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Question: 
Can we apply bootstrap/positivity bounds to the real world?



IR Positivity from UV
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IR Effective field theorists:
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Positivity for Real World?

• Many real world theories (SM/GR) contain  
massless particles and lower order interaction 
which yield branch cuts in the IR


• IR branch cuts correct positivity bounds


• IR branch cuts induce RG running

Arkani-Hamed, Huang, Huang; Bellazzini, Riembau, Riva;  
Beadle, Isabella, Perrone, Ricossa, Riva;  Chang, Parra-Martinez; 
Ye, Cao, Wu, Gu; …

not small for pions

s-channelu-channel
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Question: 
When does RG preserve tree-level positivity?

?



Standard Model EFT



Standard Model EFT (SMEFT):
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Risen as a popular scenario  
for experimental searches

Figure 1. The 95% probability bounds on the Wilson coe�cients for dimension-six oper-

ators that a↵ect the top-quark production and decay measurements listed in Table 3 after

run 2 of the LHC (in dark red) and prospects for the bounds expected after completion of

the complete LHC program, including the high-luminosity stage (in light red). Only linear

terms proportional to ⇤�2 are taken into account in the dependence of the observables on

the Wilson coe�cients. The individual bounds obtained from a single-parameter fit are

shown as solid bars, while the global or marginalised bounds obtained fitting all Wilson co-

e�cients at once are indicated by the full bars (shaded region in each bar). The correlations

between the Wilson coe�cients obtained in the global fit can be found in App. B.

improving the accuracy of fixed-order predictions beyond the factor two envisaged

in the S2 scenario, which already assumes significant advances in the theoretical cal-

culations, will lead to a direct improvement of the sensitivity. This will, however,

likely require N3LO precision for 2 ! 3 processes with top quarks in the final state.

The boosted regime is indeed confirmed as one of the keys to improving bounds

on the operators that a↵ect the top-quark pair production process. In particular, the

high-mtt̄ tail of the top-quark pair production measurements provides a significant

reduction in the allowed regions of the four-quark operators, which shrink by a factor

between two and five (depending on the operator) thanks to the enhanced sensitivity

in this regime and the more pronounced improvement in the measurement. This

e↵ect is present even in a fit that only includes the linear (O(⇤�2)) terms in the

– 7 –

HI-LHC will improve the 
constraints by several factors

[2205.02140][CMS-CMS-TOP-22-006]



dim 6 dim 7 dim 8dim 5

2 84 30 993# of interactions

Order dim 4

Standard Model

Standard Model EFT (SMEFT):
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Challenge: Rapid growth of the complexity
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[Henning, Lu, Melia, Murayama]

Goal: find universal structures agnostic about UV details



Why going beyond tree-level and dim-6 operators?

• Scale separation: comparing data from different scales 


• High cutoff: the cutoff can be high bounded by low-energy precision measurements


• Observables: the leading correction may starts at dim-8 or loop level


• Light-by-light scattering. EWPD. Higgs decay.


• RG running can bring tree-level induced operators to these observables


• Interference: the dimension-6 operators may not interfere with SM 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� ⇠ (dim-6)2 + (SM)⇥ (dim-8)

[e.g. see Grojean, Guedes, Nepveu, Salla]

[Azatov, Contino, Machado, Riva]

[Snowmass white paper: Alioli et al., 2203.06771]



Positivity for the SMEFT?

• Positivity for the SMEFT would be interesting for


• further trimming down the parameter space


• violation implies exotic UV completion

[Remmen, Rodd ’19]

experimental
bounds

c2

c1

region forbidden
by IR consistency

parameter space

Figure 1: Schematic depiction of bounds derived in this work. For the example of an observable
sensitive to two SMEFT operators, O1 and O2, data can weigh directly on the allowed parameter
space for these operators, as shown by the yellow contours in the figure. However, much of the
parameter space is inconsistent with fundamental underlying properties of quantum field theory,
and any theory with couplings in the forbidden region would depart significantly from standard
assumptions about the form of UV physics (causality, unitarity, etc.). Consequently, our bounds
can be viewed as placing strong theoretical priors on the parameter space of the SMEFT.

Einstein-Maxwell theory with applications to the Weak Gravity Conjecture [67–71]. The IR
consistency program, taking a bottom-up approach to constraining EFTs, has evolved in tan-
dem with the swampland program [72–74], which constrains EFTs compatible with quantum
gravity via a top-down perspective, examining the space of string theoretic UV completions.

Despite this progress, IR consistency bounds from analyticity and causality have not been
systematically applied to the full SMEFT itself. The present is an especially compelling time
to do so, given that bounding and measuring SMEFT coefficients will be a focus of current and
future precision particle physics experiments. The consistency constraints can be applied to the
results of such experiments in at least three ways. First, constraining the space of possible EFT
coefficients leads to enhanced statistical power for experiments sensitive to these operators,
since one can incorporate IR consistency bounds into the prior probability distribution. A
schematic depiction of this interplay between the bounds derived in this work and experimental
constraint is shown in Fig. 1. In total we will derive 27 independent bounds; if each were as
simple as requiring a certain operator coefficient to be positive, then this would represent a
factor of 227 ⇠ 108 reduction in the parameter space. This is just a rough estimate, however,
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Positivity for the SMEFT?

• Assuming the same tree-level in the IR
[Remmen, Rodd ’19;….]
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Are positivity bounds robust for the SMEFT?
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This talk: classify the RG flow
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Example: RG of dim-8 operators
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TABLE I. SMEFT operators at dimension six and eight used in this work, following the basis of [S91, S92].

Changing basis to the operators that can be probed in various forward limits [S20], the RG equations become
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which are manifestly sign-definite in accordance with the EFT a-theorem. In addition, we remark that double
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do not renormalize this vertex because they couple to the scalars through �i@µ�j � (@µ�i) �j .

B. The RG of dimension-6 operators in the SMEFT

In the proof of the EFT a-theorem, we showed that the s and u channel cut diagrams are positive in the FL (for
positive s and u). However, since u = �s, this generally does not lead to a definite sign in the RG of dimension-6
operators. Nevertheless, in the main text, we showed that the mixing of two insertions of the dimension-5 Weinberg
operator [S99] into the H4D2 operators is definite in sign. We provide more details on this calculation and we show
that the mixing of the Weinberg operator into the two-lepton and four-lepton operators is also sign-definite. In all
cases, an extension of the EFT a-theorem holds because the u channel is manifestly absent.

We define the dimension-5 SMEFT as
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where Lc = C L
T

and C is the charge conjugation matrix that numerically equals to i�0�2. We use Roman letters
for SU(2) indices and Greek letters for flavor indices, and ✏ is the anti-symmetric tensor with ✏12 = 1. The coupling
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TABLE I. SMEFT operators at dimension six and eight used in this work, following the basis of [S91, S92].

Changing basis to the operators that can be probed in various forward limits [S20], the RG equations become
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B. The RG of dimension-6 operators in the SMEFT

In the proof of the EFT a-theorem, we showed that the s and u channel cut diagrams are positive in the FL (for
positive s and u). However, since u = �s, this generally does not lead to a definite sign in the RG of dimension-6
operators. Nevertheless, in the main text, we showed that the mixing of two insertions of the dimension-5 Weinberg
operator [S99] into the H4D2 operators is definite in sign. We provide more details on this calculation and we show
that the mixing of the Weinberg operator into the two-lepton and four-lepton operators is also sign-definite. In all
cases, an extension of the EFT a-theorem holds because the u channel is manifestly absent.
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Higgs Sector



Dim-8 RG from a pair of dim-6 operators. 

“Simple” operators but not so simple structures

S1

Supplemental Material

I. EXAMPLES OF RG EQUATIONS WITH DEFINITE SIGNS

We demonstrate the predictions of the EFT a-theorem with examples in the SMEFT and the EFT of gravity
coupled to a single real scalar. In the SMEFT, we consider the full RG of the H4D4 operators induced by a pair of
dimension-6 operators. This expands on the example provided in [S83] with operators that cannot be generated at
tree level by matching to weakly coupled UV completions. In particular, we also include contributions from F 3-type
operators, which are computed here for the first time. In addition, we show that the EFT a-theorem can be applied
even at dimension-6 in the SMEFT, although this requires a more careful inspection of the channels that contribute.
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where we sum over dimension-n operators On,i with the Wilson coe�cient as ci, and ⇤ is the UV cuto↵. The operators
will be defined below for di↵erent EFTs.
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where the trace sums over the fermion flavor indices. Crucially, all combinations are positive definite

Gi � 0 , Fi � 0 . (S8)

The RG equations for H4D4 operators from inserting two dimension-6 operators are
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These results were previously computed in [S33, S34] for all operators except for the new contributions from the F 3,
F̃F 2 and H2F̃F operators.
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TABLE I. SMEFT operators at dimension six and eight used in this work, following the basis of [S91, S92].

Changing basis to the operators that can be probed in various forward limits [S20], the RG equations become
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ċ(1)
H4D4 + ċ(2)
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which are manifestly sign-definite in accordance with the EFT a-theorem. In addition, we remark that double

insertions of fermionic operators do not contribute to ċ(1)
H4D4 + ċ(2)

H4D4 + ċ(3)
H4D4 . This can be explained using the real

scalar field parametrization of the Higgs doublet, H = (�1 + i�2, �3 + i�4)T /
p

2, noting that the Feynman rule of the

four-point vertex with the same real-scalar, �4
i
, is proportional to c(1)

H4D4 + c(2)
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H4D4 . The fermionic operators
do not renormalize this vertex because they couple to the scalars through �i@µ�j � (@µ�i) �j .

B. The RG of dimension-6 operators in the SMEFT

In the proof of the EFT a-theorem, we showed that the s and u channel cut diagrams are positive in the FL (for
positive s and u). However, since u = �s, this generally does not lead to a definite sign in the RG of dimension-6
operators. Nevertheless, in the main text, we showed that the mixing of two insertions of the dimension-5 Weinberg
operator [S99] into the H4D2 operators is definite in sign. We provide more details on this calculation and we show
that the mixing of the Weinberg operator into the two-lepton and four-lepton operators is also sign-definite. In all
cases, an extension of the EFT a-theorem holds because the u channel is manifestly absent.

We define the dimension-5 SMEFT as
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where Lc = C L
T

and C is the charge conjugation matrix that numerically equals to i�0�2. We use Roman letters
for SU(2) indices and Greek letters for flavor indices, and ✏ is the anti-symmetric tensor with ✏12 = 1. The coupling

≤ 0
≤ 0

≤ 0

[Chala et al. 2106.05291, 2110.01624; Liao, Nepveu, CHS, 2505.02910]Combinations correspond to  
forward scattering

When we organize the operators by forward scattering

Definite-sign of RG running for arbitrary dim-6 couplings

Universal behavior



Positivity in EFT Renormalization
[2505.02910 w/ You-Peng Liao, Jasper Roosmale Nepveu]



RG from on-shell amplitudes
unitarity & analyticity
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ln(s/µ2) = ln s� lnµ2

branch cut renormalization

See full treatment by Caron-Huot, Wilhelm;  
Bern, Parra-Martinez, Sawyer; Elias Miro, Ingoldby, Riembau; 
Baratella, Fernandez, von Harling, Pomarol;… 
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RG from on-shell amplitudes
unitarity & analyticity
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t-channel branch cut can contribute
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RG from on-shell amplitudes
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Forward channels Non-forward channels
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t = (p01 � p1)
2 = 0Forward kinematics: 
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Forward Channels

<latexit sha1_base64="3BzSJVEpHLpFcjuj/Ace/qDet2c="></latexit>

hi|AA†|ii � 0Unitarity:

Need to ensure:
1. truncation is still positive


2. the s and u channel have the same sign
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Forward Channels

Positive truncation Non-positive truncation

dim-6 dim-6 dim-4 dim-8
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hi|AmA†
m|ii � 0Unitarity:

The RG induced by the interference term is not sign-definite



Forward Channels

dim-6

s-channel (s>0) u-channel (u>0)
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t = 0 : s = �u

Same-sign contributions for seven, or (dim-even)2 insertions*

dim-8dim-4

*special examples exist for dim-6 from (dim-5)2
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Forward Channels
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Positivity holds when a pair of even-dimensional operators are inserted



Non-forward Channels

Problem: the loop integrand is not positive definite
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Non-forward Channels
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Non-forward Channels
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Lorentz invariance



Non-forward Channels
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Unitarity, Analyticity, and Lorentz invariance

no non-forward channel 
(Lorentz inv.)

unitarity

from a pair of dim-even operators insertions

unitarity & analyticity
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are all four-point local amplitudes, see the diagrams in
Fig. 2. This formula succinctly derives the one-loop RG
from tree amplitudes in the absence of IR divergences.
Crucially, the RG derivation does not use dispersion re-
lations and is therefore agnostic about UV completions.

The on-shell RG formula (4) holds for generic kinemat-
ics. However, our main result is that additional struc-
ture can be exposed by considering special limits. In
particular, we take the forward limit (FL) where the in-
coming particles 1 and 2 have the same momenta and
quantum numbers as the outgoing particles 4 and 3, i.e.,
their states satisfy |3i = |2i and |4i = |1i. This implies
t = (p1 � p4)2 ! 0, see Fig. 2. In the FL, the tree
amplitude behaves as
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where the coe�cient cm depends on the EFT parameters.
By defining cm through the on-shell amplitudes, we have
(partially) fixed the choice of operator basis. The formula
(4) then computes the RG of cm, thereby providing direct
insight into the RG corrections to tree-level positivity
bounds, c2m � 0. In the following, it is a key property of
the s and u channels that they have the same initial and
final states in the FL, |'ii = |'0
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i, while this is not true

in the t channel. Let us consider these cases separately.
For the s and u channels, the total integrand in (4) is
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ical regimes (when s or u is positive). However, the RG
for cm requires us to split the right-hand side of (4) into a
power series in s which may break positivity of individual
couplings. The direction of the RG running for cm then
hinges on the truncation of (4) to order sm, as well as
the combination between the s and u channels. First, we
impose that both Â(0) come from operators of the same
mass dimension (2m + 4), such that each integrand is

always non-negative:
R
'

00
i

A(0)
L,i

A(0)†
R,i

= di,m sm
i

, for a non-

negative coe�cient di,m and si = s or u. Second, since
s = �u, the sum over the two channels is manifestly sign-
definite only when m is even.2 To satisfy both criteria,
we find that the contribution from these channels has a
definite sign when we insert a pair of operators whose
mass dimensions are even and equal. For instance, we
have control on the RG of dimension-8 operators from a
pair of dimension-6 operators but not from the interfer-
ence between dimension-4 and dimension-8 operators.

For the t channel, the integrand in (4) is not neces-
sarily positive in the FL since |'ii 6= |'0

i
i. We instead

prove that Disct A(1) = 0 in the FL when inserting any
higher-dimensional operator.3 Consider the two inter-

2 The same constructive interference also appears in the derivation
of tree-level positivity bounds.

3 Setting t = 0 directly leads to vanishing scaleless bubbles. How-
ever, for the extraction of the RG, we need to show that the
coe�cient of the scaleless bubble, Disct A(1), vanishes instead.

nal particles to have momenta `j and helicity hj . Recall
that a local amplitude containing a particle with helic-
ity �|h| or |h| must be proportional to |pi2h or |p]2h in
the spinor-helicity variables. Any extra derivative on the
particle adds another factor of |pi[p|. Applying this to

the local amplitudes A(0)
L,i

and A(0)†
R,i

in (4) yields

DisctA
(1)

/

Z

'
00
t

(|`1i[`1|)
2|h1|+n1 (|`2i[`2|)

2|h2|+n2

/ (p1 � p4)
2|h1|+2|h2|+n1+n2 , (6)

where ni are the number of derivatives on `i and we only
keep track of the `i dependence but do not assume any
details on index contractions. In the second line, we cru-
cially use Lorentz invariance to replace the internal `1,2
vectors by the external momentum p1 � p4 after integra-
tion. It is important that we only have a bubble diagram
so that the phase-space integration involves a single scale.
This shows that DisctA(1) can be non-zero only when
both internal lines are scalar particles without any ex-
tra derivative. But in such a case, all external momenta
or spinors must contract with the ones from particles on
the same side of the unitarity cut which vanish in the
FL, due to p2

i
= 0 and hiii = [ii] = 0. This singles out

�4-theory as the only case where DisctA(1)
6= 0 in the

forward limit.4 In other words, the t channel does not
contribute to the RG of any higher-dimensional operator

which survives the FL, given that A(0)
L,i

and A(0)
R,i

are local.
Notably, this includes dimension-6 operators.

Let us combine the analysis for all channels in (4).
The s and u channels for the RG of c4n induced by two
dimension-(2n + 2) operators have definite sign, and the
t-channel contribution vanishes for n � 2. We have thus
proven the EFT a-theorem:

d c4n

d ln µ

����
(dim-(2n+2))2

 0 . (7)

While examples of this theorem are known in the scalar
case [76–78] by explicit calculations and at dimension
eight in the SMEFT [33, 83], our proof holds for arbi-
trary spins and mass dimension. This theorem leads to
the solid lines in Fig. 1 for the running of c4n. The vanish-
ing of the t-channel discontinuity for higher-dimensional
operators also leads to a corollary for a new type of non-
renormalization theorems which we will discuss later.

As we have emphasized, our proof relies only on uni-
tarity, analyticity, and Lorentz invariance in the IR EFT
regime, while being agnostic on the UV completion. This
is in contrast to the argument for the signs and zeros
in the RG at the dimension-8 level in [83], which uses

4 One can also see this from the partial wave perspective [56],
noting that in the t-channel partial-wave decomposition, only
the J = (n � 4)/2 coe�cient survives the FL of a dimension-n
operator.
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R,i
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are all four-point local amplitudes, see the diagrams in
Fig. 2. This formula succinctly derives the one-loop RG
from tree amplitudes in the absence of IR divergences.
Crucially, the RG derivation does not use dispersion re-
lations and is therefore agnostic about UV completions.
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where the coe�cient cm depends on the EFT parameters.
By defining cm through the on-shell amplitudes, we have
(partially) fixed the choice of operator basis. The formula
(4) then computes the RG of cm, thereby providing direct
insight into the RG corrections to tree-level positivity
bounds, c2m � 0. In the following, it is a key property of
the s and u channels that they have the same initial and
final states in the FL, |'ii = |'0

i
i, while this is not true

in the t channel. Let us consider these cases separately.
For the s and u channels, the total integrand in (4) is

positive definite due to unitarity in their respective phys-
ical regimes (when s or u is positive). However, the RG
for cm requires us to split the right-hand side of (4) into a
power series in s which may break positivity of individual
couplings. The direction of the RG running for cm then
hinges on the truncation of (4) to order sm, as well as
the combination between the s and u channels. First, we
impose that both Â(0) come from operators of the same
mass dimension (2m + 4), such that each integrand is

always non-negative:
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, for a non-

negative coe�cient di,m and si = s or u. Second, since
s = �u, the sum over the two channels is manifestly sign-
definite only when m is even.2 To satisfy both criteria,
we find that the contribution from these channels has a
definite sign when we insert a pair of operators whose
mass dimensions are even and equal. For instance, we
have control on the RG of dimension-8 operators from a
pair of dimension-6 operators but not from the interfer-
ence between dimension-4 and dimension-8 operators.

For the t channel, the integrand in (4) is not neces-
sarily positive in the FL since |'ii 6= |'0

i
i. We instead

prove that Disct A(1) = 0 in the FL when inserting any
higher-dimensional operator.3 Consider the two inter-

2 The same constructive interference also appears in the derivation
of tree-level positivity bounds.

3 Setting t = 0 directly leads to vanishing scaleless bubbles. How-
ever, for the extraction of the RG, we need to show that the
coe�cient of the scaleless bubble, Disct A(1), vanishes instead.

nal particles to have momenta `j and helicity hj . Recall
that a local amplitude containing a particle with helic-
ity �|h| or |h| must be proportional to |pi2h or |p]2h in
the spinor-helicity variables. Any extra derivative on the
particle adds another factor of |pi[p|. Applying this to
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where ni are the number of derivatives on `i and we only
keep track of the `i dependence but do not assume any
details on index contractions. In the second line, we cru-
cially use Lorentz invariance to replace the internal `1,2
vectors by the external momentum p1 � p4 after integra-
tion. It is important that we only have a bubble diagram
so that the phase-space integration involves a single scale.
This shows that DisctA(1) can be non-zero only when
both internal lines are scalar particles without any ex-
tra derivative. But in such a case, all external momenta
or spinors must contract with the ones from particles on
the same side of the unitarity cut which vanish in the
FL, due to p2
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= 0 and hiii = [ii] = 0. This singles out

�4-theory as the only case where DisctA(1)
6= 0 in the

forward limit.4 In other words, the t channel does not
contribute to the RG of any higher-dimensional operator

which survives the FL, given that A(0)
L,i

and A(0)
R,i

are local.
Notably, this includes dimension-6 operators.

Let us combine the analysis for all channels in (4).
The s and u channels for the RG of c4n induced by two
dimension-(2n + 2) operators have definite sign, and the
t-channel contribution vanishes for n � 2. We have thus
proven the EFT a-theorem:
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d ln µ
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(dim-(2n+2))2

 0 . (7)

While examples of this theorem are known in the scalar
case [76–78] by explicit calculations and at dimension
eight in the SMEFT [33, 83], our proof holds for arbi-
trary spins and mass dimension. This theorem leads to
the solid lines in Fig. 1 for the running of c4n. The vanish-
ing of the t-channel discontinuity for higher-dimensional
operators also leads to a corollary for a new type of non-
renormalization theorems which we will discuss later.

As we have emphasized, our proof relies only on uni-
tarity, analyticity, and Lorentz invariance in the IR EFT
regime, while being agnostic on the UV completion. This
is in contrast to the argument for the signs and zeros
in the RG at the dimension-8 level in [83], which uses

4 One can also see this from the partial wave perspective [56],
noting that in the t-channel partial-wave decomposition, only
the J = (n � 4)/2 coe�cient survives the FL of a dimension-n
operator.
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Application: Pions

• The renormalization in chiral perturbation theory at O(p4) has the structure


• The renormalization from O(p2) dominates because the loops are not 
suppressed due to the strong coupling nature.

[O(p2)]2 EM~ numerically very small

Naive Dimensional Analysis (NDA) [Georgi, Manohar]
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dc4
d lnµ

= �4

3

1

16⇡2
+ �(↵EM)c4

O(p4) ~ 0.17
[Knecht, Urech]



Application: SMEFT

• The analogy of ChPT suggests that (dim-6)2 dominates when  
SMEFT is “strong-coupled”: EFT coefficients closer to NDA than SM couplings

2
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FIG. 1. A schematic plot for the RG of a dimension-8 cou-
pling c8 subject to the EFT a-theorem (2). The solid arrows
indicate the running of c8(µ) in a “strongly coupled” EFT, as
per the criterion (11), so that the RG direction is controlled
by (2). The grey arrows show weakly-coupled EFTs in which
the running can go either way. We consider two values of c8
at the matching scale ⇤; see examples with c8(⇤)  0 in [83].

One can view the EFT a-theorem (2) as a classifica-
tion of the RG sectors that preserve the tree-level pos-
itivity of c4n. For the SMEFT, this mainly applies to
dimension-8 RG from inserting two dimension-6 opera-
tors, but not to the contribution from the interference
between dimension-8 and SM interactions. This is con-
sistent with the violation of tree-level positivity found
in [83]; see also the examples in the supplemental ma-
terial. Later we give a concrete criterion (11) for the
preservation or violation of tree-level positivity by RG.
See Fig. 1 for a schematic plot.

This study is deeply influenced by the seminal results
in [33, 83], which have first observed non-trivial examples
of the EFT a-theorem at dimension eight in the SMEFT.
The authors explained the structure as a consequence of
positivity bounds from the UV. See also [35, 36, 84–87]
for further discussions. Our approach di↵ers from the
literature in several ways. The most important di↵er-
ence is that the proof of (2) is solely based on funda-
mental principles in the IR, without any assumption on
UV completions. As a result, our theorem applies very
generally, including EFTs with gravitons and operators
beyond dimension eight. Our derivation also yields ex-
tensions at dimension six, which is typically free from
positivity bounds. A more detailed comparison with pre-
vious work will be presented later.

Proof of the EFT a-theorem. We extract the RG in di-
mensional regularization from the on-shell formalism [49]
to leverage the connection with fundamental principles.
To avoid complications from IR divergences and tadpole
diagrams, we restrict to EFTs with massless particles
without cubic interactions. This still allows a large range
of interactions, such as pions in �PT. For the SMEFT,
the only higher-dimensional operators we neglect are the
F 3 operators at dimension six. We use �, , and F for
scalars, fermions, and gauge field strength tensors, and
we specify operators only by their field content, while
omitting details of Lorentz and other indices.

1 4

3 2

1 4

2 3

1 3

4 2
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t

FIG. 2. The unitarity cuts of the s and u channels (top)
and the t channel (bottom). All the lines are on shell. We
label the incoming states (1 and 2) and outgoing states (3
and 4) by their particle number, and the bar denotes an anti-
particle. In the FL, we take the states |3i = |2i and |4i = |1i.
In this case, the s and u channels have the same initial and
final states, but the t channel does not.

Let us quickly review the on-shell methods. We focus
on the RG of a four-point operator renormalized by two
four-point operators. The extraction of RG follows from
the fact that the full amplitudes are independent of the
renormalization scale µ,

d

d ln µ
Afull = 0 . (3)

To one-loop level, Afull = A(0) + A(1) where the tree
amplitude A(0) is written in terms of the renormalized

couplings ci(µ). This implies dA
(0)

d lnµ
= �

dA
(1)

d lnµ
, where the

leading µ-dependence at one loop comes in the form of
ln(si/µ2) where si = s, t, u are the Mandelstam variables.
The scale dependence of the couplings in A(1) is a two-
loop e↵ect. Crucially, the coe�cients of these logarithms
can be computed from the branch cut of each si,1

d

d ln µ
A(0) =

i

⇡

X

i=s,t,u

Disci A
(1) (4)

= �
1

⇡

X

i=s,t,u

Z

'
00
i

h'i|Â
(0)

|'00
i
ih'00

i
|Â(0)

|'0
i
i ,

where we use the optical theorem in the last line to re-
cast the discontinuity into unitarity cuts in terms of tree
amplitudes integrated over the phase space

R
'

00
i

of the in-

termediate state |'00
i
i. We define A(0)

L,i
⌘ h'i|Â(0)

|'00
i
i and

1 Instead of using form factors [88], we use the kinematics si > 0
to compute the discontinuity of each ln si, then analytic continue
to the same kinematics to combine all channels. This analytic
continuation is trivial since the RG is given by the coe�cient of
UV divergence which is local, i.e., a polynomial in s, t, u. We
emphasize that, a priori, the branch cuts of all channels should
be included in the calculation. For instance, this is needed to
yield the correct RG in a ��4 theory.
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negative due to our thm. suppressed by weakly-coupled SM
(dim-6)2: SM*dim-8:



Positivity “Violation” from RG
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UV model: 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Positivity “Violation” from RG
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RG equations:

Tree-level positivity for c8,1 and c8,2 are violated in IR 

At matching scale M:
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Extensions



Dim-6 Operators

• If we can forbid one of the s and u channels, we can still apply the theorem


• Example: 
4-fermion operator renormalized by Weinberg-like operator
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New Non-renormalization Theorem

• As a corollary, our theorem implies


• Dim-6 Examples: 

“If the operator can be measured by the forward limit  
and if the non-forward channel is the only channel,  

then the operator is not renormalized.”
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<latexit sha1_base64="kn9oS2/wXTu5hhuNNh7qxz9EK2o="></latexit>

dc 2DH2

d lnµ

����
�

= 0

<latexit sha1_base64="lRL4t1UAA4/cSLDrf/H4dV4QHsU="></latexit>

F
2
H

†
H

zero in forward limit

<latexit sha1_base64="GVJtipVOcT4KvoRX6C6PUJJoK4s="></latexit>

dcF 2H2

d lnµ

����
�

=
12�

16⇡2
cF 2H2



Summary & outlook

• RG flow in EFT can have universal structures from unitarity and causality


• We prove this for a very general EFT at one loop, 
with applications to the SMEFT and classical EFT for black holes
[2505.02910 w/ Liao, Roosmale Nepveu, CHS] [WIP, Chang, Hsu, CHS, Zhou] 2
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FIG. 1. A schematic plot for the RG of a dimension-8 cou-
pling c8 subject to the EFT a-theorem (2). The solid arrows
indicate the running of c8(µ) in a “strongly coupled” EFT, as
per the criterion (11), so that the RG direction is controlled
by (2). The grey arrows show weakly-coupled EFTs in which
the running can go either way. We consider two values of c8
at the matching scale ⇤; see examples with c8(⇤)  0 in [83].

One can view the EFT a-theorem (2) as a classifica-
tion of the RG sectors that preserve the tree-level pos-
itivity of c4n. For the SMEFT, this mainly applies to
dimension-8 RG from inserting two dimension-6 opera-
tors, but not to the contribution from the interference
between dimension-8 and SM interactions. This is con-
sistent with the violation of tree-level positivity found
in [83]; see also the examples in the supplemental ma-
terial. Later we give a concrete criterion (11) for the
preservation or violation of tree-level positivity by RG.
See Fig. 1 for a schematic plot.

This study is deeply influenced by the seminal results
in [33, 83], which have first observed non-trivial examples
of the EFT a-theorem at dimension eight in the SMEFT.
The authors explained the structure as a consequence of
positivity bounds from the UV. See also [35, 36, 84–87]
for further discussions. Our approach di↵ers from the
literature in several ways. The most important di↵er-
ence is that the proof of (2) is solely based on funda-
mental principles in the IR, without any assumption on
UV completions. As a result, our theorem applies very
generally, including EFTs with gravitons and operators
beyond dimension eight. Our derivation also yields ex-
tensions at dimension six, which is typically free from
positivity bounds. A more detailed comparison with pre-
vious work will be presented later.

Proof of the EFT a-theorem. We extract the RG in di-
mensional regularization from the on-shell formalism [49]
to leverage the connection with fundamental principles.
To avoid complications from IR divergences and tadpole
diagrams, we restrict to EFTs with massless particles
without cubic interactions. This still allows a large range
of interactions, such as pions in �PT. For the SMEFT,
the only higher-dimensional operators we neglect are the
F 3 operators at dimension six. We use �, , and F for
scalars, fermions, and gauge field strength tensors, and
we specify operators only by their field content, while
omitting details of Lorentz and other indices.

1 4

3 2

1 4

2 3

1 3

4 2
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t

FIG. 2. The unitarity cuts of the s and u channels (top)
and the t channel (bottom). All the lines are on shell. We
label the incoming states (1 and 2) and outgoing states (3
and 4) by their particle number, and the bar denotes an anti-
particle. In the FL, we take the states |3i = |2i and |4i = |1i.
In this case, the s and u channels have the same initial and
final states, but the t channel does not.

Let us quickly review the on-shell methods. We focus
on the RG of a four-point operator renormalized by two
four-point operators. The extraction of RG follows from
the fact that the full amplitudes are independent of the
renormalization scale µ,

d

d ln µ
Afull = 0 . (3)

To one-loop level, Afull = A(0) + A(1) where the tree
amplitude A(0) is written in terms of the renormalized

couplings ci(µ). This implies dA
(0)

d lnµ
= �

dA
(1)

d lnµ
, where the

leading µ-dependence at one loop comes in the form of
ln(si/µ2) where si = s, t, u are the Mandelstam variables.
The scale dependence of the couplings in A(1) is a two-
loop e↵ect. Crucially, the coe�cients of these logarithms
can be computed from the branch cut of each si,1

d

d ln µ
A(0) =

i

⇡

X

i=s,t,u

Disci A
(1) (4)

= �
1

⇡

X

i=s,t,u

Z

'
00
i

h'i|Â
(0)

|'00
i
ih'00

i
|Â(0)

|'0
i
i ,

where we use the optical theorem in the last line to re-
cast the discontinuity into unitarity cuts in terms of tree
amplitudes integrated over the phase space

R
'

00
i

of the in-

termediate state |'00
i
i. We define A(0)

L,i
⌘ h'i|Â(0)

|'00
i
i and

1 Instead of using form factors [88], we use the kinematics si > 0
to compute the discontinuity of each ln si, then analytic continue
to the same kinematics to combine all channels. This analytic
continuation is trivial since the RG is given by the coe�cient of
UV divergence which is local, i.e., a polynomial in s, t, u. We
emphasize that, a priori, the branch cuts of all channels should
be included in the calculation. For instance, this is needed to
yield the correct RG in a ��4 theory.



Summary & outlook

• Positivity in EFT Matching?


• Positivity in the presence of gauge coupling?


• Positivity for classical black holes and neutron starts


• Beyond 4-point interaction


• Imprints in Dim-6 RG?

Thank you

[WIP w/ Ludvig Chen, Maria Derda, Roosmale Nepveu]

[WIP w/ Chih-Hao Chang, Chia-Hao Hsu, Zihan Zhou]



Backup



IR Contour dominates by Renormalizable Parts

S6
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FIG. S4. Contours in the complex s plane for the dispersion relations. We consider energy within the EFT cuto↵ ⇤. The grey
zigzag lines along the real axis are the branch cuts from s and u channels. The inner and outer circles with radius r and r1 are
contours � and �1. The contour ⌃ gives the integration along the discontinuity in both positive and negative s.

Because the operators are generated at the one-loop level at the matching scale, this RG e↵ect is comparable to the
two-loop matching results at the order O

�
� g2

�
. However, the RG e↵ects in (S37) are always dominant by the large

logarithms when we run into deep IR, E ⌧ ⇤ (but E is still much larger than the mass). This establishes a violation
of the tree-level positivity bounds in a unitary and causal UV model. Therefore, one should not directly use the
tree-level positivity bounds as robust theoretical priors, as shown in [S83] already.

C. Comparison with Dispersion Relations

The models with positive � functions, and thus the running toward negative values in the IR, may seem to be in
tension with the positivity from dispersion relations. We will analyze the dispersion relations at loop level and show
that they are in full agreement with the violation of tree-level positivity bounds.

Consider the contours shown in Fig. S4 which lie within the EFT regime. We define the contour integral over the
arc � with radius r as

arc(r) =
1

2⇡i

Z

�

ds

s3
A (s, t) . (S38)

By Cauchy’s theorem, we have

arc(r) = arc(r1) +
1

2⇡i

Z

⌃

ds

s3
DiscA(s, t) , (S39)

where arc(r1) is evaluated with the arc �1 with radius r1 > r. Assuming that the amplitude is symmetric under
s $ u and considering the forward limit with t = 0, we can split the integral over ⌃ as

1

2⇡i

Z

⌃

ds

s3
DiscA(s, 0) =

1

2⇡i

Z
r1

r0

ds

s3
(A(s + i0, 0) � A(s � i0, 0)) +

1

2⇡i

Z �r0

�r1

ds0

s03
(A(s0 + i0, 0) � A(s0 � i0, 0))

=
1

⇡i

Z
r1

r0

ds

s3
(A(s + i0, 0) � A(s � i0, 0)) � 0 , (S40)

where in the second equality, we use the crossing symmetry between s and u. The last inequality follows from the
optical theorem. We can consider r1 to be infinitesimally larger than r. Combining

R
⌃

ds

s3
DiscA(s, t) � 0 and Cauchy’s

theorem (S39) yields

d

dr
arc(r)  0 . (S41)

S7

This is a constraint derived from unitarity, analyticity and crossing symmetry in the IR regime, but not assuming
any other details about the underlying EFT. For instance, the contours do not extend to infinity, so the polynomial
boundedness of the amplitude is not needed. This inequality (S41) can be viewed as the avatar of the EFT a-theorem
in terms of the dispersion relations.

Let us now consider the amplitude A(s, t) up to one-loop level and dimension eight in an EFT with massless particles
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+ . . . , (S42)

where �
�̃

= d�̃/d ln µ and �8 = dc̃8/d ln µ are the � functions and dots denote higher order terms in either loop
and EFT expansion. We also include the finite terms from the loop integrals using the MS subtraction scheme.
See similar analyses including dimension-6 terms in [S83–S86]. This form of amplitude is very general, since it only
assumes crossing symmetry in s, t, u and negligible dimension-6 terms. One can map (S42) to the models in Sec. II A
and II B, when all external particles are identical under crossing and all dimension-6 couplings are set to zero. For
instance, (�̃, c̃8) = (�, c8) and (�

�̃
, �8) = (3�2/(16⇡2), 5�c8/(24⇡2)) when one considers the EFT in (S27).

By evaluating the contour integrals directly and then taking forward limit, we find
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�
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6
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For later convenience, we include an error term in the above from the running of the omitted c̃10. The ratio r/⇤6 is
fixed by dimensional analysis. The coe�cient of 1/⇤4 is invariant under RG, as it should be since the arc is defined
from the amplitude. Crucially, the running at dimension four is not projected out in arc(r) because it is associated
with the non-analytic logarithms. Taking the derivative of (S43) leads to the constraint (S41)
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To obtain a robust bound without contamination from higher dimensional terms, we should only consider r ⌧ ⇤. If
we turn o↵ all the dimension-4 interactions, �

�̃
= 0, then �8 must be negative. This agrees with our prediction from

the EFT a-theorem since �8 can only receive contributions from pairs of dimension-6 operators in this case, and the
strong-coupling condition in the main text is automatically satisfied. (When dimension-4 couplings are absent, adding
dimension-6 terms does not modify the formal expression of (S45), but only changes the explicit values of �8.) If the
running of �̃ is present with positive �

�̃
, then this inequality is satisfied for either sign of �8 when r ⌧ ⇤2. Using the

explicit values in Sec. IIA for (S45), we find

� �
20 r2

3⇤4
c8 =

r2

36 ⇤4

g2

16⇡2
, (S46)

which is satisfied when we consider g ⌧ �. We can see that the positive sign of the � function, and thus the running
toward smaller or even negative values of c8 in the IR, is in full agreement with the dispersion relations.
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This is a constraint derived from unitarity, analyticity and crossing symmetry in the IR regime, but not assuming
any other details about the underlying EFT. For instance, the contours do not extend to infinity, so the polynomial
boundedness of the amplitude is not needed. This inequality (S41) can be viewed as the avatar of the EFT a-theorem
in terms of the dispersion relations.

Let us now consider the amplitude A(s, t) up to one-loop level and dimension eight in an EFT with massless particles
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where �
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= d�̃/d ln µ and �8 = dc̃8/d ln µ are the � functions and dots denote higher order terms in either loop
and EFT expansion. We also include the finite terms from the loop integrals using the MS subtraction scheme.
See similar analyses including dimension-6 terms in [S83–S86]. This form of amplitude is very general, since it only
assumes crossing symmetry in s, t, u and negligible dimension-6 terms. One can map (S42) to the models in Sec. II A
and II B, when all external particles are identical under crossing and all dimension-6 couplings are set to zero. For
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For later convenience, we include an error term in the above from the running of the omitted c̃10. The ratio r/⇤6 is
fixed by dimensional analysis. The coe�cient of 1/⇤4 is invariant under RG, as it should be since the arc is defined
from the amplitude. Crucially, the running at dimension four is not projected out in arc(r) because it is associated
with the non-analytic logarithms. Taking the derivative of (S43) leads to the constraint (S41)
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To obtain a robust bound without contamination from higher dimensional terms, we should only consider r ⌧ ⇤. If
we turn o↵ all the dimension-4 interactions, �
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= 0, then �8 must be negative. This agrees with our prediction from

the EFT a-theorem since �8 can only receive contributions from pairs of dimension-6 operators in this case, and the
strong-coupling condition in the main text is automatically satisfied. (When dimension-4 couplings are absent, adding
dimension-6 terms does not modify the formal expression of (S45), but only changes the explicit values of �8.) If the
running of �̃ is present with positive �
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which is satisfied when we consider g ⌧ �. We can see that the positive sign of the � function, and thus the running
toward smaller or even negative values of c8 in the IR, is in full agreement with the dispersion relations.



Higher Points and Higher Loops

• The perturbative approach can be extended to higher points and higher loops
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Comparison with Chala et al.
—2106.05291, 2110.01624, 2301.09995, 2309.16611

• Important observation that motivates this work


• Our proof only relies on IR properties, regardless of the UV completion


• Our results can be generalized to dim-6 operators, where positivity bounds 
are usually not available


• We prove the vanishing of t-channel contribution which is crucial


• Generalization to higher points and higher loops are accessible


