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TMD factorization

e Aqep S 191 < Q

o b, transverse dependence,
conjugate to ¢

o (a,Cp, Collins-Soper (CS)
scale related to rapidity
divergences

Drell-Yan scattering

do " op LG
dQdY g, 2; /d e

2 A2
q QCD
X 1+0<Ql2, 02 >‘|
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TMD factorization

Leading region has contribution from
soft momentum states

o Need to regulate rapidity divergences
present in beam and soft functions

v, rapidity renormalization scale

Form of rapidity scale depends on
choice of scheme (e.g. Collins
scheme)

»
>

Drell-Yan leading region [Collins, 2011]

do I
= d2p, efbr-ax
dQdYdq, 2; k/ -

2 A2
(¢] QCD
1+O<é’02ﬂ
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Naive soft function:

S(bJ_,G)

1 - = o = = = 5 =
=T Si(b1)Sa(b1)S, (—oom; by ,0,1)S1(01)S,(01)S! (—con; b1,0,)|0)

Soft Wilson line: ¢

0 N s
Sh(x) = Pexp{—ig/ dsn* A, (x + sn) } A i

Lightlike vectors:
n=(1,0,0,1),

n
n? =0, =0
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Rapidity divergence

/dk+dk— 1 1 1
(2m)2 ktk— — k3 —m24i0 k= —i0 kt +i0
" " 7/ da 1 1 /“d
) @rRa-K —m+ioa—io) "7
ik =n-k, kt =n-k, kT = kO + k3
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Off lightcone regulator

Spacelike Wilson lines: Timelike Wilson lines:
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One loop result in Minkowski space

One-loop result in Collins schemes [Collins, 2011]:

S(bi,€,ya,yB)
asCr (1 2 2 L+ eomve)
=1+ <e+'n(muoe“) 2= 2 - yeli—ate—m

s YB—YA)

} +0(a?)
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TMD evolution and Collins-Soper kernel

Evolution kernel:

dfy (X, El,,u,C)

Y, ¢) = dlog

Collins-Soper (CS) kernel:

dlog f, (x, b, u, g)

Kes(bo, p) = dlog /¢

Sq(bi,ya, ye, 1) = Sy (by, p) e?Kestbrm)ya=ye) (1 +0 (e_z(yA_yB)»
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Relevance to lattice extraction of TMDPDFs

it (x, EJ_,[LE,XﬁZ) =G (X:E)Z,,u) exp %Kcs (w, b1) log 2] e (x7 EJ_,/LC)

1 A%}CD
: {1 - <(me) (xﬁz>2)}

[Ebert, et. al., 2019], [Ebert, et. al, 2022]

o Perturbative matching kernel: C,

e quasi-CS scale: f: X2mI2792(Y;5+}’B—Yn)
o quasi-TMDPDF: £,

o TMDPDF: f,

o CS kernel: Kcs
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© T heoretical motivation

Wayne Morris (NYCU) Workshop on PDFs in the EIC era June 18, 2025



In Euclidean space

Euclidean space directional vectors with purely imaginary time components

fia = (ing,0,0,n3), fig = (in%,0,0,n%)
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Soft function in Euclidean space at one loop

Calculation in coordinate space at one loop:
S(l) (bJ_a €, Ia, rb)

aSC,: (1

27T E"_ln (ﬂ_bi,u%e’yg)> {2+|0g (ra_]-)(rb_]-)

(ra4+1)(rp+1)

ra+rp

rarp + 1}

[fap] > 1, ngn%(rarb +1)>0

Wayne Morris (NYCU) Workshop on PDFs in the EIC era June 18, 2025



Finite L computation at one loop

For L — oo and ra, ry — 1(ya, —ys — 0):

Sratio (bJ_7 a, ra, Ip, L)

w5 (o e (i) e ()

b2,a* b3, a° by L L
_1) 2tk B
+O (Lz(ra’b_l)v L2 ’(ra,b ), 2 B a, bl,ozs
Tension between r, , — 1 and rab;_]- J

Compare with large rapidity expansion of Soft factor:

Sc(bi,ya—ys,p) = Sy (by, ) (P 10ave) <1 +0 (6_2(y*‘_y5)))

ra,p = 1.1
Ya,—yg ~ 1.52

e~ 2va=y8) ~ 0.0023
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Treatment of divergences

Two methods for removing UV and power divergences.

o Method 1: Ratio

S(by,a,rarm,L) Sy

S:(bl_aan ran_raaL)g(bJ_va.»_rbvrbv[-) v SASB

This method gives the soft function as well as the CS kernel

o Method 2: Double ratio

. . 211 22,2
S(bii,a,n,n,L) /S(bii,a,r,mn,L) - Sbity bty
S(bro,a,rn,n,L)/ S(biz,a,r,mr,l) 513511),5};%,

We can only obtain the CS kernel from this method
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Ratio

x>

L L

I

g(bLaav ra, v, L)
\/§ (bJ_vav ra, —ra, L)g(bJ_vav —Ip, I'b, L)

Sratlo (bLa a, ra, I'p, L
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o For large lattice time, 7:

Seatio (bs ray by a,7) = Siat (b, ya, yB, a)

b’ ,a* b?,aP
@ L L -1
#0 (s Sy T e 1)

o Construct matching between lattice and continuum renormalization schemes

S(bJ_yyAvyB7/J“) = C(yAvyB7l~Lva) X §1at (bJ_’}’A,YBaa)

o Get CS kernel from soft function

S(bi,ya ys 1) =S (bi,p) e2Kes(bi,p)(ya—ye) (1 +0 (e—2(}’A—yB)>)
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Double ratio

by 1 by

Sdouble (b1 ,1,b1 2,8, r1,m, L) =
bl,z bL,l

~§ (bL,la a,rn,rn, L)

o 5 (bL,la a, rn,n, L)
S(bi2,a,m,m,L)

B 5 (bL,2a a,r,n, L)
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Double ratio

o For large lattice time:

)= Stat (bi1,r1,1) [ Siae (b, 12, 1)
Stat (br2,r1,11)/ Siat (bi2, 1, 1)

+O b%—b% 1 . 1 7327I’1)2—1
72 n—1 rn—1 r1’2+1

o Match between lattice and continuum renormalization schemes

Saouble (b1 1,b1 2,8, 11,0, T

Sdouble (b1 1, b1 2,18, 11, 1) = C (11,12, 1t,a) X Sdouble (b1,1, b1 2,8, 11, )

o We can then extract the CS kernel relative to it's value at another value of b :

Kos (b1 1, 10) = Kos (b pt) + L 1og (Saouble (b1,1, b1 2, 11,11, 12))

n+l / n+l
|Og (rlfl/Qfl)
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@ Lattice implementation
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Auxiliary field definition of the Wilson line

Write Wilson line in terms of one dimensional ‘fermions’ that live along the path:

P exp {—,'g /Sf dsn*A,(y(s)) }
=2z /Dwm? i) exp {ig / dsidsp — n - A }

[Gervais, Nevau 1980], [Aref'eva 1980]

Auxiliary field propagator:

(y) Eu(;lidﬂ> space

in- DH,(y) =6 —ifi- DEHz(y) = 6(y), i = (ing, M)

Meaningful solution only obtained with a UV cutoff [Aglietti, et. al. 1992],
[Agglietti, 1994]
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Butterfly and rectangle factors

o Large 7 form of butterfly and rectangle loops from UV cutoff effects:

¢ & —
Sbﬂy =S (bJ_7 a, la, Ip, T) i eQTrT(ra+rb)/a/7_4

~ ~ —ea oy
SA g (bLa ar., —r, 7_) T e47T(Tfa lz)/a/,]_4

=~ ~ — 00 g
S = §(b1,a,—rb, 1o, 7) T—00 e47T(be+IZ)/3/T4

o Expect to see real and imaginary contributions to §A,B
o Combined factor \/54Sg, should be purely real
o In theory, these cutoff effects cancels in the ratio

o The double ratio only concerns the ‘butterfly’ factor, so the cutoff effects easily
cancel
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0 Results so far
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Details of lattice calculation

o Use auxiliary field definition of the Wilson line
[Gervais, Nevau 1980], [Aref'eva 1980], [Aglietti, et. al. 1992], [Agglietti, 1994], [Horgan, et. al., 2009]

o Using Nf =2+ 1 flavor PACS-CS configurations

o non-perturbatively O(a)-improved Wilson quark action and lwasaki
gauge action

o 323 x 64 lattice with a = 0.0907(13) fm
[PACS-CS '09, '11]

o 400 configurations
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Denominator loops, THYP 2 step

140 THYP2
16384 sources |
120 1 Parferss 120
100 100
THYP2
804 32768 sources
801 dob p=dd-10-2
1610~
60 607 Orer = 3.5-10°
40 401
204 204
04 04
—— ——
p——q p——
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R(Sa) Z(Sa)
1401 THYP2
16384 sources 120 4
120 4 p=4-10"1
o=21-10"" 00
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Numerator and combined denominato
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APE smearing

o 500 steps of 4D APE smearing:
U
Up(n) = (1 = a)Uu(n) + 5 > Gl

V#u
Cun(n) = Un(n)Uu(n+ D)Uy (n + p)f

+ Uy (n— D) U,(n—D)U,(n— D+ 1)

o Expect this to smooth out fluctations due to UV divergence in auxiliary
propagator
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APE 500 steps

4DAPE 500 st B 4DAPE 500 st
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Numerator and combined denominato

140 4 4DAPE 500 steps 4DAPE 500 steps
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Denominator, APE 500 steps

3x 1001 = 4DAPE 500 steps 4DAPE 500 steps
o~ I %= 2048 sources 014 F 2048 sources
Be <. 4DAPE 500 steps - 4DAPE 500 steps
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004 =
=
2 014
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—0.24
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0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
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o <
2% 10 - 0.2
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o Exponential decrease up to 7/a = 6, then cutoff effects begin to dominate along with large
fluctuations due to phase factor
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Numerator and combined denominator, APE 500 steps

x10-11
4DAPE 500 steps 4DAPE 500 steps
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o Top row: ‘Butterfly’ shows decrease up to 7/a = 4 before cutoff effects dominate
@ Bottom row: Combined denominator still suffers from complex phase in large 7 region
@ No plateau in region of 7 with suppression of cutoff effects
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Numerator and combined denominator, APE 500 step

X107
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Conclusion and outlook

o Euclidean space calculation of soft function has a direct mapping to
Minkowski space result

o High precision for ‘numerator’ factor, so double ratio method looks
promising

o Improvements in precision with increased statistics, but poor signal for
denominator factors at ~ 30000 sources

o 4D APE smearing gives significant improvements at 500 smearing steps,
but we don't see a plateau for ratio method at 7 =7

o Measure on finer lattices, and use gradient flow for ratio method

o Currently working on an extraction using double ratio
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