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Kaon Electromagnetic Form Factors

Key Motivations

€ Kaon Electromagnetic Form Factors
g The Internal Structure of Hadrons
electron-kaon scattering

* how quarks and gluons are distributed inside the kaon

+ / L + _ 2 1 i
(KT (P)|JLL | KT (P)) = Fr (Q7)(P* + P*) Test Predictions of QCD

Thn = 2 eshpy by

Understand Flavor Symmetry Breaking

“electron-kaon elastics experiment data”

A. Accardi,..., T. Horn, et al., “Strong Interaction Physics at the Luminosity Frontier
with 22 GeV electrons at Jefferson Lab”, Eur. Phys. J. A 60 (2024) 9, 173
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Light-Cone Distribution Amplitudes (LCDAS)

QCD Factorization

y
eofs] (@) (-r

FK(QZ) :dedYQEK(X;QZ) QbK(}’»QZ)

* Hard scattering kernel (T) calculable in perturbative QCD.

e Light-Cone Distribution Amplitudes (¢) encoding the non-
perturbative structure.

mm) | [attice QCD




Light-Cone Distribution Amplitudes (LCDAS)

Lattice QCD LCDAS

Euclidean space Minkowski space

. * light cone, defined by x? = 0
A non-perturbative approach to _ , | _ . .
Wick rotation t— —it = Minkowski — Euclidean

studying QCD on a Euclidean space )

:L'E:T2+\:Y:|220

There is no notion of a light-cone in Euclidean space.

Lattice QCD
X Directly > Direct calculation of light-cone objects is
LCDA impossible on a Euclidean lattice



Light-Cone Distribution Amplitudes (LCDAS)

Operator Product Expansion

Light-Cone OPE Gegenbauer OPE

¥

The Moments of LCDA: Mellin moments

L

Heavy-quark Operator Product Expansion

Mellin moments provide the bridge between
light-cone physics and Euclidean LQCD.



Light-Cone Distribution Amplitudes (LCDAS)

(1+¢&)p/2
AT p
(1-§)p/2 Px
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1
(Q Ya(@yy vs Wiz, —zlpg(=2)|[K* (p)) = if Puf dE e P 2 (&, u?)
1

* [y isthe pseudoscalar kaon decay constant and I/ is light-like Wilson line

LCDA can be interpreted as the probability amplitude for a collinear
guark-antiquark pair with momentum fractions

¢K(€' MZ)
* i (=&, 1°)




Light-Cone Distribution Amplitudes (LCDAS)

@ Gegenbauer Operator Product Expansion
2 3 2 2
b(u?) =71 =€) ) $, ()
n=0
2(2n + 3)

3(n + D(n + 2)
C3?(©) =1,¢27%(9) =3¢,63/%(8) = (-3 +15¢2) /2

1
j dE C2(8) Gr(E,u?)
~1

Gegenbauer moments: ¢,(1) =

€ Mellin moments: (EM) = fl dé Enp (&, u?)
-1

5 7
bo=() =1  $1=3 (&) ¢r=75 (56— ()

Mellin moments can be expressed as linear combinations of Gegenbauer moments.



Light-Cone Distribution Amplitudes (LCDAS)

@ Gegenbauer Operator Product Expansion
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Lattice QCD calculation of the second moment of the pion distribution amplitude.



Light-Cone Distribution Amplitudes (LCDAS)

@ Gegenbauer Operator Product Expansion
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The Kaon LCDA asymmetry is clearly visible when (£)>0.



Light-Cone Distribution Amplitudes (LCDAS)

@ Light-Cone OPE

(0]] p, v Hoys (iﬁ“l) (iﬁ“n})lpB — trace||K*(p))  twist = dim - spin

= fx (") [p*o p* ... ptn — trace]

{---} denotes total symmetrization of the Lorentz indices

Each Mellin moment is related to a matrix element of a local, twist-
two operator in the light-cone OPE.



Heavy-quark Operator Product Expansion (HOPE)

Limitations of Traditional OPE on Lattice:

Each Mellin moment corresponds to a local twist-2 operator
Higher moments = higher spin - more derivatives.

The lattice regularization
breaks the full rotation
group SO(4)

On the lattice:

The loss of symmetry on the lattice leads to severe operator mixing,
power divergences and renormalization challenges, especially for high-
spin (high-moment) operators.

For operators of spinn >4

they mix with lower
dimension operators and
the mixing coefficients
contain power divergences.

-> Traditional OPE infeasible beyond the first few Mellin moments

® (£2) =158+0.23 ® (£2) =0.26+0.13

S. Gotthieb and A. Kronfeld, Phys. Rev. D33 (1986) G. Martinelli and C. Sachrajda, Phys. Lett. B190 (1987)
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Heavy-quark Operator Product Expansion (HOPE)

Limitations of Traditional OPE on Lattice:
Each Mellin moment corresponds to a local twist-2 operator
Higher moments = higher spin - more derivatives.

On the lattice:

The loss of symmetry on the lattice leads to severe operator mixing,
power divergences and renormalization challenges, especially for high-
spin (high-moment) operators.

-> Traditional OPE infeasible beyond the first few Mellin moments

The lattice regularization
breaks the full rotation
group SO(4)

For operators of spinn >4

they mix with lower
dimension operators and
the mixing coefficients
contain power divergences.

the short-distance operator product expansion (OPE) of a current-current correlator

Heavy-quark Operator Product Expansion (HOPE)

J4(z/2)  J5(

heavy quark

No power-divergent operator mixing

Enables extraction of higher-spin

K*(p)

The moments can be extracted through fitting correlator




Heavy-quark Operator Product Expansion (HOPE)

& Hadronic Tensor

J4(z/2)  JE(=z/2)

heavy quark

V¥ (p,q) = [ d*z e Z(Q|T{]; (z/2)]}(—z/2)}|K* (p))

Ja(2) =T (2) v* vs Wa(2) +Pa(2) v* vs ¥(2)
W is the fictitious valence heavy quark

K™ (p)

HOPE allows extraction of matrix elements with Wilson coefficients
& Mellin moment.

>H1 ., . >Hn UVl f 2 2
Oi (‘Z s ) Oi:i—"*l"'ﬁn(#)

T{J"(2/2) J"(—2/2)} = )

1,1
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Heavy-quark Operator Product Expansion (HOPE)

LQCD calculations:
3-point correlation functions
— extract hadronic tensor

vievl(g,p)

QCD perturbation theory:

Fittin
2 One-loop Wilson

coefficients C‘%l )

VIEvli(g,p) =

LQCD calculations

—2 i ghvpo i n n
et fKZC< (0% k7 mw)(f”)( )

QCD perturbation theory

Q*=—-¢"+m§ @=Q2p q)/Q
Fit parameters:
*(¢™) — Mellin moments

e f- — kaon decay constant
emy — fictitious heavy quark mass



Analysis Method & Technics

»Generalized Eigenvalue Problem (GEVP)

»extract energy spectra from correlation matrices.

» Akaike Information Criterion (AIC)
»select the one that best balances goodness of fit and model simplicity.

»Shrinkage Covariance Estimator
»improves condition number, stability, and invertibility of covariance matrices.




Analysis Method & Technics

»Generalized Eigenvalue Problem (GEVP)

* Helps reduce contamination from higher excited states at short time
separations.

* Multiple operators in the correlation matrix improves statistical precision

Ci;(t) = (0]0:(£)0}(0)]0)

O(t) Vi (t. t{j) — )\” (t.. tﬂ) C(tu) ’Un(t? t(])

-+- NO N20 N40 N60
-t- OP

effectmass
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o))}

Isolates excited states more cleanly
than single-operator
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Analysis Method & Technics

»Shrinkage Covariance Estimator

Ledoit-Wolf Shrinkage |Siyy = (1 — \)S + AT

Where S is the sample covariance and T is the identity scaled by average variance.
The optimal shrinkage parameter A* minimizes mean squared error (MSE) to the covariance.

Ledoit-Wolf )
Sample Covariance (shrinkage parameter = 1.053e-03) Sample Covariance
le-11
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improves stability and invertibility
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Hadronic Tensor

@® Fourier transform

V‘W(p,q) / dr e'™ R‘“L (7,p,9)
0

J4(z/2)

Je(=z/2)

* Separated by real and image parts q

Re V- (p,q) = / dt sin(qet) - Tm | R}/ (6P, @) — Rl - (P, )
0

IngE’ v (p,q) = /0 dt cos(qat) - Im [Rgﬁf]ﬁ( P, d) + RZJ I](+( —t;p, q)}

ys-Hermiticity | R} k. (t;p,q) = — R}l . (—t; —p,q) (b)

Jx(z/2)  Jp(=2/2)

o0

dt sin(qt) Im _RE?;](_ (t;p,q) — Rgflf;]ﬁ (t; —p, Q)]

Re Vzgﬁj;ih (pa Q)

o0

S~ o

m V' (p, q) dt cos(gat) Im _RE?EL (t;p,q) + R (t; —p, Q)}



Hadronic Tensor

@® Fourier transform

1.0 4

0.3 1

Gelf

=0.5 -

=1.0

ReV/5(pq) = [ dt sinfast) - m [} (tip. @) — R/ (~tipo)

Re V% (D, q)= /0 dt sin(gst) Im [RE?,’}](— (t;p,q) — R\ (t; —p, q)]

0.0 ~

le=7
R-'.f"'[fr'ﬂ-le—R;f.“:[—t:p,q]
REI[t: p. g1 - R -t p. q]
REIt: p, ) = RIEYIE: = p.q)
R"“"[f p.ql=REYE - p.q)
"t + | + - - ) i R
| 1y

W

Statistical Noise Cancellation by Symmetrization

Correlated difference

— needs delicate cancellation

— works better if terms are highly correlated

— use t>0 and t<0 at same current insertion times
— enhanced stability.




Hadronic Tensor

@ Separated by even and odd Mellin moments

—21i etvpo " @=2p-q)/Q*
vievi(g,p) = 1p Po fx 2 C(n) (Q?, u?,m )(f")( ) @>™: even function of g
Q2 @21 odd function of g
up to order &3
95 eMPT g i
VIila,p) = =5 i[O + 00 + OR(E06 + O (€)a° + 0@

* Antisymmetric (odd under g - -q) — Even Mellin Moments

1 s\ 2 g, o
S0 vy = R i [ + 0@ (e)a* + 0]

* Symmetric (even under g - —-q) — Odd Mellin Moments

1 _9j hvrog
SV Vi) = K (e 0+ o (€5 + 0@




Hadronic Tensor

@ Separated by even and odd Mellin moments

 Symmetric (even under g - —-q) — Even Mellin Moments
Leading order of real part

1 —24 e
(V= Vi) = == @zq”p“fK O | +/ow €)@+ o@*)

ZiEKQ4+P'q

This dataset shows a strong

w(p,q) = 0 Leading order of Image part signal, allowing us to fit
stable parameters (fx, my).




Hadronic Tensor

@ Separated by even and odd Mellin moments

 Symmetric (even under g - —-q) — Even Mellin Moments

Leading order of real part

1 —2i P g, - i
(v — vy = 2ET Ik o, 60 a]+ o)

Qz
. This dataset shows a strong
- Bk +P-q . . . .
w(p,q) =2 0 Leading order of Image part signal, allowing us to fit
stable parameters (fx, my).
Step 2
Step 1 >

— Fit from Real Part (Even Moments):
With fx and my fixed from Step 1
— fit the second Mellin moment (EZ>

— Fit from Imaginary Part (Even Moments):
—> extract the parameters fg, my

fit the first and third Mellin moment



One Loop OPE Fitting

1 —21e"P?q,p, f
- (VR YR — pPolK | ~(0) (2) /¢2\ ~2 ~4
Imaginary Part 2(1/; VE) = & [CW + Cy/ (€)@ + O(@)
Veven.rm for N304 kappa_h=0.124500
tree level
, , , ' ! x%: 1.39e-03
! [ ! - [ [ 1 2.027e-02 +- 1.213e-04
R LI [ N TN [T {:%q, 6.7030.01 +- 1161e-03
one loop
. X% 159e-05
: | | : | fr: 3.914e-02 +- 2.342¢-04
7 R e o L Al St el my: 6.559e-01 +- 1.417e-03 -

1 ] ] H i ! ! !

0.0022 = ==mmmmemmmn e —————— g o i R A SR ¥ I S N
] I ! f , I

0.0020 +-1

1

1

0.0018 +-}

1

0.0016 + -

data

Tree Level:
fr = 0.1632 £+ 0.00098 GeV
myg = 2.735 + 0.00468 GeV

One Loop:
fr = 0.1576 + 0.00094 GeV
myg = 2.641 + 0.00571 GeV

_______________________________________________________________________________________________________




One Loop OPE Fitting

Real Part

vy —21€"qpp, - "
(Vg vy = RS BRIE (6 4 o (¢)a? + 0]

1
2

Viven.re.sup for N304 kappa_h=0.124500

tree |evel

1.0 v 4.58e-02
(&7): 1.741e-01 +- 1.416e-02
ane loop

% y°: 5.34e-03
(&%) 1.961e-01 +- 1.328e-02
- data
U3 == e === == === = e e e i e o el e e .
* Tree Level:
(£2) = 0.1741 + 0.0142
ATV S S VAN, S, . . S — T ———

* One Loop:
(€%) = 0.1961 + 0.0133
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Continuum Limit Extrapolation

: A
(&%) (a,my) = (£?) + — + Ba* + Ca*my + Da*m3,| + Ea®m?

My
contaminated by both lattice artifacts and higher-twist corrections ] T T
450 Fixed myg,,.. to be physical
where (¢2), A, B, C, and D are the fit parameters
N305 5
400 L B451
H107
[ 350 - N204 B452
fic (Gev)  0.1576 + 0.00094 - oot
Esoo -
my (GeV) 2.641 £ 0.00571 = N2op  N4s0
E H106
a = 0.049fm (€') (m)  0.03656 +0.00353  ® ® ©® 20
(€') Re)  0.03134 + 0.00261 200 |
(%)
0.1961 + 0.0133 50 L
\ p physical
o | | | | | |
° 0  0.002 0.004 0.006 0.008 0.01
° a?[fm?]

Planned our calculations on these CLS ensembles



Continuum Limit Extrapolation

: A
(&%) (a,my) = (£?) + — + Ba* + Ca*my + Da*m3,| + Ea®m?

Ty
contaminated by both lattice artifacts and higher-twist corrections T ‘ T
450 + Fixed m__. .. to be physical
strange phy
where (¢2), A, B, C, and D are the fit parameters
400 N305 B451
H107
Second Moment (¢°) vs. (a?) for Different Ensemble 350 - Nog4 B452
0.18 ¢ B451, my: 3571 (GeV) N304
- ? B45L, my: 2.923 (GeV) =
016 B451, my: 2.208 (GeV) © 300
' B452, my: 3.564 (GeV) Ek. N450
0.14 ! B452, my: 2.913 (GeV) E N201 H106
B452, my: 2.284 (GeV) 250 |-
0.1 1] L N450, my: 3.551 (GeV)
a0 ? L N450, my: 2.895 (GeV)
e 010 - N450, my: 2.258 (GeV)
’ $ N304, my: 4.991 (GeV) 200 +
. ¢ N304, my: 3.974 (GeV)
0.08 L b N304, my: 2.996 (GeV)
. F N305, my: 4.993 (GeV)
000 % } N305, my: 3.974 (GeV) 150 |- .
oot | N305, my: 3.000 (GeV) P physical
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 ‘ ' : : ' :
a? (fm?) 0 0.002 0.004 0.006 0.008 0.01
a® [fmz]

Planned our calculations on these CLS ensembles



Summary

* We use the Heavy-Quark Operator Product Expansion (HOPE)
to access the moments of kaon LCDAs from Lattice QCD
calculations.

* The extracted second moment is comparable to recent
lattice studies, validating the method.

* This framework connects Euclidean Lattice calculations to
light-cone physics via perturbative OPE and matching.

Future Work

 Implement one-loop Wilson coefficient fitting in time-
momentum space

* Incorporate more lattice ensembles to improve continuum
and chiral control



Heavy-quark Operator Product Expansion (HOPE)

LQCD calculations:—> extract hadronic tensor VI# V](q, p)

Ca(r,p) = / d*z e®* (0|0 (7, %) 0} (0,0)[0) = (0|Ok (7, p) O} (0,p)|0)
2-point correlator is saturated with the contribution of the lowest-lying hadronic state

1Zk (p)[* —Eg —Eg (p)(T—
Co(7.p) ~ e Ex(P)T 4 o Ex(p)l f)}
(TP~ e ()

— extract: Overlap factor Zx & Kaon energy Eg

O (7o Tons Pes Prn) = /d3$6 Bz e'ipe-}{ﬁweipm'xm<0‘7' [Jﬁ(?'egxe) J5(Tms Xim) OL—(U) 0)

Zg(P) By(p)(nin)/?

C'LW es Tms Pes Pm) RM (T3
dgs _,
R (+. p. _ 12 eTiaT Y ()
(7,p,q) / om) (1, q)




Heavy-quark Operator Product Expansion (HOPE)

D . ( (JE) I 1;{) Fmay
vr(gma) = [dzeT T/ T5-2/D) =T — iy
” (iD + q)% +m}

i (,E) i g) i M 1 (,ﬂ@ | l:{) } T Zx: ( 21 { - -b

(iD + )2 A m2, Q*+D?—mg =5 \Q?*+ D? m%,) [Appendix a.]

HOPE allows extraction of matrix elements with Wilson coefficients.

Hi , .. ~Hn )
TLI(2/2) T (220} = 3 T O ) O
1 —21€e"P7 q, ps () ¢ A2 (@
Vi p) =——7, fKZc (2 12 me)E™) | 5

Q?=—q*+m§ @=2p-q)/0>
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. L1/ (2'@' ] ) et (2(17 -n) ~
+?‘gﬁ. Z - QQH = Czaﬂ(Qz m,([; H )On V ( )
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VeIl
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,uu 1 Hn _ _ 2 2 2 1. n
My E > o2 Cs.n(Q%, my, )0k (1)

EVeElIL
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