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QCD Critical Point -

QCD Phase diagram

QCD Ciritical Point(CP)

€ Constraint to behavior of physical
quantities
@ Classification by universality class

QCD is asymptotic-free theory
Non-perturbative in low energy.
Analytic approach is too difficult!

@ Effective Model Approach
» NJL model etc.
@ FRG Approach

Temperature 1’

o o & @Numerical Approach
Color Superconductors » Monte Carlo simulation

o °° o oo » Tensor Network
> » Quantum Computation

Baryon chemical potential ug
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Lee-Yang Zero Approach




Recent progress: Lee-Yang zeros

Pure imaginary chemical potential Estimation of location of QCD CP
+ Pade approximation 16) p—
+Lee-Yang zeros /edge singularity -

» Clarke, et al.(2024) zz
> Basar (2024) Z
» Alexander, et al.(2025) ™
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Review : Lee-Yang Zero Lee, Yang 1952
Lee-Yang Zeros |
= Zeros of Z in Complex Parameter space Z(t,h,L) = Trexp ( S )
t <0 :1st order t >0 :Crossover' '~ z
Im A Im A

V — oo,
LYZs intersect
with Re axis.

LYZ never intersect
with Re axis

Re h
The Edge of LYZ
= Lee-Yang edge singularity
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Lee-Yang Zero Ratio 1w, kitazaws, kanaya (2025)

LYZ Ratio
Rym(t, L) =

h™ (¢, L)
h(m) (¢, L)

@ t < 0: 1st order phase transition

The distance between LYZ and Re-axisis 1:3:5...inV — oo
- Ratio=(2n—1)/(Z2m — 1)

€t > 0:Crossover

All LYZ accumulate at LYES in IV — oo

—> Ratio=1

How is the behavior in finite volume?




Finite Size Scaling (FSS) -

FSS of Free Energy  BFy . (t,h, L") =—1log Z(t,h,L™") Im h
Fuing (£, b, L™Y) =Fling (LV't, LY h)
FSS of Partition function

Zging (t, hy LYY =Zgng (LYtt, LY* )

Factorization of Partition function

N
Zsing(ta ha L_l) H( h(n) t L~ 0 Re h
n=1 ltzykson, Nucl. Phys. 220 (198

FSS of LYZ
Lvnh\(t, LY = RV (Lvet)

LYZ function

We can treat finite volume using FSS in the vicinity of the CP!
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LYZR near C P TW, Kitazawa, Kanaya (2025)

FSS & Taylor Expansion near the CP
Lo b\, LY = X, + Y LVt + O(2)

Y Rum(t,L) = WM, L) X, + YLVt + Ot?)
mmAn T ) (4 L) Xom + YLVt + O¢2)  Bam(t, L)

)) an(tv L) — (Tnm = G 7 == O(tz))

R,.,(t = 0) does not depend on the volume.

-> Useful to locate CP
Cf. Similar to Binder Cumulant B,(t = 0) = b,

Crossing Point = Critical Point




Lattice Simulation in HQ-QCD
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Lattice Simulation

* Wilson Fermion + Hopping parameter expansion - Heatbath method
1

xk ~ —— Hopping parameter
2am
* Lattice size : N3x (N, = 4) Binder Cumulant analysis
Aspect Ratio LT = N,/N, = 8,9,10,12 Kiyohara, et al. (2021)
1.681 @ LT=12,10,9 y .
* # measurement = 6x10° B LT—12-8
.66 LT=12-6 . 4 FEE
—>Reweighting method L6y
* For fixed f € R, search LYZ complex A-plane % 1'64'/'
A= 64N0Nf/£4 1.62; LT=6
? LT=38
SG ~ 1.60{ o~ ~ i N i ' LT=9
. o LT=1
SLO ~ + (ﬁ. | 0.0048 0.0050 0.0052
. A
SNLO ™~ + + i)t (ﬁ. Reweighting method
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Heavy-Quark QCD CP

anllst LYZ Ratio Binder Cumulant analysis

;Kiyohara, et a/.; (2021)
Ro1(57)

245 1661 KA LT=12—-6 . 4 FAEE= "
1.64_ ..................................................................
N G«
2.40 A
1.62_ ......................................................................................................
235+t —LISQ—L:?)G 4 | Y B S——
_L — 40 _L — 48 1.60f o~ ~ ........................................................
<> Fitting
2.30 ' L 1.58
5.6850 5.6855 5.6860 5.68¢

g*=p — A4 A
Binder : B* = 5.68579(26), 1 = 0.00503(14)(2) |
IVZR21: B* = 5.68571(27),1 = 0.00472(14)  Consistent Result!
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Comparing the 1,4

consistent!

Isilng Potts N, =4

X Ising Result is extrapolated to infinite volume.
The others are not.
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TW, Kitazawa, Kanaya (2025)
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Columbia Plot at non-zero u



3d-Columbia Plot e
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Determining the Tricritical Point
at u = im/3 by LYZ approach
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Columbia Plot at non-zero u
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Columbia Plot at non-zero u
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Hq 1st order deconf. phase transition lines disappear.



Behavior of LYZ

Series 1 =———————
1. <71 <1Rrw Roberge Weiss Phase transition

Red line extends to the Re-axis.

Quark Mass

Due to the Symmetry of Polyakov loop,

Place of CEP depends on

LYZ existsonly at u; = /3.

Series 2
Deconfined Phase transition

The edge of the LYZ are predictable,
the zero lines extend in C-plane
remains unclear




Contour of Partition Function

" Preliminary

0

0.05

0.15

N, = 24,N, = 4
Kk =~ 0.107
B =5.6571

1st-3rd LYZ are determined

The generation of configurations
and the implementation of the
LYZR method are ongoing.
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Summary

v' We detect the critical point in Heavy-Quark QCD using Lee-Yang zero Ratio
method. The location of CP is consistent with Binder cumulant method.

v' We conjecture the behavior of Lee-Yang zeros in the non-zero chemical
potential.

v" We make the configuration at 4 = im/3 and detect the LYZ from Roberge
Weiss Phase transition.

Future Works

O Calculating the Lee-Yang zero Ratio at u = i /3 and detect the tricritical
point in the Heavy-Quark region.

[0 Detect Critical end point in the imaginary and real u
—They give insight into QCD at m,p,,

0 Final Goal = Application to 2+1 flavor QCD
— QCD critical point (We need 2nd LYZ)



