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« QCD phase diagram

Quark Gluon Plasma (QGP)
= deconfined quarks and gluons
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supernova

Hadrons

neutron star PENSE



Introduction

« QCD phase diagram
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« QCD phase diagram

Quark Gluon Plasma (QGP)
= deconfined quarks and gluons

chiral symmetry restoration

Color superconductor (?)

_% | _ = Cooper pair of quarks
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- Lattice study in dense QCD? with N} = (oven)
three-color QCD (our world) two-color QCD (imaginary world)
- Lattice sim. at density is not easy - Lattice sim. at density is possible!

et(y - D — pys +m) e@x<l\:> Det(vy-D — pys +m) > 00

D
\n sign problem

. sign problem disappears |
- thanks to SU(2). pseudoreality |




Introduction

- Lattice study in dense QCD? with Ny = (even)

three-color QCD (our world) two-color QCD (imaginary world)

- Lattice sim. at density is not easy - Lattice sim. at density is possible!
& N
yﬁ%’@ @u Det(y - D — pys +m) ECx <:> Det(fy-D—,wm—l—m)fZO@
» | sign problem disappears |
u sign problem . thanks to SU(2). pseudoreality '
- Baryon is made of three quarks - Baryon is made of two quarks

some differences
@ nucleon <:> diquark baryon

_— \

[ - Two-color QCD is a useful laboratory to explore cold-dense medium with lattice simulations J
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. . »  schematically
- Phase diagram in two-color QCD (QC.,D) S
5 w
. . . . o —e
- Examples of simulation results of phase diagram in QC,D s
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hadronicior e I paryon superfluid phase
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- Hadronie / g, <gy> #0, <yy> # 0, diquark condensation

! EEN 01" chsB  DiquarkL =24 — v Chiral,L =30
L ] Quarkyonic ols ‘ChiraI,L$=§24 —a— Piquark,s!_s=30 ——
ol ' ' . : ' : ' 0o 05 1 15 2 25 3 35
0 200 400 600 800
M, (MeV) p/myg
| Boz-Cotter-Fister-Mehta-Skullerud (2013) ! Buividovich-Smith-Smekal (2020)

- Currently at least four lattice simulation groups are active

- Ireland/UK group (Hands, Skullerud, ...) - Russian group (Bornyakoy, ...)
- UK group (Buividovich, ...) - Japanese group (lida-san, ltou-san, ...)
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- Phase diagram in two-color QCD (QC,D)

- Examples of simulation results of phase diagram in QC,D

250fF T T T ' ' T ' 0.8
""" b QGP - © © o © o
{ A 0}
200 o 06f0 © o © o
Quark-gluon plasma
050 © o © o
e E g4l@ © © ©) o
= L % : e ® o © o
= 100f : 03l@ @ o o
100 - e : g
L T q@ +-§1§q o
[ 1 @CS” 0.2}
sl Hadronic <yy> # 0, diquark condensation
' 01" chsB DWNuarkL.=24 —v— Chiral,L.=30
i gl C =24 —a— quuarksl_ =30
ol L 0 0.5 3.5
0 200
pu/my
Boz Cotter-Fister-Mehta-Skullerud (2013) Buividovich-Smith-Smekal (2020)

schematically

W, quark-gluon plasma

N

/deconfined-like

B I baryon superfluid phase
hadronic phase /., ined-like <ww> £0

{(Yy) =0 BEC
@ n/n <1 /== n/n ~ 1
® O

My /2

Hq

~
diquark condensed phase

(baryon superfluid phase)

(Y1) # 0

- Currently at least four lattice simulation groups are active

- UK group (Buividovich, ...) - Japanese group (lida-san,

- Ireland/UK group (Hands, Skullerud, ...) - Russian group (Bornyakoy, ..

)

ltou-san, ...)
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- Lattice results

- In addition to phase diagram, hadron mass spectrum, gluon propagator, transport coefficient,
EoS, sound velocity, (), (v), (L), etc. have been simulated

2 Japanese group

0.912 : A— I —— 3

N T ———
Hadronic | BEC |  BCS Hadronic { BEC{  BCS E Plugy —a—F | 1 - Gonfornal bound :
091 g - g | + 25 3 ele - | & 1 08F T=80MeV —O— -
ARSI 0.04| ? ? # 2} Hadronic | BEC! BCS : U bl '
gD.QOS i \+ ? ] /c\;- A - o i (\b 0.6F Hadronic | BEC: il\ é Aé S
. | e 15F P 1 =} § % F AR ] « o o
I\?-O.QOG i \+\4;_ - \C/To_oz I~ " * 7 [ o © AI NU)O.4 8 % 1 i ? E
P i f &® + 1 5 ] L& X a 4 o ,
il | I e Y e 05f vl o5 4 A | ecs o
0.902...l...:l...:l...l... FEPEPEE SEPE | PP | BPENE 0:,A,mdn.ﬁ.1?A,AlA...| ol _‘-..l.ﬁ T ]
0 025 05 075 1 125 0 025 0.5/ 075 1 125 0 025 05 075 1 125 0 025 05 075 1 125
[Py HiMpg Himpg Uimpg
4 My approach

— (i) Regard QC,D lattice simulations as useful “numerical experiments” of cold and dense QCD,
and (ii) give interpretation from symmetry viewpoints based on effective models

M @ (2025) (Review paper)
. My publications on QC,D ——]

\ Gluon propagator: Suenaga-Kojo(2019), Kojo-Suenaga(2021), CSE effect: Suenaga-Kojo(2021), Sound velocity: Kojo-Suenaga(2022),
i Kawaguchi-Suenaga(2024), Topological susceptibility: Kawaguchi-Suenaga(2023), Hadron mass: Suenaga-Murakami-Itou-Iida (2023, 2024),
. FRG analysis: Fejos-Suenaga(2025, 2025), LSM with Nf=2+2: Sakai-Suenaga (2025), in preparations

T ,
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Lattice results on hadron masses . Murakami et al (2023) ;
I |
30 -~ omeson (/I=0,0%) | 3.0 = -@ nmeson(/=0,0")
-} Antidiquark (/=0,07) /é -+ Antidiquark (/=0,07)
2.5 -¥- Diquark (I=0,0") 25 e = -¥- Diquark (/=0,0")
r ) ""E -Y- nmeson (/I=1,07) ) .
o520 S 2OE S — + «— pion (I =1,07)
= | " = \ig 5. |
2 15f gr= 2 1.5}
£ ’ B € : .
1.0/ Lop—8 I'=0,0" hadron
05 o - lighter than pion!
“ “‘;@»«4_‘\%- === o R NE—
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Lattice results on hadron masses . Murakami et al (2023) |
I |
30 ~~ omeson (/I=0,0%) | 3.0 - -D- nmeson(1=0,0")
~f1- Antidiquark (/=0,0%) @ -g+ Antidiquark (1=0,0")
2.5 ? -¥- Diquark (/I=0,0") 2-5;: e = -¥- Diquark (I=0,0")
515 ; PR 1 -¥~ nmeson (/=1,07) ]
°E= i L oEr: 2.0 e = _+ <« plon (I = 1,0_)
= ;' = ‘\*\ et B S
~E:$ 1.5} - 5 % 150 Bl % — - il
| // ? i 3 — : —
1.0 1.0 G— -G B I'=0,0" hadron
NN . # B —g———a<_ lighter than pion!
s e = i
°-8.00 0.25 0.50 0.75 1.00 0-8.00 0.25 0.50 0.75 1.00
pimpg p/mg

- Pion is no longer light in superfluid phase (for m?2/2 < ) !

- ChPT is powerful but cannot treat T = 0,0~ hadron [) ©NPT s not the useful “low-energy EFTY
----------------------- in superfluid phase of QC,D!

I$ { | constructed another model (linear sigma model) as a reasonable EFT in (dense) QC,D
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Q: What can we learn from QC,D?

—» detailed dynamics is different eg C =3 c =9

baryon
- But we can get information on

- to what extent (simple) hadron model description can apply
- Which representation of hadrons is useful in medium
- how to incorporate quark dof into hadron model — “unified model”

- deep understanding of quark matter in high-dense regime

It is too naive to bring all obtained information to Nc=3 world

/

universal regardless of Nc

hadron ® quark
matter matter

low-density high-density;

J
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« Pauli-Gursey SU(4) symmetry

- Pseudo reality of SU(2), allows us to rewrite QC,D Lagrangian with massless quarks as

Lqao,p = i — g AT = Ui, o'W — gS\PTAZTcaOMI} <[ pseudoreality: 0°0%0” = —(aa)*}

In two-flavor: ¥ = (g, ¥)T = (ug,dg,tr,dr)T with ¢ = o272}
Four-dimensional Pauli matrix: o = (1, ai)

- Lqec,p is obviously invariant under & — g [g € SU(4)]

25 —2* gluons are b

.00
SU(2)r, x SU(2)r chiral symmetry Pauli-Gursey SU (4) symmetry
[breaking: SU(2). x SU(2)r — SU(2)1+r] enlarged [breaking: SU(4) — Sp(4)] ~ @) )

| Pauli (1957), Gursey (1958) | 5 NG bosons




 Linear sigma model (LSM)
- LSM is based on linear rep. of a quark bilinear: ¥ 072,

— would be reasonable in medium where{

- The main building block is 1 B'—iB
o= — 2v2
ty o—intal—in
cf, X =0+ in"7t% for N. = 3 2| -zt
agl)'—i7r+
\ 2v/2

- Hadron assignments are

| ; ] N
' B~ ——— T O 22 B~ ——TC272 O ~ :
E \/§¢ 757-ch¢ \/§¢ Tchw ww :

af ~ YTy o~ Piysy T~ PYisTRY

_________________________________________

quark d.o.f. will get seen
broken strength of SU(4) — Sp(4) is changed

&

B’ —iB a—i77+a8—z'7r0 aé’—iw"" \
V2 4 2v2
a, —1m a—in—ao—l-iﬂ'o
0 4 0 2_2
. 2v2 4 N\I/jO' TC\IJZ'
_ag —iw 0 __B'-iB
2v/2 2v/2
_ o—in—ag+in® B'—iB 0 )
4 2v2 ij
Hadron | J¥ Quark number Isospin
o 0" 0 0
ao 0" 0 1 @
1 0- 0 0 } mesons
s 0~ 0 1
B (B) | 0" +2(-2) 0 ]_
B' (B') | 0~ +2(-2) 0 baryons




- LSM Lagrangian
- (approximately) SU (4)-invariant LSM Lagrangian is given by

£ = tr[D, S DHS] —m2tr[ST5] — Ay (tr[STE])° = Atr[(S75)?] + te[HTS 4+ STH] + c(detS + detSh)

1 ) )
0 1
DY =0,% —ipgb0{J, X} with J = < 0 1 ) H = h,E with E < 1 0 ) U(1) 4 anomaly
chemical potential effect current-quark mass effect
0 __B'—iB o—intag—in’ af —int
;. 2v2 A . 2\/2 o Hadron | J¥ Quark number Isospin
1 B'—iB 0 ag —1m a—m—ao-l-w e 0+ 0 0
DD 2= 2 ifo i’ o —im” e le iB a 0t 0 1 @ﬁ
o—1 ao—lﬂ' ao —1T —1 0
1 N v ~o n | o 0 0 mesons
_ag—i7r+ _U—in—ag—l—iﬂ'o B'—iB 0 - 0- 0 1
v 4 v BB 0 sm 0]
B (B) | 0 +2(-2) 0 aryons
¥ — gXgl [g e SU4)

B _ parity partner
treatment of I = 0,0~ hadrons (mandatory from lattice result!) -

we can see relations between parity partners B(B) < B'(B)

- Advantage of LSM




Mean fields

- Mean field

- The mean fields are 09 = (o) and A = <

wy|

i

wu]
\/

oo ~ (1)) - chiral condensate

A~ —%<¢TC”Y5TC2TJ:2¢> + h.c.: diquark condensate

oo and A vs pg
1.5} Hadronic Baryon superfluid
phase phase
B 1.0
)
=
=
©
205
0.0

0.0 5 1.0 15 2.0
Hqlmize

2.0
1.5}
Q 1.0}
0.5}

0.0}-

density p vs pq

Hadronic
phase

1

Baryon superfluid
phase

= F2 4 vac
16 f2my:

0.0 0.5

2nd order phase transition at tq = my"°/2

1.0 15 2.0
uq/mvac
m

0.06 [

diquark condensate 0.4
by lattice &
R : J 0.02
 lida et al (2024) |
____________________ .
Input here )

vac

oy¢ = 250 MeV (put by hand)

A =c=0 (large Nc)

My =T38MeV | |attice
mzzc /mYa =2.18 Murakami et aI/

baryon superfluidity
q

T[T T T
Hadronic | BEC ! BCS
| ; +
- o + ]
| s +
E e +
- i 1 + -
: 1ot
: P
{ ok i
+——— '+; 5
I...EI...EI...I 2
0 025 05 075 1 1.25
p/mps

BEC : (ng)/ni™ <1
BCS : (ng)/ni*° ~ 1

1.2 T T T T
Hadronic | BEC : + BCS
3 o
S508f i ; .
[ o] : {
~ 06 -
AU‘O.4 - 1
V o2}k { -
¥ {
0 1 .01 i 1
0 0.25 0.7 0.75 1 1.25
HiMpg



Hadron masses

* Results on hadron mass at finite /g (T=0) Input here
. vac baryon superfluidity baryon superfluidity oo = 250 MeV (put by hand)
(normalized by m>*< ) . - M =c=0 (large Nc)

41 Set (D) //’/ 41 Set (1) mY2® = 738 MeV lattice
§ 3| s ] § 3l mZiC/mf‘c — 2.18 | Murakami et al
g il b 5 ; G
& : o 5" ‘% ..... 5 )

.... : ——— 0, B, Bmix : —— 1, B', B’ mix
of _ @I.z_._e:ro. mod‘e , —— | of , @ suppressed
00 02 04 06 08 10 1.2 00 02 04 06 08 10 1.2
Hqlmy© Hql Mz

- Baryon number violation in superfluid phase

o <> B +> B mixing (0+ sector) (D zero mode (NG mode of U(1) baryon-number breaking)
n < B« B’ mixing (0" sector) @ nonlinear suppression of “ 1) “ mass due to the mixing




Hadron masses

- Comparison with lattice

! I
% 3.0 -~ omeson (/=0,0%) | 3.0/ R -@ nmeson (/I=0,0")
46 -H}- Antidiquark (/=0,0%) /é -3+ Antidiquark (/=0,07)
o =By -¥- Diquark (/=0,0*) 2.5 @ = -¥ Diquark (/1=0,0")
E : R %~ mmeson (/=1,07)
< or 2.0 N or 2.01—=< =]
- g 1 : 1 3 ~F | | N
< = [ 3 | \/k\ T
= 150 - F 2154 e — 1
S S S = S % ¥
= 1LOR<" ——effect of diquark source| ~ LOE——8-——& ?%‘% (2 suppressedq
Q Sy ! E e
U 7~ ~_ { g S e e v s e S
p= 0.5} s ' (D (approx.) zero mode 0:3 : \

B et T & = = .
© ‘ ) | [ 0. | degeneracy by mixing
- 0-8.00 0.25 0.50 0.75 100 \ 8-_00_ 0.25 0.50 . 0.75 ~1.00

fast transition due to wmg degeneracy by mixing Himy
diquark source
4F Set (D # 1 4F Set (I)
[} 7))
S 2 3t . P 3}
: 2
5 2 ,, . | §°2 :
= 8 > il B 8 B’
2': 1< -=-B s 1} e B
........ - ===== %0 _ : —— b B
"""" ). zero mode .——_2. B, Bmix w —— 1,8, B mix
of. . T e— , ‘ . ] of. _ @ suppressed , |
0.0 0.2 04 06 0.8 1.0 1.2 00 02 04 06 0.8 1.0 1.2

vac vac
/Jq/mn' ufrlmrr



Hadron masses

- Comparison with lattice

— \
= 30 ~~ omeson(/=0,0%) _ 3.0l — - -@~ nmeson (1=0,0")

= -} Antidiquark (/=0,07%) /é -+ Antidiquark (/=0,07)

. — 2.5'; 7X7 Diquark (/= 0,0%) 2.5 i i//”/ E= -¥- Diquark (/=0,0")

g ‘ )i -~ nmeson (/=1,0")

< o 2,00 ox 2.0/ -
'_:g E 1 E \'*T e I
S S 15 o ST S L o

§ £ ; B £ i ‘X P

— 1LOR effect of diquark source L0 @ < ?% % U suppresseq
Q ] e e —
Q ya-S S ey -1,

2 0.5/ & @ (approx.) zero mode Ha | \

- ‘ B < R — =

The lowest excitations are qualitatively described by my LSM well!

=T Set W) =T Set () '
= @ 3 | 23 s NOTE
@© @© s Foad / D/
@ = / E I : ChPT cannot treat 1, B', B
5 2} - S z = | T AT
< 3 s [ = P e B @ ' Kogut et al (2000)
o b=l -~ B s o0 | T~ T
......... : ————— Q) B ————— T e . . .
...... ko mode |t B, B w R linear rep. is essential!
Of. T — , ‘ . of. . @ suppressed .
00 02 04 06 08 10 12 00 02 04 06 08 10 12
Hqlmy2e gl mY2e




Discussion

- Anomaly enhancement in superfluid phase?

- In hadronic phase (1 < m¥</2), the U(1) 4, anomaly effect seems to be small
Ve

vacC vacC J

@ [ m,~ ~ m;"" on the lattice even with disconnected diagrams [in preparation]

[ - In superfluid phase (m?*°/2 < ) , the U(1) , anomaly effect could be enhanced }

el M T
2,50 “‘E_,.»"/é 22 Diquagk (/=o,o*')
3 s X . A T 4 L .

0.5¢

1.0;3 S §% -";Y *ﬁ

vrith larger anomaly effects

0'8.00 0.25 0.50 0.75 1.00
p/mg

- Work in progress with FRG analysis



Application 1: Topological susceptibility
* Top. susceptibility in superfluid phase

0.025

Our LSM

= Asymptotic

0.020

C)4

|
0.015 {°
B

p/(m)®

20.010

Xt

0.005

0.000

S Vac — vac
my* =1.05my

“wman Vi — | 2 Vi€
my*=1.2mg

— my=1.5m*

\ suppressed
&
— 2

——————— Ocluq

.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

“f11y VaC
Hglm)

- Suppression of topological susceptibility for large (iq

Asymptotic: Xtop —

essentially from the chiral restoration oo o« p, :
(axial Ward-Takahashi identity) /

(free)2(mye)t
12 Hq_

7

Kawaguchi-Suenaga (2023)

[ comparison with lattice

e 4, MeV
rrr Ty Tyl 0 * 500 1000 1500 2000
! I T T T : ; . . |
6x105 Hadronic §BEC: BCS ‘ ] -
L1 L] ‘ N m-h**% t *
\4X10'5 /,J \ (// [_ 8 ioot & + *
O ‘\"/ : ﬂEO.TS— +
o o I o suppressed * !
~ constant 02
Japanese group bt ol

[lida et al (2024)]

Russian group
[Astrakhantsev et al (2020)]

0.5 0.175 1 1.25
pimpg

-

0 —2 o
- Russian group result shows 1, ~ behavior?

- Japanese group result is constant due to use of
Wilson fermion?

R

No conclusive statement yet!

— Needs more refined simulations

- )




Application 2: Sound velocity

- Sound velocity at mean-field level within the LSM

o -

i 1 B = _
ressure: p = fomz | p> + = | +f2ms | —5—(@® — 1) f= [ fher = 204/ Min .
P 2 Om 2 2 2V /. 2
| | o i 5m0’-7‘(’ — (ma o mﬂ)/:ucr :

ChPT result

________________________________

energy: « = 2 [VENE ot |+ 1)t - 1)

ChP'I: result . (n), B, B o.ay, B B
1—1 —=4 8 —2 1) /S 2

sound > _ | /_AZ)JF (M_2 )/ Mo ee+@ @
velocity: (14+3/p4) +8(3u" —1)/dm

o—7 ChPT parity partner

- ChP'T result
Universal structure: (LSM result) = (ChPT result) + (1/dm2__ contribution)

- Integrating out the parity partners (m, — oo) yields the ChPT results (1/6m2_, — 0)



Application 2: Sound velocity

- Sound velocity peak |«avaguchiSuenaga 2024)

] Lattice: Iida et al (2024)

2
ol ChPT result (c; — 1) : no peak 1 e
— s ChPT ]
T e NS e e . 08F T=80MeV —O— -
0.8 s el & i T=40MeV —A— % ’
J;l s © 0.6 Hadronic | BEC iié I
s peak when m, < 0o <:> i iéﬁ
. & . wo4r . =
A ~r——— 2 O L —A— --:
il f o T T (G 21/3) ozf {7 Tees A
i ChPT (m,= ) 0%]%1 PR
0.2 1 LSM w/ m,,=2()m,, 0 025 05 075 1 125
= LSM w/ my=5m, u/mps
0.0 - sevs LSM W/ ms=2m;, _ ;=
i > 3 ; 5 6 m,n, B, B 0,a0, B, B
g e + @6
- The peak structure is driven by contributions from parity partners (NG bosons +n) (Chiral partners)

_ _ o _ LSM framework
- Fluctuation and spin-1 hadron effect are needed for more quantitative comparison

- Any connection with crossover to quark matter?



FRG for anomaly effect
* FRG analysis in QC,D

- to confirm anomaly enhancement in superfluid phase

(' violation due to finite

_FRG | fluid phase is not easy due t
N Superiuid phase 1S not easy due to { U (1) g violation due to diquark condensate (¥¢)

Dy, quark-gluon plasma

_®
() First we studied aw @ We will explore all regime including superfluid phase
in hot medium  ~ f|-F------_ (on-going work)
(this talk) -@

______________________________________

Fejos-Suenaga (2025, 2025) . _ baryon superfluid phase
dronic phase /.« jike (W) # 0

{¢h) =0
nSB <l (gigi% nq/ngB =

\,
1@ @@
\, \
\\\\\\\\\\ /
>
> g




FRG for anomaly effect

- FRG analysis in hot QC,D T — N
- The flow equation is 9,y = 1ékTr Log [I'y + Rx], with 9, = a,chi
2 ORy, flow
— Regulator R, allows us to include fluctuations of p 2 & Goal
®
{ Ry — 0o (k— A) 3D Litim regulator U= = Cepnomires
R — 0 (k—0) Ry(p) = (k* — p*)0(k* — p°) ~

ansatz
the same structure
as classical one

- k-dependent effective action: T, = /

i

(Tr[@METE)“E] tho — Vk[E])

with assumption: Vi.[X] = mil; + xl,kff oo+ apla +ci p I3+ corlila
anomaly

: . 1 1 ~ ~ . 1
invariants: I; = Tr[21X] I, = (ST — ZTY[ETE]UQ] Iy = JTr[XE + PN (E“ = 56”’”2’“)

9%V,

$ P =w2+p*+ V! with v = ( 0907 ) (12 = # of hadrons)
: /1212




FRG for anomaly effect

 Numerical results

[e]

Aoa = 4A; o (largeNc) M, = 0.14GeV

o

ciA=CA =0 fr = 0.093 GeV

- Mn s treated as a free parameter
(anomaly effect is our main interest)

M, [GeV]|m3} [GeV?] aa [GeV] A1,a A2.4 c1,4 C2,A
0.3 —0.0426 —-0.032 125 5 0 O
0.5 0.0465 -0.108 1.25 5 O O
0.95 0.385 —-0428 125 5 0 O

- 2.4 < 5 to yield chiral restoration in hot medium

X means vacuum value of X
initial conditions physical inputs >

chiral restoration at finite T

[GeV]

T [GeV]



FRG for anomaly effect

- Hadron masses at finite T

1.0— 1.0

1.0—— —
M, = 0.3CeV P > M, = 0.5GeV
<08 . o = 0.8} = 0.8
E " a0 E E M, = 0.95 GeV
= 0.6} = 0.6} = 0.6}
[72] [72] [72]
(0] O | ——_—_—_—== []
a a a
(EU 04' --------------------- B I (EU 04' (EU 0.4'
0'2-_-_j_-_:_'__-_'_'_-_:_-__-:.—.r-- —————————————————— 0'2-_'_f_'_f_'__'_j_"_j_'__—_:_—_:_—..—.1-':?-'-"""“"'“"——”'——: 0 2 _':_':_'__'_'_‘_‘:_-__—:_—_:_—__—_1.-.:'-'--‘-1-"-'-'""_""”"-"”': - Quartlc Coupllngs are
0.0 0.1 0.2 03 0.4 0.0 01 0.2 03 0.4 0.0 01 0.2 03 0.4 suppressed at any k
T [GeV] T [GeV] T [GeV]

- Mass differences of parity partners at finite T

= 0.05 — 0.05

(0]
O, 0.04}

0 < 0.05

M, = 0.5GeV

°

M, = 0.3CeV

°

M, = 0.95GeV

S

8 0.03}

0.02¢

- Mass degeneracies
are predicted

0.01¢

Mass differe

0.00 :
0.0 0.1

T [GeV] T [GeV] T [GeV]



FRG for anomaly effect

- Anomaly coefficients at finite T

~ X
-a<0,c <0,cp>0atanykand T X=X NOTE: Tpe ~ 0.2 GeV
1.14 22
112l — 1\0477:0.95Gev 2.0}
1.10} 18y T T
. 1.08} o 16 e
1.06 4t
1.04 12} 7 /
1.83- ol 1.0t increase
at : : : ' 0.8 : : — 0.8 : : :
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
T [GeV] T [GeV] T [GeV]

- All the anomaly coefficients are enhanced at finite T




FRG for anomaly effect

- Topological susceptibility at finite T

M52 (1 1 . V0o G v
Definition: Xtop = —i / d'z(0]TQ(2)Q(0)]0) = ”"0( - ) with Q = (g7/64n%)e*? G, G,

. chiral Ward-Takahashi identit
0.25¢} Xeop M, = 0.95 GeV
M, = 0.5GeV
0.20¢} ——— M, = 0.3GeV | -
1‘8- — Xtop o MW 1 B 1 ] .
< 0.10f °r2
0 05_-3@‘1‘1- M, = 0.95 GeV Xtop = My 12 — 1 S (« reference: dashed)
RV o] M, = 0.5 GeV 4 M= M2+ (M% — M?2)
O 00 ------ M, =I0.3GeV . . \ ;
0.0 0.1 0.2 0.3 0.4 anomaly effect is constant = no anomaly change at finite T
T [GeV]
f MQ 1 \

- Xtop is suppressed at higher temperature followed by chiral restoration: xop ~ == 55 o 0

T

- No sizable difference between Xtop and Xtop
= topological susceptibility is not suitable probe to see corrections of anomaly effects )




FRG for anomaly effect
* FRG analysis in QC,D

(' violation due to finite 1

] i id phase i t
FRG in superfluid phase is not easy due to { U (1) g violation due to diquark condensate (¢¥¢)

@ Next step: in superfluid phase
(on-going work)

@ anomaly enhancement
is confirmed

—___5
—
—

______________________________________ . i baryon superfluid phase
adronic phase /. \fifed.like (Yp) #0

nSB <l (gigi% nq/nsB =
® S

,,,,,,,
>
> g



Other directions

- FRG analysis in hot QC,D medium Fejos-Suenaga (2025), (2025)

Jl - U(1)4 anomaly enhancement in hot medium

- Analysis in dense medium (on-going)

- Mass spectrum in cold-dense QC,D medium with spin-1 hadrons

{ - Possibility of (axial)vector condensate

Suenaga et al(2024)

- Analysis of cold-dense QC,D medium with Nf=2+2 LSM | sakai-Suenaga (2025)

1 - Enhancement of (QQ) in medium

- Possibility of heavy diquark condensate in medium




Conclusions

- Constructed Linear sigma model (LSM) in QC,D to study spin-0 hadrons including parity partners at Liq
@ Succeeded in explaining lattice mass spectrum qualitatively!

" - Applied to topological susceptibility, sound velocity

Then{ + FRG analysis (in hot medium), 2+2 flavor LSM study <:> Comparison with (future) lattice
+ Extension with spin-1 hadrons “numerical experiments”

- On-going: Check of anomaly enhancement in superfluid phase with FRG

4 )

From QC,D study we can learn universal regardless of Nc

" - to what extent (simple) hadron model description can apply hadron quark
- Which representation of hadrons is useful in medium matter $ matter
1 - how to incorporate quark dof into hadron model — “unified model”

- deep understanding of quark matter in high-dense regime onseEmsly g Enely
. - J




Topological susceptibility

* Topological susceptibility

- Lattice results of topological susceptibility by two groups look inconsistent even at qualitative level

__________________________ phase transition

| Japanese group ! - - ' 0 500 1000 (1500 2000
 lida-Itou-Lee (2019) 5| Hadmnm BEC BCS {_ sl Hi ‘ uam L-Efuf-"-"-"-"-"”
[ida et al (2024) 5 l 0 : : ussian group
TSR | | g I\I Why' 1'25"{#5 %ﬁ* . Astrakhantsev et al (2020)
¢

|
Z4x10° LW\ i ! | I\I I' ol IR
& ¢ \[ *\ 0.75} !
> ’ .| l
2x107° - . , 050 $ }.
~ constant Inconsistent .| suppreSsed
0 I0 . 025 0l5 0 7l5. . I1 125 090675 0.1 0.2 0.3 0.4

pimps e

x % 103, GeV*

Definition of topological susceptibility

52T
_ 4 QC2D _
Atop = / @ o 2)56(0) e

cf, Instanton, ‘tHooft (1986

2

—i / d*z(Q(z)Q(0)) with topological operator Q = e dadeles

6472 pe P

\_

[- We applied LSM to theoretically explore fate of Xtop in dense QC,D J




Topological susceptibility

- Theoretical background of Xtop

- QC,D generating functional with a 6-term is

_ _ 1 2
ZQCc,D = /[dwdw] [dAlexp [z‘/d‘lx (zp(z’ﬁ —my)Y — ZGZVGW’G + 962?6“””0(?%(?30)]

@ U(1)a axial transformation ¢ — exp (i6/4s) ¥

- B dependence is absorbed into quark mass term via Fujikawa’s method

Ward-Takahashi identity

_ _ _ 1
Zqc,p = / |dipdip][dAlexp [Z / d*x (W'l?w — murhexp (i0/27y5) ¢ — ZGZVGMV’CL)] (Y1) = —imyxx

4 currentAq/uark mass sab_ [ gt 0T g S A
$ Xtop = —/ d%;;z(r%?(%) = I = ) = 2 (1 B &> o oot
! X = [ dta((@insw) @) (Gi750) 0)

4

- )

[- Matching Zqc,p = Z1.sm enables us to evaluate X~ and Xn» within LSM }




2+2 flavor LSM

LSM fOI" Nf — 2 —I_ 2 in QCzD (no Sign prOblem) Sakai-Suenaga, submitted to PRD

- Useful to see roles of heavy flavors in dense medium U = (q1r, @21, Q1R> Q2r, @11, G2, Q11, Q2r)T

- Quark bilinear  ~ U7 6?72, is now 8 x 8 matrix

X : generators of SU(8)/Sp(8)
E : 8 x 8 symplectic matrix

Building block: ¥ = (8% —iP*) X°FE

simple extension of Ny = 2 one

Hadron Field parametrization JP N, Ng I, Ig Hadron Field parametrization JP N, Ng I, Ig
5 - 1 0 1 8 1 15 +
Naa 5P+ 5P+ P! 0O 0 0 00 T 258+ 588+ %S 0 0 0 0 0
n0Q —%PBJF\/%P”’ 00 0 00 0QQ —ﬁsﬂ\/gs“’ 0f' 0 0 0 0
70,44 P3, Z5(P' £iP?) 000 0 10 0,49 S?, (8" £is?) 0F 0 0 10
70.QQ S P’ — HP — P, (PP LiPY) 00 0 01 0,0Q J580— St LSS, \}(3131'514) 0F 0 0 0 1
Kaq (Pt — Pi) T (PP —iPT); So(P? =P Z=(PM =PI¥) |07 41 -1 3 3 KQq #(sz—z:sﬁ'), \/I(S:—zS:), (SZ—zsiZ), (si —'L:Si:) 0t +1 -1 % %
Kaqq Z5 (P +iP%), S5 (P°+iP7), S=(P° +iP™%), (P! +iP'?) |07 -1 +1 ; 3 RQq 75(8* +18°%), 75(8° +1487), ﬁ(s +18%%), S (8 +48'%) |0 -1 +1 3 3
B AP —ip*) 0* +2 0 0 0 Bis (8" ~i8") 0 +2 0 0 0
By, 25 (P +iP1%) 0t -2 0 0 0 B, 75 (8" +i8™) 00 -2 0 0 0
J_qu 2 (P —iP'®), Z5(P* —iP?), Z=(P® —iP?), H(P* —iP*)[0* +1 +1 0 0 %q 5 (S —i8%), ﬁ(s'21 —ist), %(sé"‘ —iS'”), 5(8% —is:“) 0" +1 +1 0 0
Bqq || 75(P" +iP™), %(1!3“’1 +iP%), (P2 +iP®), Z(P* +iP*)|0" -1 -1 0 0 By, || 758" +i8'), J5(8* +i8%), (8% +i5%), 5(8*° +i8*)[07 -1 -1 0 0
Boo 25 (P¥ —iP*) 0f 0 42 0 0 Bbo 25 (8% — i) 00 0 420 0
Bgaq 75 (P*" +iP) 0" 0 -2 0 0 Bga 75 (8% +i8™) 0" 0 —20 0




2+2 flavor LSM

- Lagrangian and mean fields

- (approximately) SU(8) -invariant LSM
£ = tr[D, S DY) — m2tr[ST8] — Ay (tr[S1E])° = Atr[(S75)?] + etr[¢TE + £ ¢] +¢ €ijkimmop (5ij St Somn Top + hoc.)

* *

U(1) 4 anomaly

1 0 0 0 1 0 1 0 0 0O 0 O 0
_ ‘ . 0 1 0 0 . -1 0 0 0
DY =0,% — Z,uq5uo{J, X} with - 00 -1 0 ¢= §(quq +mqEqQ) with E,=| & o ¢ o | Fe= 8 8 8 2
] . o 0O 0 0 -1 Sx8 0O 0 O S8 0 0 -1 0 a8
chemical potential effect (14 = 1Q) current-quark mass effect

m,>° =138 MeV mpy® = 494 MeV

) : : P o
14 dependences of the mean fields for several ¢ with \; =6 + input {f%"’“e MOV [ = 110 MoV

1.5 : 2.0 — —= 1.5 : - —
% N T 72 7 ) U T N N B Y JSN W R A /“ . *
$q ~ (79) P~ (QQ)| Ag~{aq)| 7 ooz
151 I e gttt T onT
! : 1.0 : 0=
%’ %1 0 — ¢c=0.1 %T
S 3 -—- €=025 3
H c=0.5 0.5
0.51 —= ¢c=0.75
: - c=1
e c=12 | 0 e
090 0.5 1.0 1.5 2.0 %9% 0.5 1.0 1.5 2.0




2+2 flavor LSM

- Lagrangian and mean fields
- (approximately) SU(8) -invariant LSM
£ = tr[D, S DY) — m2tr[ST8] — Ay (tr[S1E])° = Atr[(S75)?] + etr[¢TE + £ ¢] +¢ €ijkimmop (5ij St Somn Top + hoc.)

* *

U(1) 4 anomaly

1 0 0 0 1 0O 1 0 0 0O 0 0 O
_ ‘ . 0 1 0 0 . -1 0 0 0
DY = 0,% —ipgbuo{J, X} with s=| 0 1 ° ¢ ¢ =5 (mgEq +mqEq) with £i=| ' o g o | Fa=| g o o 1
_ _ 00 0 -1/, . 0 00 0/, 00 -1 0/,
chemical potential effect (14 = 1Q) current-quark mass effect

m,>° =138 MeV mpy® = 494 MeV

) : : P o
14 dependences of the mean fields for several ¢ with \; =6 + input {f%"’“e MOV [ = 110 MoV

1.5 ; 2.0 . e 15 : - —
bq ~ (qq) Pq ~ (QQ) -J_ _______________ | Ag ~ (qq) /,./":_/._.:_':;-/"'
: 1.5 _._____._1.:;_-_’_‘:__'_.__.._.___._-_—_-_-_-_—_-_'_'_‘__‘_‘_ . E /“,‘::‘_./_;./-’
§§, §§1.0— —— =01 §§
< s [QbQ enhancement } T .
os| With large anomaly| —- <=o07s '
; D
0'%.0 0j5 1.0 1.5 2.0 0.%.0 0.5 1.0 1.5 2.0

vac vac
H q/m"aq H q/ m Mgq



Light-light hadron masses

0] 1 0

10} : I}
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6 ----- aquq 6 E — - r[qq
w/ anomaly — :
4 B - 4 : —.- B -
—_— qq —\: qaq
NS S | 2 T " 1o
- —— 04q: 900, Bgq, Bgg Mixing I 4T Nag» N00: Blq, Blyq Mixing
0 7 ‘ ‘ A @ 0 7 ‘ | ’
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Hq/mquc pq/mqu‘:
12] : 12 : i
c=0 : _— «— @ c=0 :
(o 10 (10 f
(] . saes 1] -
n P 0 : /
2 g T e 3 8 : — i
€ : . — 0 gE | _.— : N
e — | : —_—
+ 6 e ao, qq S e, / Mgq
o H oI
w/o anomaly — g : B S o] P - By 1
S 44 : = - Qo 4 : —— B -
S : —:= Bag S : 9q
21 ’."div Oh i | > ....... Nh ) N |
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\
)

(D zero mode (NG mode of U(1) light-quark number breaking)

(2 large anomaly dependences in “0“ and “ 1 “ modes

- mixings among (0,44, 700, Byq, Byq) @nd (144, 10a, B.,, Bl,) occur y




Heavy-light hadron masses

w/ anomaly —

w/o anomaly —

Qq(0*) masses

Qg(0*) masses
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6 |
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- tiny anomaly dependences

- mixings among (kqq» FQq> Boq: Bog) and (Kqq, Kog, Bo,: Bo,) occur




Heavy-heavy hadron masses

w/ anomaly —

w/o anomaly —
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QO(0*) masses
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- N0 mixings occur (U(1) heavy-quark number symmetry is preserved)
- small but non-negligible anomaly dependences




Heavy-heavy hadron masses "

- Possibility of novel diquark condensate (QQ) (Bog ~ QQ)

3

vac
Mgq

mBOO/m

what happened with quark d.o.f?

- Larger anomaly effects make the onset (i, smaller (= anomaly is a “catalyst”)

- mp,, — 0 signals the appearance of Ag ~ (QQ)




Conclusions

- Constructed Linear sigma model (LSM) in QC,D to study spin-0 hadrons including parity partners at Liq
@ Succeeded in explaining lattice mass spectrum qualitatively!

" - Applied to topological susceptibility, sound velocity

Then{ + FRG analysis (in hot medium), 2+2 flavor LSM study <:> Comparison with

(future) lattice

+ Extension with spin-1 hadrons (similarly to eLSM by Frankfurt group)

Suenaga et al (2024)

- On-going: Check of anomaly enhancement in superfluid phase with FRG

4 N\
- to what extent simple hadron model description can apply hadron $ quark
- how to incorporate quark d.o.f. into hadron model (— unified model)| \ matter matter
- deep understanding of quark matter in high-dense regime ey high-density
\§ J




LSM with spin-1 hadrons

Spin-1 hadron matrix

Hadron |J* Quark number Isospin
w+po—\/(f1+a°) P+ B a-lfﬁ \/§B£‘=+l B§z=0 — Big K w by 0 0
2 p 1 0 1
w— 0L —ao = =
Bh — 1 P —ay £ \gl ) By 00+ Bas V2BE=! mesons fi 1: 0 0
D) pl.=—1 pL.=0_ f  _w+ts’+fite] - - ay 1 0 1
_\I/st _ Bs _;Ljfs ¥2 N jfpojf?_ljo diquark [ Bs (Bs) |1t +2(-2) 1
BSz — Bas \/EBS" —(p+ + a4 ) —Tl baryons Bas (Bas)|1” +2 (=2) 0

[ SU(4) transformation laws: & — UHUT [U € SU(4)] ]

explicit breaking U(1)4anomaly

Lezsm = tr[D DAY — m2tr[S1E] — Ay (62[212])° = Aotr[(BT2)?] + tr[HTS + BT H] + c(detE + detT)

Il
- Str[@uw @]+ m3tr[®, ®*] + igstr [D,,, [B*, ®”]] + hitr[ZTE]tr[®, D] + hotr[EXT D, OH]
+ h3tr[<I>ZET<I>“Z] + g4tr[®, D, BHDY] + g5tr[®, KD, D] 4 ggtr[®, OH|tr[®,DY]| + grtr[®, D, |tr[DH D]

P = Du®, —-D,P, MF in superfluid phase
D, = 8,2 —iG.E —iXG, —ig1®,.% — ig2T0,,

mesons: 0o = (0) w = (w*=?)

Du@u = 8,1@1/ _Z[Gu,éy] — — L, — —
m™— Q iy diquarks: A = <B + B> V= Bjs’ — Bi5
H=h,E with E— ( 0 (1) ) 1 mixings, efc. - /2 NGT

-1




LSM with spin-1 hadrons

Spin-O hadrons Sp|n_1 hadrons :__S_lil_e_r_l_a_g?_?fil_(_z_qz_ﬂ__:
a g s MR
=1 == =} —— =
- # o Bug e D :
—0, B7 B mix —— B” B’ mix —_— u:;?,\g,B,is 11:1‘1( - — (1,: Bs, Bs mifs

af sol go = 10, C =16 (Bs.Bas)
(7] s /i Te—
2 4l LV
(7] ] - i e T SO
7] @ L A
© g 2.0- 5
E 2} c
c 9 1.5' gl T e
o 5 D ..
[ =l © H
3 1 T o f
T ‘ Y e Y
0.5}
O-l L L : 1 L L L ] \\\:{
00 02 04 06 08 10 1.2 0.0 05 1.0 15 2.0 25
Mq/mng) uq/m‘,ﬁ”

- Mass degeneracy of chiral partners at high p, is clearly predicted
— challenging issue for future lattice simulation




Other directions

- Analysis with Nf=2+1 at vanishing 1,

- QC,D is useful to extract information of singly heavy baryon (SHB) spectrum

), Se(1/2F,3/2%), A% (1/27,3/27), -

interaction between Q and.::(';s‘ would be
universal based on the HQET

——————————————————————————————

i NC = i i NC = 2 i
e eeeoeee : n e s n analyzable on lattice!
Ac(1/27) ./ A(1/27) <:> B’ ./ B

unobserved measured
experimentally on the lattice




Other directions

- Analysis with Nf=2+1 at vanishing 1,

- QC,D is useful to extract information of singly heavy baryon (SHB) spectrum

), Be(1/2F,3/21), A% (1/27,3/27), -

interaction between Q and.::(;s‘ would be
universal based on the HQET

- Insights into inverse mass hierarchy?

1/2- mass (0 :
me}§s (1/27) ) ( /) B analyzable on lattice!
Ee ~ Qsq Ac ~ Qqq Bi.q [q4]

\\\ ,,V I— \~\ ,,1
(unobseryed) P <:> Pt /
AC ~ Qqq e \\ =c ™ qu qu] 7 - [sq]
U(1), anomaly U(1)a anomaly



