1/yG39wNvZvbrnSIo6uYZjwdkh7kQgEo2Ckjr0DR3Dg9XrYCxRlmTvKvHMugeKLUccuEqd0alDBxCkTQlwyI6SEXYdMUEQz1Dr2u9eNWRryCJikWrdckkA7owoEk3xU8FLNE8oGtMdbhkY05LqdTX4Y4X2jdHEQK1MR4In6fSKjodbD0DedIYW+/u2Nxb+8VgpBpZ2JKEmBR2y6KEglhhiPA8FdoTgDOTSEMiXMrZj1qQkDTGwFE8LXp/h/0jh2XOK4V+VitTKLI4920R46RC46QVV0iWqojhi6Qw/oCT1b99aj9WK9Tltz1mxmG/2A9fYJH4CXKQ==</latexit>

Z 1

0
d⌧E ! hN |JJ |Ni

<latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit><latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit><latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit><latexit sha1_base64="6m+bXAINDLJuZUvIk7Abo1N26uc=">AAACF3icbVDLSgMxFM34rPVVdekmWARXZUYEuyyIIF2UCvYBnXHIpJk2NJMZkjtCmfYv3Pgrblwo4lZ3/o3pY6GtF0JOzrmXm3OCRHANtv1trayurW9s5rby2zu7e/uFg8OmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBwNdFbD0xpHss7GCbMi0hP8pBTAobyCyWXS/Dte3OFMMRdF0jqX7sQY1cQ2RMM10bV6qjmqunLLxTtkj0tvAycOSiiedX9wpfbjWkaMQlUEK07jp2AlxEFnAo2zrupZgmhA9JjHQMliZj2sqmvMT41TBeHsTJHAp6yvycyEmk9jALTGRHo60VtQv6ndVIIy17GZZICk3S2KEwFNrYnIeEuV4yCMHlwQhU3f8W0TxShYKLMmxCcRcvLoHlecuySc3tRrJTnceTQMTpBZ8hBl6iCblAdNRBFj+gZvaI368l6sd6tj1nrijWfOUJ/yvr8AcKin6A=</latexit>
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Feynman–Hellman (2nd order)
• Field theory version of 2nd order perturbation theory: 

• Final result. We study second-order perturbation on the lattice

@2Ep

@�2
= � 1

2Ep

Z
d4⇠

�
eiq.⇠ + e�iq.⇠

�
hp|TJ(⇠)J(0)|pi

see Can, RDY et al. PRD(2020)

E = E0 + �hN |V |Ni+ �2
X

X 6=N

hN |V |XihX|V |Ni
E0 � EX

+ . . .

Only get a linear term 
for elastic case 𝝎=1 Intermediate states cannot 

go on-shell for 𝝎<1

E0 < EX
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(First) numerical 
results: 
𝓕1 → moments of F1

20

Chambers, RDY et al. PRL(2017) 
Can, RDY et al. PRD(2020)



Compton on the lattice
• Forward spin-averaged Compton amplitude 

• Choose simplest kinematics to directly isolate F1

Tµ⌫(p, q) = ⇢ss0
Z

d4x eiq·xhp, s0|T {Jµ(x)J⌫(0)} |p, si

=

✓
�gµ⌫ +

qµq⌫

q2

◆
F1(!, Q

2) +
1

p · q

✓
pµ � p · q

q2
qµ

◆✓
p⌫ � p · q

q2
q⌫
◆
F2(!, Q

2)
<latexit sha1_base64="2OLE7MMprb0/E7Ec1/ouMsv5dG8="></latexit><latexit sha1_base64="2OLE7MMprb0/E7Ec1/ouMsv5dG8="></latexit><latexit sha1_base64="2OLE7MMprb0/E7Ec1/ouMsv5dG8="></latexit><latexit sha1_base64="2OLE7MMprb0/E7Ec1/ouMsv5dG8="></latexit>

! =
2p · q
Q2
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Obligatory slide on lattice specs

• Local EM current insertion,  
(valence only) 

• Feynman–Hellmann propagators at 4 field 
strengths,  

• Up to  measurements for each pair of  
and 

Jμ(x) = ZVq̄(x)γμq(x)

λ = [±0.0125, ± 0.025]

𝒪(104) Q2

λ

22

Unmodified 
QCD background

MeV, ~SU(3) mπ ∼ [470
420]

a = [0.074
0.068] fmmπL ∼ [5.6

6.9]

QCDSF/UKQCD configurations  

, 2+1 flavor (u/d+s)  

 NP-improved Clover action 

Phys. Rev. D 79, 094507 (2009), 
arXiv:0901.3302 [hep-lat]

(323 × 64
483 × 96)

β = (5.50
5.65),
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Effective energies 

2 external field strengths

�E = E(�)� E0
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Isolate 2nd derivative 
(almost “exact” quadratic)

�E = 1
2�

2 @
2E

@�2
+ . . .
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Kinematic coverage

�J
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q fixed for each 
propagator evaluation 

(costly)

freedom to choose 
Fourier projection at 

hadron sink 
(cheap)
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Blue dots: different nucleon Fourier momenta

External momentum

Can access different ! by 
varying the nucleon 
momenta

spread of 
𝜔 values

! =
2p · q
Q2

=
2p · q
q2
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L
(3, 5, 0)
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Feynman–Hellmann
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Moments
• Recall dispersion integral: 

• Positivity constraint: 

• Use Bayesian fit enforcing monotonicity of moments

Moments

F1(!, Q
2) = 2!2

Z 1

0
dx

2xF1(x,Q2)

1� (x!)2
= 2

1X

n=1

!2nM (1)
2n (Q2)

<latexit sha1_base64="PTt9K7fD5ctRVExIeXmO7vAWDxE="></latexit><latexit sha1_base64="PTt9K7fD5ctRVExIeXmO7vAWDxE="></latexit><latexit sha1_base64="PTt9K7fD5ctRVExIeXmO7vAWDxE="></latexit><latexit sha1_base64="PTt9K7fD5ctRVExIeXmO7vAWDxE="></latexit>

M (1)
2n (Q2) = 2

Z 1

0
dx x2n�1F1(x,Q
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Low moments
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A hint of power
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3

The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)

4

u u
+…

483x96, 2+1 flavour 
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mπ ∼ 420 MeV
Q2 = 4.9 GeV2
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corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
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Longitudinal Compton amplitude

Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)
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independently positive definite
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The ! dependence of the Compton structure functions
is mapped by extracting the amplitude for each pair of
(q,p). Subsequently, extraction of the moments from
the Compton structure functions follows the methodol-
ogy described in [18]. A simultaneous fit of F1 (Eq. (7))
and F2�! (Eq. (11)) is performed in a Bayesian frame-
work to determine the first few Mellin moments of the
structure functions. We truncate both series at n = 4
(inclusive) when determining the moments. These mo-
ments are enforced to be positive definite and monotoni-
cally decreasing. Note that the positivity bound does not
hold for the ud contributions but they are constrained by

�Mud
2n (Q

2
)�
2
≤ 4Muu

2n (Q
2
)Mdd

2n(Q
2
), since the total inclu-

sive cross section (hence each moment) is positive for any
value of the quark charges and at all kinematics. The se-
quences of individual uu, dd or ud moments are selected
according to the standard probability distribution, where
the diagonal of the full covariance matrix is used in the
�2 function. We account for the correlations between the
data points by doing a bootstrap analysis.

Results.—We show the ! dependence of the Compton
structure functions along with their fit curves in Fig. 1
for a representative case of Q2

= 4.86GeV2 calculated on
the 483 × 96 ensemble. We keep terms up to O(w8

) in
the fit polynomials Eqs. (7) and (11). The lowest two
moments are insensitive to the addition of higher order
terms.

The lowest moments of the structure functions F2,L

obtained from the 323 × 64 and 483 × 96 ensembles are
shown in Figures 2 and 3 as a function of Q2 for the
proton. Note that the moments of the proton are con-

structed via M (2,L)
2,p =

4
9M

(2,L)
2,uu +

1
9M

(2,L)
2,dd −

2
9M

(2,L)
2,ud . Our

F2 moments are in remarkable agreement with the ex-
perimental moments [28].

Since the Compton amplitude includes all power cor-
rections, we can estimate the leading power correction
(i.e. twist-4) by studying the Q2 behaviour of the mo-
ments. Higher-twist contributions are suppressed by
powers of 1�Q2 so one expects to have sizeable contri-
butions for intermediate to low Q2. Their e↵ect (at the
lowest order) can be modelled by the twist expansion,

M (2)
2,h (Q

2
) =M (2)

2,h +C
(2)
2,h�Q

2
+O(1�Q4

), (14)

where h ∈ {uu, dd, p}. We utilise only the M (2)
2 (Q

2
) mo-

ments obtained on the 483 × 96 ensemble to study the
power corrections. We show our fit (Eq. (14)) in Fig. 2.

The extracted values for M (2)
2,h and C(2)2,h are collected in

Table I. We note that our results could be useful for stud-
ies investigating the power corrections in the language of
infrared renormalons [29–31].

We compare the lowest (Cornwall-Norton) moment of
FL to the experimentally determined Nachtmann mo-
ments [7] in Fig. 3. While we are unable to resolve a
definitive signal for the FL moments, we are able to set
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Figure 1. ! dependence of the Compton structure functionsF1, F2, and FL at Q2 = 4.86GeV2. We show the uu (top),
dd (middle) and ud (bottom) contributions. Coloured shaded
bands show the fits with their 68% credible region of the high-
est posterior density. Points are displaced for clarity.

Table I. Extracted asymptotic values of the moments and
the coe�cients of the power correction terms. The power
corrections are quoted at the scale of the nucleon mass Q2 =
M2

N .

h M (2)
2,h C(2)2,h�M2

N

uu 0.268(13) 0.206(24)

dd 0.146(7) 0.024(14)

p 0.135(6) 0.091(11)

an upper bound that is compatible with the experimental
moments.
It is interesting to compare M (L)

2 determined from the
relation [1],

M (L),twist−2
2,p (Q2

) =
4

9⇡
↵s(Q

2
)M (2),twist−2

2,p (Q2
), (15)

where we replace the leading-twist moment on RHS with
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Figure 1: The so called ‘handbag’ diagram (left panel) and ‘cats-ears’ diagram (right panel).

and, alternatively,
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∫ 1
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dx
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1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian
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Figure 3. Lowest moment of the proton’s longitudinal struc-
ture function M (L)

2,p as a function of Q2. We compare our re-
sults (Direct) to the experimental Nachtmann moments (open
black squares) taken from [7]. Asymmetric error bars indi-
cate that our posterior distributions are highly skewed (non-
Gaussian). We also show the moments (twist-2) determined

via the relation, Eq. (15), using our determination of M (2)
2,p

from the current work. Twist-2 points are displaced for clar-
ity.

M (2)
2,p (Q

2
) from the current work as an approximation.

We use the value of ↵s(Q
2
) at µ = Q2 at the four-loop

order by running its value from the µ0 = M⌧ scale with
nf = 3 active flavours using the CRunDec package [32, 33].

The Q2 behaviour is in good agreement with experi-
mental points as shown in Fig. 3. With improved pre-
cision in future studies, contrasting the direct determi-
nation and twist-2 part of the lowest few moments of

FL would provide improved constraints on higher-twist
e↵ects.

Conclusions.—We have presented a simultaneous ex-
traction of the lowest moments of the proton structure
functions F2,L. A first look into the moments of FL is
given. This has been possible in a lattice QCD setting for
the first time thanks to our recent advances in calculat-
ing the forward Compton amplitude via an application
of the second-order Feynman-Hellmann theorem.

Already at unphysical quark masses, we find good
agreement with the moments determined from experi-
ments. Our investigations solidify the versatility of the
Compton amplitude approach and pave the way for reli-
able and systematically improvable first-principles stud-
ies of the structure functions and power corrections, com-
plementing the experiments and other lattice or non-
lattice methods.
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Conclusions.—We have presented a simultaneous ex-
traction of the lowest moments of the proton structure
functions F2,L. A first look into the moments of FL is
given. This has been possible in a lattice QCD setting for
the first time thanks to our recent advances in calculat-
ing the forward Compton amplitude via an application
of the second-order Feynman-Hellmann theorem.

Already at unphysical quark masses, we find good
agreement with the moments determined from experi-
ments. Our investigations solidify the versatility of the
Compton amplitude approach and pave the way for reli-
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ies of the structure functions and power corrections, com-
plementing the experiments and other lattice or non-
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and, alternatively,

T33(p, q) = 4ω

∫ 1

0

dx
ωx

1 − (ωx)2
F1(x, q2) . (10)

For |ω| > 1 the principal value has to be taken. The matrix element T33(p, q) can be computed

most efficiently, including singlet matrix elements, by a simple extension of existing implemen-
tations of the Feynman-Hellmann technique to lattice QCD [9]. For simplicity, we consider the
local vector current only. The appropriate renormalization factor ZV can be computed unambigu-

ously [10]. No further renormalization is needed. To compute the Compton amplitude from the
Feynman-Hellmann relation, we introduce the perturbation to the Lagrangian

L(x)→ L(x) + λJ3(x) , J3(x) = ZV cos(#q · #x) e f ψ̄ f (x)γ3ψ f (x) , (11)

where ψ f is the quark field of flavor f = u, d, s, · · · to which the photon is attached, and e f is
its electric charge. Note that λ has dimension mass. Taking the second derivative of the nucleon

two-point function 〈N(#p, t)N̄(#p, 0)〉λ % Cλ e−Eλ(p,q) t with respect to λ on both sides, we obtain

−2Eλ(p, q)
∂2

∂λ2
Eλ(p, q)

∣

∣

∣

λ=0
= T33(p, q) . (12)

The derivation of (12) would go beyond the scope of this Letter and will be presented in a sep-
arate publication. Provided we compute at sufficiently large q2, standard factorization theorems

state that the Compton amplitude will be dominated by the ‘handbag’ diagram shown in the left
panel of Fig. 1. Nevertheless, the amplitude does encompass all contributions, including the

power-suppressed ‘cats-ears’ diagram shown in the right panel. Thereby, varying q2 will allow
us to test the twist expansion and, in particular, isolate twist-four contributions. A conventional
calculation of the four-point function 〈p, λ|Jµ(x)Jν(0)|p, λ〉, in contrast, would involve all-to-all

quark propagators twice consecutively, which is not practicable.
Knowing T33(p, q) for sufficiently many values of ω, we can solve (9) for the moments µn =

∫ 1

0
dxxnF1(x, q2) and (10) directly for F1(x, q2). We want to keep the photon momentum #q fixed,

but vary the nucleon momentum #p. This amounts to a relatively cheap calculation, as all nucleon
energies Eλ(p, q) can be computed from a single set of background field configurations (per
value of λ). For nonsinglet quantities, in which the currents couple to valence quarks only, no

additional gauge field configurations will have to be generated at all.
Regarding (9), the task is to compute (say) the lowest M moments µ from a finite number of

sampled points
ti = T33(ωi) , i = 1, · · · ,N (13)

4

u u
+…

M (L)
0 ⇠ M (2)

2
<latexit sha1_base64="lf/df54ieXKJHqCm9cId+Q1Yq5U=">AAACAnicbVDLSgMxFM34rPU16krcBIvQbspMEeyy4MaFhQr2Ae10yKRpG5pkhiQjlGFw46+4caGIW7/CnX9j2s5CWw9cOJxzL/feE0SMKu0439ba+sbm1nZuJ7+7t39waB8dt1QYS0yaOGSh7ARIEUYFaWqqGelEkiAeMNIOJtczv/1ApKKhuNfTiHgcjQQdUoy0kXz7tO47/SQp3pbStKcoh3W/0k+KlVLq2wWn7MwBV4mbkQLI0PDtr94gxDEnQmOGlOq6TqS9BElNMSNpvhcrEiE8QSPSNVQgTpSXzF9I4YVRBnAYSlNCw7n6eyJBXKkpD0wnR3qslr2Z+J/XjfWw6iVURLEmAi8WDWMGdQhnecABlQRrNjUEYUnNrRCPkURYm9TyJgR3+eVV0qqUXafs3l0WatUsjhw4A+egCFxwBWrgBjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHCieV3g==</latexit><latexit sha1_base64="lf/df54ieXKJHqCm9cId+Q1Yq5U=">AAACAnicbVDLSgMxFM34rPU16krcBIvQbspMEeyy4MaFhQr2Ae10yKRpG5pkhiQjlGFw46+4caGIW7/CnX9j2s5CWw9cOJxzL/feE0SMKu0439ba+sbm1nZuJ7+7t39waB8dt1QYS0yaOGSh7ARIEUYFaWqqGelEkiAeMNIOJtczv/1ApKKhuNfTiHgcjQQdUoy0kXz7tO47/SQp3pbStKcoh3W/0k+KlVLq2wWn7MwBV4mbkQLI0PDtr94gxDEnQmOGlOq6TqS9BElNMSNpvhcrEiE8QSPSNVQgTpSXzF9I4YVRBnAYSlNCw7n6eyJBXKkpD0wnR3qslr2Z+J/XjfWw6iVURLEmAi8WDWMGdQhnecABlQRrNjUEYUnNrRCPkURYm9TyJgR3+eVV0qqUXafs3l0WatUsjhw4A+egCFxwBWrgBjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHCieV3g==</latexit><latexit sha1_base64="lf/df54ieXKJHqCm9cId+Q1Yq5U=">AAACAnicbVDLSgMxFM34rPU16krcBIvQbspMEeyy4MaFhQr2Ae10yKRpG5pkhiQjlGFw46+4caGIW7/CnX9j2s5CWw9cOJxzL/feE0SMKu0439ba+sbm1nZuJ7+7t39waB8dt1QYS0yaOGSh7ARIEUYFaWqqGelEkiAeMNIOJtczv/1ApKKhuNfTiHgcjQQdUoy0kXz7tO47/SQp3pbStKcoh3W/0k+KlVLq2wWn7MwBV4mbkQLI0PDtr94gxDEnQmOGlOq6TqS9BElNMSNpvhcrEiE8QSPSNVQgTpSXzF9I4YVRBnAYSlNCw7n6eyJBXKkpD0wnR3qslr2Z+J/XjfWw6iVURLEmAi8WDWMGdQhnecABlQRrNjUEYUnNrRCPkURYm9TyJgR3+eVV0qqUXafs3l0WatUsjhw4A+egCFxwBWrgBjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHCieV3g==</latexit><latexit sha1_base64="lf/df54ieXKJHqCm9cId+Q1Yq5U=">AAACAnicbVDLSgMxFM34rPU16krcBIvQbspMEeyy4MaFhQr2Ae10yKRpG5pkhiQjlGFw46+4caGIW7/CnX9j2s5CWw9cOJxzL/feE0SMKu0439ba+sbm1nZuJ7+7t39waB8dt1QYS0yaOGSh7ARIEUYFaWqqGelEkiAeMNIOJtczv/1ApKKhuNfTiHgcjQQdUoy0kXz7tO47/SQp3pbStKcoh3W/0k+KlVLq2wWn7MwBV4mbkQLI0PDtr94gxDEnQmOGlOq6TqS9BElNMSNpvhcrEiE8QSPSNVQgTpSXzF9I4YVRBnAYSlNCw7n6eyJBXKkpD0wnR3qslr2Z+J/XjfWw6iVURLEmAi8WDWMGdQhnecABlQRrNjUEYUnNrRCPkURYm9TyJgR3+eVV0qqUXafs3l0WatUsjhw4A+egCFxwBWrgBjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHCieV3g==</latexit>

almost teasing out a signal

clean signal

M (L)
2

<latexit sha1_base64="2NesdguusNWW64wlLRMUSGRCSrM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpewWwR4LXjwoVLAf0K4lm2bb0GyyJLNCWfZnePGgiFd/jTf/jWm7B219MPB4b4aZeUEsuAHX/XbW1jc2t7YLO8Xdvf2Dw9LRcduoRFPWokoo3Q2IYYJL1gIOgnVjzUgUCNYJJtczv/PEtOFKPsA0Zn5ERpKHnBKwUu9uUHtM08rtRZYNSmW36s6BV4mXkzLK0RyUvvpDRZOISaCCGNPz3Bj8lGjgVLCs2E8MiwmdkBHrWSpJxIyfzk/O8LlVhjhU2pYEPFd/T6QkMmYaBbYzIjA2y95M/M/rJRDW/ZTLOAEm6WJRmAgMCs/+x0OuGQUxtYRQze2tmI6JJhRsSkUbgrf88ipp16qeW/XuL8uNeh5HAZ2iM1RBHrpCDXSDmqiFKFLoGb2iNwecF+fd+Vi0rjn5zAn6A+fzB229kKc=</latexit><latexit sha1_base64="2NesdguusNWW64wlLRMUSGRCSrM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpewWwR4LXjwoVLAf0K4lm2bb0GyyJLNCWfZnePGgiFd/jTf/jWm7B219MPB4b4aZeUEsuAHX/XbW1jc2t7YLO8Xdvf2Dw9LRcduoRFPWokoo3Q2IYYJL1gIOgnVjzUgUCNYJJtczv/PEtOFKPsA0Zn5ERpKHnBKwUu9uUHtM08rtRZYNSmW36s6BV4mXkzLK0RyUvvpDRZOISaCCGNPz3Bj8lGjgVLCs2E8MiwmdkBHrWSpJxIyfzk/O8LlVhjhU2pYEPFd/T6QkMmYaBbYzIjA2y95M/M/rJRDW/ZTLOAEm6WJRmAgMCs/+x0OuGQUxtYRQze2tmI6JJhRsSkUbgrf88ipp16qeW/XuL8uNeh5HAZ2iM1RBHrpCDXSDmqiFKFLoGb2iNwecF+fd+Vi0rjn5zAn6A+fzB229kKc=</latexit><latexit sha1_base64="2NesdguusNWW64wlLRMUSGRCSrM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpewWwR4LXjwoVLAf0K4lm2bb0GyyJLNCWfZnePGgiFd/jTf/jWm7B219MPB4b4aZeUEsuAHX/XbW1jc2t7YLO8Xdvf2Dw9LRcduoRFPWokoo3Q2IYYJL1gIOgnVjzUgUCNYJJtczv/PEtOFKPsA0Zn5ERpKHnBKwUu9uUHtM08rtRZYNSmW36s6BV4mXkzLK0RyUvvpDRZOISaCCGNPz3Bj8lGjgVLCs2E8MiwmdkBHrWSpJxIyfzk/O8LlVhjhU2pYEPFd/T6QkMmYaBbYzIjA2y95M/M/rJRDW/ZTLOAEm6WJRmAgMCs/+x0OuGQUxtYRQze2tmI6JJhRsSkUbgrf88ipp16qeW/XuL8uNeh5HAZ2iM1RBHrpCDXSDmqiFKFLoGb2iNwecF+fd+Vi0rjn5zAn6A+fzB229kKc=</latexit><latexit sha1_base64="2NesdguusNWW64wlLRMUSGRCSrM=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpewWwR4LXjwoVLAf0K4lm2bb0GyyJLNCWfZnePGgiFd/jTf/jWm7B219MPB4b4aZeUEsuAHX/XbW1jc2t7YLO8Xdvf2Dw9LRcduoRFPWokoo3Q2IYYJL1gIOgnVjzUgUCNYJJtczv/PEtOFKPsA0Zn5ERpKHnBKwUu9uUHtM08rtRZYNSmW36s6BV4mXkzLK0RyUvvpDRZOISaCCGNPz3Bj8lGjgVLCs2E8MiwmdkBHrWSpJxIyfzk/O8LlVhjhU2pYEPFd/T6QkMmYaBbYzIjA2y95M/M/rJRDW/ZTLOAEm6WJRmAgMCs/+x0OuGQUxtYRQze2tmI6JJhRsSkUbgrf88ipp16qeW/XuL8uNeh5HAZ2iM1RBHrpCDXSDmqiFKFLoGb2iNwecF+fd+Vi0rjn5zAn6A+fzB229kKc=</latexit>



Preliminary update: 
Quark mass 
dependence

36Can, RDY et al., 2505.04033 (conf proc.)



2+1-flavour quark-mass plane

37Bietenholz et al. [QCDSF-UKQCD], PRD(2011) light quarks

st
ra

ng
e 

qu
ar

k

mℓ

ms
ex

ac
t S

U(3)
 

sy
mmetr

y

physical point “Typical” calculation: 
fix strange quark mass to 
physical point and lower 
light quark mass



2+1-flavour quark-mass plane

37Bietenholz et al. [QCDSF-UKQCD], PRD(2011) light quarks

st
ra

ng
e 

qu
ar

k

mℓ

ms
ex

ac
t S

U(3)
 

sy
mmetr

y

physical point “Typical” calculation: 
fix strange quark mass to 
physical point and lower 
light quark mass

QCDSF approach: 
Tune to physical average quark mass. 
Approach physical point by breaking  
SU(3) symmetry. 

Hold “m-bar” constant: 
m = 1

3 (2mℓ + ms) = 1
3 (2mphys

ℓ + mphys
s )



0.000 0.005 0.010 0.015 0.020 0.025
(aMº)2

0.14

0.16

0.18

0.20

0.22
M

(2
)

2
,u

u
°

d
d

Lowest moment of F2

38

Isovector moment appears to show 
weak quark mass dependence

Q2 ∼ 5 GeV2
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Mild quark mass dependence 
at lower Q2

Q2 ∼ 5 GeV2
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Towards nucleon structure function moments and . . . K. U. Can
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Figure 4: The lowest even isovector Mellin moments (LQCD moments) of the �2 structure function as a
function of &2 extracted from our lattice F2 Compton structure functions. The solid band (Full fit) shows
our fit to the LQCD moments using Eq. (25), the hatched band (QCD evolution) is the NNLO evolution of
the leading-twist moment, and the bottom panel shows the contribution of the higher-twist term. The FLAG
average for the leading-twist moment [10] is indicated by the open square.

is the Wilson coefficient calculated to NNLO [31] in the MS scheme, with 0B =
UB
4c = 62

16c , W (0) the
leading-order coefficient of the anomalous dimensions, V0 = 11 � (2/3)= 5 the 1-loop V-function
coefficient, and = 5 the number of active flavours. We set the reference scale to `2 = 4 GeV2

and take = 5 = 3 since we do not have a charm quark in our lattice calculations. The strong
coupling constant UB (&2

) is estimated to NNLO accuracy in the MS scheme following the PDG
definition [32] by using the 3-flavour ⇤(3)

MS
= 338(10) MeV quoted by the Flavour Lattice Averaging

Group (FLAG) [10].
Our calculated structure function moments (black points) are shown in Fig. 4 as a function of

&2, along with the fit curves for Eq. (25) (solid band) and the NNLO evolution of the leading-twist
moment, Eq. (25) without the higher-twist term (hatched band). We find,

hGiD�3 = 0.141(8), (27)

at the reference scale `2 = 4 GeV2, in good agreement with the # 5 = 2 + 1 average quoted by
FLAG [10].

The bottom plot in Fig. 4 shows the higher-twist contribution as a function of &2, and indicates
that the higher-twist term is significant even at the typical scales (&2

⇠ 4 GeV2) where the
leading-twist approximation is assumed to be valid in global QCD analyses. Our result shows that
the higher-twist term contributes as much as 30% of the leading-twist moment at &2 = 4 GeV2

to the physical structure function moment, and the leading-twist part does not dominate even at
&2

⇠ 10 GeV2, where the higher-twist term gives an approximate 10% contribution.
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The Compton 
subtraction function

42Can, Schar, RDY et al. Phys.Rev.D 111 (2025) 9, 094513
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Electromagnetic self energy 

(Mn − Mp)EM?
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ℱ1(ω, Q2) = ℱ1(0,Q2) +
2ω2

π ∫
∞

1
dω′ 

Imℱ1(ω′ , Q2)
ω′ (ω′ 2 − ω2 − iϵ)

Results above for  were only for the 
dispersive part… a subtracted dispersion 
relation 

ℱ1

ℱ1(ω, Q2)The subtraction function: 
ℱ1(0,Q2) ≡ S1(Q2)

Cottingham formula 
Electromagnetic self energy 

(Mn − Mp)EM?



Uncertainty in subtraction function

44

Motivation Background Method Results

Models of S1(Q2)

• For Q2 << m2
P , S1(Q2) can be

calculated in a variety of formalisms
but these calculations have sizable
errors and are not always consistent.

• For Q2 >> ⇤2
QCD, S1(Q2) can be

evaluated model-independently using
the Operator Product Expansion
(OPE).

Figure 1: Hill & Paz, 2017

7 / 20

Hill & Paz, PRD(2017)

Low energy constrained 
by chiral EFT, 
Birse & McGovern 
EPJA(2012)

High energy constrained 
by OPE

What happens in 
between?



Subtraction from lattice Feynman–Hellmann

45

Motivation Background Method Results

Prior S1(Q2) Result
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OPE prediction  
(with matching lattice inputs)

∼ 1/Q2

😱
Lattice results  
approaching non-zero 
constant

2 Possible scenarios

A: Yikes! 
Massive lattice 

discretisation artefacts!!

B: Exciting!  
Evidence for fixed pole 
[suggested by Regge 

phenomenology]



Lattice OPE

46

p
≃ ∑

n

Cn(q) ×
p

q q

p + q 𝒪n

p p

Note that we’re on a lattice: 
careful with limits 

Not , 

but 

q → ∞
pμ ≪ −q2

Wilson propagator

SW(k) = a
M(k) − iγμ sin(akμ)

M(k)2 + ∑μ sin2(akμ)
,



Free fermion

• Subtraction function vanishes for free fermion  

• On the lattice, this is 100% discretisation artefact

Sfree
1 (Q2) = 0

47

6

agators are taken to be Wilson fermions. This section
is inspired by, and builds upon, a previous LOPE by
some of us in 2006 of the lattice Compton amplitude
for the conserved current [49]. In contrast to this prior
result, our current LOPE is specifically for the local
current Vµ = ZV  ̄�µ in order to match the Feynman-
Hellmann calculation. Furthermore, we improve on the
2006 result by retaining the bare quark mass.

A succinct outline of the method we use to perform
this LOPE is as follows (see Appendix A for further
details): first, we expand and discretise the forward
Compton amplitude (Tµ⌫ ! TL

µ⌫), then insert the Wil-
son form of the fermion propagators. Next, we begin
the OPE by performing a Taylor expansion in small
sin(apµ) (the lattice equivalent of apµ in the contin-
uum) and substitute this expansion into the Comp-
ton amplitude (TL

µ⌫ ! TLOPE
µ⌫ ). Unlike the standard

OPE, which uses a hard scale Q2
! 1, we use a soft

scale with sin(apµ) much smaller than the momentum
transfer q. After much simplification, we associate the
sin(apµ) terms with the covariant derivative before con-
cluding by writing the relevant terms as symmetric and
traceless operators.

In our full calculation in Appendix A, we restrict our-
selves to terms up to first order in the covariant deriva-
tive. Then, to isolate the contribution to the subtrac-
tion function, we select the µ = ⌫ = 3 component with
the constraint q3 = 0 and p3 = 0, which follows from
the lattice sink momentum p = 0. Recalling the form of
Eq. (3), this unique selection (with ! = 0, since q4 = 0
and p = 0) ensures that TLOPE

33 is, in fact, the LOPE of
the lattice Compton subtraction function. After remov-
ing all terms present in the continuum, we are finally
left with a ‘correction term’, �S1, which quantifies—to
leading order—the discretisation artefact present in our
lattice calculation of the subtraction function. That is,
�S1 = Sfull

1 � Scont.
1 , where Sfull

1 is the leading order
LOPE result, and Scont.

1 is the leading order continuum
component of the LOPE, leaving only the discretisation
contribution. This result is as follows (see Eq. (A24)):

�S1 = CW (q,m0)Z
2
V hp| ̄ |pi, (16)

where CW (q, m0) is the Wilson coefficient of the form

CW (q,m0) =
2r

P
⇢ [1 � cos(aq⇢)]

P
⇢ sin2(aq⇢) + a2M2(q, m0)

. (17)

with M(k, m0) = m0+ r
a

P
⌧

⇥
1�cos(ak⌧ )

⇤
and r denot-

ing the scalar Wilson coefficient. This scalar coefficient
is typically set to r = 1 in lattice simulations, but we
keep it explicit in our LOPE expressions in order to keep
track of O(a) terms arising from the Wilson term in the
fermion action. Unlike standard Wilson coefficients, we
also keep the bare quark mass explicit.

The correction term in Eq. (16) is comparable to the
corresponding expression in Ref. [50]. Under the same

0.0 0.1 0.2 0.3 0.4 0.5

am0

�0.4

�0.3

�0.2

�0.1

0.0
��S(�)

1

��S(�)
1 (2006 QCDSF)

SL (�)
1 (FH)

Figure 4. Comparison of our 2006 LOPE [49], our lat-
tice OPE, �S(↵)

1 , in Eq. (20), and the Feynman-Hellmann
results, SL (↵)

1 . Results are for free fermions and q =
2⇡
L (5, 1, 0).

kinematic conditions, the 2006 result [49] (ignoring the
seagull term) is in agreement with Eq (16) in the limit
m0 ! 0, as anticipated. This expression in Eq. (16) is
also purely unphysical, as Taylor expanding in a yields
terms of order O(a), which vanish in the continuum.
Furthermore, the expression in Eq. (16) is specifically
a Wilson discretisation artefact, �S1 / r, and thus
there is an additional necessity for the term to vanish
in the continuum [51]. We intend to further investi-
gate the correction in light of clover fermions [50], and
for Ginsparg-Wilson fermions, for which O(a) contri-
butions have already been determined [52]. The matrix
element is given by hp| ̄ |pi = 2ampgbare

S , where gbare

S
is the unrenormalised scalar charge. Since amp ⇡ 0.4
in our calculations, we note that these artefacts will be
relatively large, even at somewhat fine lattice spacings.

Taking our lattice calculations of the subtraction
function, SL

1 (Q2), we can now remove the leading order
discretisation artefact, �S1, to produced an improved
result

Simp

1 (Q2) = SL
1 (Q2) + �S1. (18)

Since the O(a) term of our LOPE arises from the
quark propagator connecting the two current insertions
(Type I in Fig. 2), this correction only affects the uu and
dd flavour combinations, but not the ud combination.
This quantitatively explains the behaviour of the results
in Fig. 3, which appears reasonable in the ud case, but
has completely anomalous asymptotes in the uu and dd
plots.

Leading Lattice OPE 
Göckeler et al. QCDSF 

PoS(2006)

This calculation

ΔS1 = CW(q, m0) Z2
V ⟨p |ψψ |p⟩

CW(q, m0) =
2r∑ρ [1 − cos(aqρ)]

∑ρ sin2(aqρ) + a2M2(q, m0)
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Figure 5. Comparison of the LOPE corection, �S(ff)
1 , and

the Feynman-Hellmann (FH) results, for a free fermion over
a range of q values.

Free fermion

To investigate the effectiveness of the LOPE correc-
tion �S1, we briefly consider the simple case of the
free fermion. Applying simple QED, we can derive an
analytic form of the forward Compton amplitude Tµ⌫

which, under the conditions µ = ⌫ = 3 and p3 = q3 = 0,
reduces to T33 = 2!2/(1�!2). At the subtraction point,
! = 0, the amplitude for a free fermion (ff) therefore
vanishes. Setting Simp

1 = 0, Eq. (18) then reduces to:

SL (↵)
1 (Q2) = ��S(↵)

1 , (19)

where SL (↵)
1 (Q2) is the free fermion lattice calculation

of the subtraction function, which can be determined
from Feynman-Hellmann using a single perturbed prop-
agator as in Eq. (9) (i.e. we do not form multiple Wick
contractions as in a hadron), and using unit gauge fields,
Uµ = I, in the fermion matrix. We perform this calcu-
lation with a lattice size N3

L ⇥ NT = 323 ⇥ 64, and
for values of the hopping parameter, , in the range
 = 0.0956�0.1248, which correspond to dimensionless
bare masses in the range am = 0.0064�0.5. The results
of this calculation are shown as the hollow data points
in Fig. 4. As for �S(↵)

1 , up to higher order corrections
in a, it takes the form

�S(↵)
1 = CW (q, m0)2(am0)g

bare

S (20)

where m0 is the free fermion mass and we have taken
gbare

S = (1 + am0)�1 and r = 1.
In Fig. 4 we plot the FH results, the discretisation

artefact in Eq. (20) (solid curve) and our 2006 result
(broken curve). We observe that, as a function of am0,
the LOPE agrees well with the numerical Feynman-
Hellmann results up to am0 ⇡ 0.5. Comparing this
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Figure 6. The two components of the leading lattice artefact
to our calculation as in Eq. (16). The upper panel shows
CW (q,m0) for each kinematic point reported in Table II,
while the lower panel depicts Z2

V hp| ̄ |pi. The total lattice
artefact is given by �S1 = CW (q,m0)2(amp)Z

2
V gS .

LOPE with our 2006 LOPE result (which did not in-
clude the bare mass contribution) also suggests an im-
provement in the correction. Similarly, in Fig. 5 we see
a strong agreement between SL (↵)

1 (Q2) and �S(↵)
1 as

a function of q2. For the smallest am0 ( = 0.1248)
in particular, the agreement is excellent, and also holds
to large q2. It’s also interesting to note that, despite
minor fluctuations in �S(↵)

1 , the discretisation artefacts
for the greater am0 results are largely q2-independent.

For the free fermion we expect a strong agreement
between the LOPE and numerical Feynman-Hellmann
results, as SL (↵)

1 (Q2) vanishes in the continuum. There-
fore, the agreement of these results suggest that the
LOPE is a good parameterisation of our dominant dis-
cretisation artefacts, both in terms of the larger O(am0)
artefacts as well as the smaller O(aq) effects.

V. PROTON SUBTRACTION FUNCTION

We present the application of the LOPE expressions
to the uu and dd subtraction function results obtained
in Section III, and conclude by constructing the proton
subtraction function.
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• Numerically evaluate correction for proton subtraction function 
• Requires evaluation of scalar matrix element (compute from 3-pt function)
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Figure 7. The subtraction function as determined from
Feynman-Hellmann with lattice artefacts removed accord-
ing to Eq. (18). The continuum OPE curve is also plotted,
calculated directly from Eq. (7) [21] using inputs from the
a = 0.074 fm configurations listed in Table I. As the scalar
charge is flavour dependent, we present the results for both
quark flavours (u and d).

A. Evaluation of the discretisation artefact

In Section IV, we derived a form for the lead-
ing discretisation artefact to our subtraction function,
Eq. (16), which for the proton takes the form �S1 =
CW (q, m0)2(amp)Z2

V gbare

S . The Wilson coefficient is de-
termined by inserting the dimensionless aq vectors and
the bare quark masses into Eq. (17). For our lattices
the bare quark masses are extremely small: am0 =
0.00674, 0.00545, 0.00574, for the � = 5.5, 5.65, 5.80 en-
sembles, respectively. This makes the effects of the
quark mass on CW (q, m0) quite small. For the ma-
trix element Z2

V hp| ̄ |pi we determine the nucleon mass
and vector renormalisation factor for each gauge en-
semble separately. The bare scalar charge, gbare

S , has
been determined previously from a first-order Feynman-
Hellmann calculation again for each of the ensembles
[44]. The lattice parameters are shown in Tab. I

In the top panel of Fig. 6, we plot the Wilson coef-
ficient, CW (q, m0), against the Q2 values for all three
gauge ensembles. We see in Fig. 6 that the Wilson coef-
ficient varies by as much as 12% among the different q
vectors, but smaller ‘jitters’ of ⇠ 5% are more typical.

In the bottom panel of Fig. 6, we plot the matrix ele-
ment, Z2

V hp| ̄ |pi, against the lattice spacing a. We see
that there is a linear dependence of the matrix element
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Figure 8. The proton subtraction function as determined
from Feynman-Hellmann with lattice artefacts removed ac-
cording to Eq. (18) and models included [21].

on the lattice spacing a. Thus we anticipate a slightly
larger correction to the lattice results at a larger lat-
tice spacing, as is suggested by Fig. 3. Moreover, the
‘jitters’ we see in the Wilson coefficient largely explain
the small fluctuations with Q2 in our lattice subtraction
function.

B. Improved subtraction function

Finally, we determine the improved subtraction func-
tion by removing the O(a) discretisation artefacts cal-
culated in Section IV using Eq. (18). Combining the
direct lattice subtraction function, Fig. 3, with the lead-
ing discretisation artefacts, Fig. 6, we present our final
results for the up (uu) and down (dd) contributions in
Fig. 7, and for the proton in Fig. 8. Included in both
plots (dotted curve) is the continuum OPE calculated
from Eq. (7) using gS and hxi from Table I.The results
presented in Fig. 8 are listed in Table III of Appendix
B.

We immediately observe an improvement in the Fig. 7
results as compared to Fig. 3, with the asymptotic Q�2

behaviour restored for large momentum. Putting the
results together to determine the subtraction function
of the proton, Fig. 8, we observe a similar phenomenon.
It appears as though S1(Q2) follows rather simple Q�2

behaviour down to Q2
⇡ 1 GeV2. Given the large size

of the leading discretisation artefacts in Fig. 6, remov-
ing these artefacts from Fig. 3 is sufficient to shift the
points upwards into the positive domain. This upwards
shift brings the results into remarkable agreement with
the continuum OPE in Ref. [21]. Furthermore, the three
sets of results at different lattice spacings are very con-
sistent with each other.

Curve is NOT a fit: 
PREDICTION of 
continuum OPE

• No Regge fixed pole! 
• Can get  from latticeS1(Q2)
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2

problems are addressed later in some detail, when new Ke3 results fully consistent with unitarity are also discussed.
Of course, if a real deviation from unitarity expectations is seen, it signals the presence of as yet unaccounted for new
physics beyond the Standard Model, an exciting prospect. Alternatively, if unitarity is respected, constraints on new
physics can be implied. However, |Vud| and |Vus| must be thoroughly scrutinized both theoretically and experimentally
before conclusions are drawn.
Neutron beta decay, n → pe−νe, has not until recently been prominent in efforts to determine |Vud| and test

unitarity. It depends on both vector and axial-vector charged current interactions. The latter are renormalized by
strong interactions at q2 " 0. The size of that effect is parameterized by gA ≡ GA/GV , a fundamental quantity in its
own right. Indeed, the value of gA, which has grown over time from about 1.23 to 1.27, is important for predicting
the expected solar neutrino flux [7], light element abundances from primordial nucleosynthesis [8], the spin content of
nucleons [9, 10] and for testing the Goldberger-Treiman relation [11]. A byproduct of the analysis in this paper will
be to provide a very precise determination of gA that can be compared with more direct neutron decay asymmetry
measurements of that important parameter or to refine the above mentioned applications.
As new more intense neutron facilities turn on, experimental measurements of both the neutron lifetime τn and gA

from the electron asymmetry in polarized neutron beta decay are expected to become much more precise [12]. Indeed,
combining determinations of those two quantities, can yield |Vud| with an anticipated uncertainty competitive with
the error in eq. (2), i.e. dominated by theory. In preparation for those improvements, we present in this paper a
relationship among |Vud|, τn and gA which includes one and some dominant two loop quantum corrections. It can be
used to determine gA from τn and the |Vud| input from superallowed nuclear β-decays or as an independent measure
of |Vud| using τn and neutron decay asymmetry determinations of gA.
Our plan is as follows: in section II, we update the radiative corrections to neutron decay by incorporating the

O
(
α2

)
effects due to leading logs, (some) small next-to-leading logs and Coulombic effects. The last of these has

been considered previously, but with the wrong sign. We take this opportunity to correct that longstanding error. In
section III, we review and update (slightly) the extraction of |Vud| from superallowed β-decays. Using that value of
|Vud| along with the neutron lifetime τn we derive in section IV a very precise prediction for gA and compare it with
direct asymmetry measurements of that parameter. Then, in section V, we review and update various determinations
of |Vus| and point out inconsistencies among them. The main problem stems from old Ke3 decay rates obtained from
fitted PDG studies and is suggestive of errors in some longstanding (accepted) kaon decay properties. Indeed, recent
Ke3 results from Brookhaven and Fermilab experiments confirm significant errors in the old charged and neutral kaon
decay branching ratios and lead to values of |Vus| fully consistent with unitarity. Implications of a unitarity violation
or confirmation in eq. (3) are briefly discussed and an outlook for future advances is given in section VI.

II. RADIATIVE CORRECTIONS TO NEUTRON DECAY

Our analysis of the radiative corrections to neutron beta decay builds on the results of earlier studies, particularly
the classic work by Wilkinson [13]. They included O(α) radiative corrections as well as effects due to the final state
electromagnetic ep interaction embodied in the Fermi function. A number of other small corrections from proton
recoil, finite nucleon size etc. have also been examined [14, 15, 16].
In the Standard Model, one renormalizes the beta decay amplitude using [17, 18, 19, 20, 21, 22]

Gµ = 1.16637(1) · 10−5 GeV−2, (4)

the Fermi constant as obtained from the muon total decay rate (inverse lifetime). In that way, ultraviolet divergences as
well as radiative corrections common to both decay amplitudes are absorbed into Gµ. The remaining loop differences
and bremsstrahlung effects can then be factorized into an overall 1+RC correction to the neutron lifetime, τn

1

τn
=

G2
µ |Vud|2

2π3
m5

e

(
1 + 3g2A

)
(1 + RC) f, (5)

where f is a phase space factor,

f = 1.6887, (6)

which includes a relatively large Fermi function contribution [13] (∼ 5.6%) as well as smaller nucleon mass, size and
recoil corrections. It has been somewhat updated in eq. (6) to incorporate slight nucleon mass shifts.
We note that the electroweak radiative corrections, denoted by 1+RC, have been factorized in the same way for

both the vector and axial-vector contributions. (Interference and induced coupling corrections are negligibly small in
the case of the lifetime [13, 14].) That factorization effectively defines gA via the relative normalization of the axial-
vector current as measured by the lifetime (it incorporates QED as well as strong interaction effects in its definition).

n p
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W γ
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Tμν(p, q) = i∫ d4z eiq⋅zρss′ ⟨p, s′ |𝒯{Jμ(z)Jν(0)} |p, s⟩
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Figure 6. The inelastic part of the GLS sum rule, Eq. (1), as a function of Q
2. We compare our results, M

(3),inel.
1,uu+dd , to

the experimentally determined elastic-subtracted GLS sum rule [6], and the parton model and perturbative QCD (pQCD)
predictions estimated to N3LO (Eq. (23) with Nq = Nu +Nd and higher-twist terms neglected).

contribution to the dispersion integral, Eq. (6), comes
from x = 1, hence for a nucleon at rest (the ! = 0 case),
Eq. (25) gives the elastic contribution to the lowest mo-

ment, M (3), el.
1

(Q2
).

Assuming a dipole parametrisation for both the axial-
vector and magnetic form factors, the elastic contribution
scales as 1�Q8, making it highly suppressed relative to
the leading higher-twist contribution, however, it would
still constitute a contamination. In order to estimate
the leading 1�Q2 higher-twist contribution, the elastic
contribution needs to be subtracted. We subtract the
elastic contribution from our moments,

M (3), inel.
1,qq (Q2

) =M (3)
1,qq(Q

2
) −M (3), el.

1,qq (Q2
), (26)

for qq = uu, dd, using the form factors determined on the
same set of lattice ensembles [62, 63] considering only
the connected diagrams, since there are no contributions
from disconnected diagrams to the leading-twist part of
the F3 structure function.. We adopt a dipole form for
the axial-vector form factors and parametrise the Sachs
magnetic form factors using a Padé approximant follow-
ing Kelly [64]. Further details of our calculations for the
elastic contribution are given in Appendix C.

In order to make a comparison to experimental deter-
minations of the GLS sum rule, we consider the uu + dd

moment, M (3)
1,uu+dd(Q2

) ≡ M (3)
1,uu(Q

2
) + M (3)

1,dd(Q
2
) and

show our elastic-subtracted uu + dd moments, M (3),inel.
1,uu+dd ,

in Fig. 6. The experimental measurements are taken from
Ref. [6] with the quasi-elastic contributions subtracted
and quoted errors added in quadrature. Our results are in
good agreement with the experimental points where the
agreement gets better as the lattice spacing gets smaller.

We note that the discrepancy between our elastic-
subtracted moments and the perturbative curve towards
the low-Q2 region is a genuine higher-twist e↵ect, mod-
ulo target-mass corrections. Our approach here paves the
way for an extraction of the higher-twist coe�cient from
a fully nonperturbative calculation for each flavour. A
caveat is that the higher-twist term in Eq. (23) is intri-
cately connected to the divergence of the perturbative se-
ries, and great care needs to be taken in defining �HT for
a rigorous estimation due to renormalon ambiguity mim-
icking a ⇤2

QCD
�Q2 behaviour [5, 65–69]. Qualitatively,

our results indicate a positive higher-twist correction as
opposed to the negative estimations of model calcula-
tions [58–61].

VI. SUMMARY

We provided a lattice QCD computation of the Gross-
Llewellyn Smith sum rule by extracting the first moment
of the parity-violating structure function of the nucleon
from a direct calculation of the forward Compton am-
plitude based on a Feynman-Hellmann approach. Cal-
culations are performed on two lattice ensembles with
volume 483 × 96 and lattice spacings a = 0.068 and 0.052
fm. Both ensembles have the quark masses tuned to the
SU(3) symmetric point yielding m⇡ ≈ 415MeV. Our
results cover the 0.5 � Q2

� 10 GeV2 range, which in-
clude the nonperturbative and perturbative regions. In
computing the Compton amplitude, we have considered
a weighted averaging method to control the systematic
errors arising due to the choice of fit windows in a stan-
dard two-point function analysis. Additionally, we have

Isoscalar  GLS sum rule 
Elastic pole subtracted

(uu + dd)

Curve is NOT a fit: 
N3LO pQCD

Ambitious outlook: We could 
determine  from GLS sum rule!αs

Conservative outlook: We can 
constrain  box uncertaintiesγW
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1.3 Nucleon Results 25

Figure 1.13: The total (unsubtracted) and inelastic (elastic subtracted) parts of the
Bjorken sum rule, as a function of Q2. Also plotted is the twist-two prediction for
the Bjorken sum rule, g

u�d
A
6

, and the N4LO perturbative corrections to the twist-two
prediction.

1.3.4 The Bjorken Sum Rule
Combining the elastic-subtracted moments for each quark flavour, we construct the
proton and neutron g1 moments from the charge weighted sum,

M̃
(1)

0,p
=

4

9
M̃

(1),inel.

0,u
+

1

9
M̃

(1),inel.

0,d
, M̃

(1)

0,n
=

1

9
M̃

(1),inel.

0,u
+

4

9
M̃

(1),inel.

0,d
. (1.72)

1.3.5 Higher Twist Matrix Elements
Beyond leading twist, QCD sum rules receive corrections from higher-twist operators
which are power suppressed in Q

2. For a given quark flavour f , the sub-leading twist
correction to the g1 structure function moment is given by [2–4]

Z
1

0

dx g
(f)

1
(x,Q2) =

1

4
a
(f)

0
+

m
2

N

9Q2

⇣
a
(f)

2
+ 4d(f)

2
+ 4f (f)

2

⌘
+O

✓
m

4

N

Q4

◆
. (1.73)

While a2 and d2 can both be calculated from conventional three-point function cal-
culations, f2 results from a twist-four operator and is expected to experience a high
degree of mixing with other operators on the lattice. Therefore, studying the Q

2

dependence of these structure function moments provides unique access to these
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(Full) Bjorken sum rule
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gA

c(4)(Q2)
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6
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Figure 1.14: Pure Q
2 corrections to the Bjorken sum rule.

1.4 Conclusion and Outlook
In this chapter, we have refined the calculation of the polarised Compton ampli-
tude from Ref. [1] to produce an evaluation of the Bjorken sum rule and associated
higher-twist corrections. Beginning with the derivation of the Feynman-Hellmann
relation, we showed the presence of state mixing arising from non-diagonal pertur-
bations to the Hamiltonian. Starting from the free quark case, we demonstrated
the implementation of a generalised eigenvalue problem to compute the perturbed
energies for non-diagonal perturbations. Furthermore, we highlight the impact of
discretisation artefacts on the calculation of structure function moments and showed
that a lattice operator product expansion [28] could tame these artefacts. Combin-
ing the GEVP with the LOPE method, we accurately calculate the lowest moment
of the g1 structure function for the free quark.

We then move to the nucleon case, where control over statistical and systematic
uncertainty became paramount to accessing the small energy splittings. Specifically,
utilising components of the unperturbed correlator aided in cancelling correlated
gauge noise between bootstraps, reducing the statistical uncertainty. Furthermore,
systematic control over the ordering of states following from the GEVP was neces-
sary to isolate a non-zero signal. Integrating all these controls into our methodology,
we computed the lowest moment of the g1 structure function across a range of hard

Power corrections in Bjorken sum rule
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Figure 6. The inelastic part of the GLS sum rule, Eq. (1), as a function of Q
2. We compare our results, M

(3),inel.
1,uu+dd , to

the experimentally determined elastic-subtracted GLS sum rule [6], and the parton model and perturbative QCD (pQCD)
predictions estimated to N3LO (Eq. (23) with Nq = Nu +Nd and higher-twist terms neglected).

contribution to the dispersion integral, Eq. (6), comes
from x = 1, hence for a nucleon at rest (the ! = 0 case),
Eq. (25) gives the elastic contribution to the lowest mo-

ment, M (3), el.
1

(Q2
).

Assuming a dipole parametrisation for both the axial-
vector and magnetic form factors, the elastic contribution
scales as 1�Q8, making it highly suppressed relative to
the leading higher-twist contribution, however, it would
still constitute a contamination. In order to estimate
the leading 1�Q2 higher-twist contribution, the elastic
contribution needs to be subtracted. We subtract the
elastic contribution from our moments,

M (3), inel.
1,qq (Q2

) =M (3)
1,qq(Q

2
) −M (3), el.

1,qq (Q2
), (26)

for qq = uu, dd, using the form factors determined on the
same set of lattice ensembles [62, 63] considering only
the connected diagrams, since there are no contributions
from disconnected diagrams to the leading-twist part of
the F3 structure function.. We adopt a dipole form for
the axial-vector form factors and parametrise the Sachs
magnetic form factors using a Padé approximant follow-
ing Kelly [64]. Further details of our calculations for the
elastic contribution are given in Appendix C.

In order to make a comparison to experimental deter-
minations of the GLS sum rule, we consider the uu + dd

moment, M (3)
1,uu+dd(Q2

) ≡ M (3)
1,uu(Q

2
) + M (3)

1,dd(Q
2
) and

show our elastic-subtracted uu + dd moments, M (3),inel.
1,uu+dd ,

in Fig. 6. The experimental measurements are taken from
Ref. [6] with the quasi-elastic contributions subtracted
and quoted errors added in quadrature. Our results are in
good agreement with the experimental points where the
agreement gets better as the lattice spacing gets smaller.

We note that the discrepancy between our elastic-
subtracted moments and the perturbative curve towards
the low-Q2 region is a genuine higher-twist e↵ect, mod-
ulo target-mass corrections. Our approach here paves the
way for an extraction of the higher-twist coe�cient from
a fully nonperturbative calculation for each flavour. A
caveat is that the higher-twist term in Eq. (23) is intri-
cately connected to the divergence of the perturbative se-
ries, and great care needs to be taken in defining �HT for
a rigorous estimation due to renormalon ambiguity mim-
icking a ⇤2

QCD
�Q2 behaviour [5, 65–69]. Qualitatively,

our results indicate a positive higher-twist correction as
opposed to the negative estimations of model calcula-
tions [58–61].

VI. SUMMARY

We provided a lattice QCD computation of the Gross-
Llewellyn Smith sum rule by extracting the first moment
of the parity-violating structure function of the nucleon
from a direct calculation of the forward Compton am-
plitude based on a Feynman-Hellmann approach. Cal-
culations are performed on two lattice ensembles with
volume 483 × 96 and lattice spacings a = 0.068 and 0.052
fm. Both ensembles have the quark masses tuned to the
SU(3) symmetric point yielding m⇡ ≈ 415MeV. Our
results cover the 0.5 � Q2

� 10 GeV2 range, which in-
clude the nonperturbative and perturbative regions. In
computing the Compton amplitude, we have considered
a weighted averaging method to control the systematic
errors arising due to the choice of fit windows in a stan-
dard two-point function analysis. Additionally, we have
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Figure 7. The subtraction function as determined from
Feynman-Hellmann with lattice artefacts removed accord-
ing to Eq. (18). The continuum OPE curve is also plotted,
calculated directly from Eq. (7) [21] using inputs from the
a = 0.074 fm configurations listed in Table I. As the scalar
charge is flavour dependent, we present the results for both
quark flavours (u and d).

A. Evaluation of the discretisation artefact

In Section IV, we derived a form for the lead-
ing discretisation artefact to our subtraction function,
Eq. (16), which for the proton takes the form �S1 =
CW (q, m0)2(amp)Z2

V gbare

S . The Wilson coefficient is de-
termined by inserting the dimensionless aq vectors and
the bare quark masses into Eq. (17). For our lattices
the bare quark masses are extremely small: am0 =
0.00674, 0.00545, 0.00574, for the � = 5.5, 5.65, 5.80 en-
sembles, respectively. This makes the effects of the
quark mass on CW (q, m0) quite small. For the ma-
trix element Z2

V hp| ̄ |pi we determine the nucleon mass
and vector renormalisation factor for each gauge en-
semble separately. The bare scalar charge, gbare

S , has
been determined previously from a first-order Feynman-
Hellmann calculation again for each of the ensembles
[44]. The lattice parameters are shown in Tab. I

In the top panel of Fig. 6, we plot the Wilson coef-
ficient, CW (q, m0), against the Q2 values for all three
gauge ensembles. We see in Fig. 6 that the Wilson coef-
ficient varies by as much as 12% among the different q
vectors, but smaller ‘jitters’ of ⇠ 5% are more typical.

In the bottom panel of Fig. 6, we plot the matrix ele-
ment, Z2

V hp| ̄ |pi, against the lattice spacing a. We see
that there is a linear dependence of the matrix element
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Figure 8. The proton subtraction function as determined
from Feynman-Hellmann with lattice artefacts removed ac-
cording to Eq. (18) and models included [21].

on the lattice spacing a. Thus we anticipate a slightly
larger correction to the lattice results at a larger lat-
tice spacing, as is suggested by Fig. 3. Moreover, the
‘jitters’ we see in the Wilson coefficient largely explain
the small fluctuations with Q2 in our lattice subtraction
function.

B. Improved subtraction function

Finally, we determine the improved subtraction func-
tion by removing the O(a) discretisation artefacts cal-
culated in Section IV using Eq. (18). Combining the
direct lattice subtraction function, Fig. 3, with the lead-
ing discretisation artefacts, Fig. 6, we present our final
results for the up (uu) and down (dd) contributions in
Fig. 7, and for the proton in Fig. 8. Included in both
plots (dotted curve) is the continuum OPE calculated
from Eq. (7) using gS and hxi from Table I.The results
presented in Fig. 8 are listed in Table III of Appendix
B.

We immediately observe an improvement in the Fig. 7
results as compared to Fig. 3, with the asymptotic Q�2

behaviour restored for large momentum. Putting the
results together to determine the subtraction function
of the proton, Fig. 8, we observe a similar phenomenon.
It appears as though S1(Q2) follows rather simple Q�2

behaviour down to Q2
⇡ 1 GeV2. Given the large size

of the leading discretisation artefacts in Fig. 6, remov-
ing these artefacts from Fig. 3 is sufficient to shift the
points upwards into the positive domain. This upwards
shift brings the results into remarkable agreement with
the continuum OPE in Ref. [21]. Furthermore, the three
sets of results at different lattice spacings are very con-
sistent with each other.
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Figure 5. Comparison of the LOPE corection, �S(ff)
1 , and

the Feynman-Hellmann (FH) results, for a free fermion over
a range of q values.

Free fermion

To investigate the effectiveness of the LOPE correc-
tion �S1, we briefly consider the simple case of the
free fermion. Applying simple QED, we can derive an
analytic form of the forward Compton amplitude Tµ⌫

which, under the conditions µ = ⌫ = 3 and p3 = q3 = 0,
reduces to T33 = 2!2/(1�!2). At the subtraction point,
! = 0, the amplitude for a free fermion (ff) therefore
vanishes. Setting Simp

1 = 0, Eq. (18) then reduces to:

SL (↵)
1 (Q2) = ��S(↵)

1 , (19)

where SL (↵)
1 (Q2) is the free fermion lattice calculation

of the subtraction function, which can be determined
from Feynman-Hellmann using a single perturbed prop-
agator as in Eq. (9) (i.e. we do not form multiple Wick
contractions as in a hadron), and using unit gauge fields,
Uµ = I, in the fermion matrix. We perform this calcu-
lation with a lattice size N3

L ⇥ NT = 323 ⇥ 64, and
for values of the hopping parameter, , in the range
 = 0.0956�0.1248, which correspond to dimensionless
bare masses in the range am = 0.0064�0.5. The results
of this calculation are shown as the hollow data points
in Fig. 4. As for �S(↵)

1 , up to higher order corrections
in a, it takes the form

�S(↵)
1 = CW (q, m0)2(am0)g

bare

S (20)

where m0 is the free fermion mass and we have taken
gbare

S = (1 + am0)�1 and r = 1.
In Fig. 4 we plot the FH results, the discretisation

artefact in Eq. (20) (solid curve) and our 2006 result
(broken curve). We observe that, as a function of am0,
the LOPE agrees well with the numerical Feynman-
Hellmann results up to am0 ⇡ 0.5. Comparing this
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Figure 6. The two components of the leading lattice artefact
to our calculation as in Eq. (16). The upper panel shows
CW (q,m0) for each kinematic point reported in Table II,
while the lower panel depicts Z2

V hp| ̄ |pi. The total lattice
artefact is given by �S1 = CW (q,m0)2(amp)Z

2
V gS .

LOPE with our 2006 LOPE result (which did not in-
clude the bare mass contribution) also suggests an im-
provement in the correction. Similarly, in Fig. 5 we see
a strong agreement between SL (↵)

1 (Q2) and �S(↵)
1 as

a function of q2. For the smallest am0 ( = 0.1248)
in particular, the agreement is excellent, and also holds
to large q2. It’s also interesting to note that, despite
minor fluctuations in �S(↵)

1 , the discretisation artefacts
for the greater am0 results are largely q2-independent.

For the free fermion we expect a strong agreement
between the LOPE and numerical Feynman-Hellmann
results, as SL (↵)

1 (Q2) vanishes in the continuum. There-
fore, the agreement of these results suggest that the
LOPE is a good parameterisation of our dominant dis-
cretisation artefacts, both in terms of the larger O(am0)
artefacts as well as the smaller O(aq) effects.

V. PROTON SUBTRACTION FUNCTION

We present the application of the LOPE expressions
to the uu and dd subtraction function results obtained
in Section III, and conclude by constructing the proton
subtraction function.


