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Can we study a microscopic mechanism of
hadronquark crossover in cold atophysics?



Extremely densenatter

How does the hadronic phase change into quark matter at finite densities
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Hadronquark (HQ) crossover

G.Baym et al, Rep. Prog. Phy81, 056902 (2018).
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Hadronquark (HQ) crossover
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Hadronquark (HQ) crossover

G. Baym, et al, Rep. Prog. Phyﬁl 056902 (2018).
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Analogy with BEGCBCS crossover?

Review Y. OhashiHT, and P. vaWwyk, Prog. PartNucl. Phys.111, 103739 (2020).

BEC-BCS crossover realized
In ultracold Fermi gases
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Many-body theory for the crossove

In the case of the BEBCS crossover, the medield (BCSEagles
Leggett) theory I s nqualitativel
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Many-body theory for the crossove

In the absence of order parameters for crossover (e.g., hkadaok crossover),

the mearfield theory isSINVALID even gqualitatively
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Many-body theory for the crossove

In the absence of order parameters for crossover (e.g., hkadaok crossover),
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Two key points to understand the
hadronrguark crossover

Peaked speed of sound
Rapid increase d?P(})

Pressure (P)
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Two key points to understand the
hadronrguark crossover

Peaked speed of sound
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AlIn analogy with the BE@BCS crossover, we discuss the
microscopic mechanism of the hactguark crossover.

AWe show that tripling fluctuations explain two key points:

1. baryon momentum shell structuge peaked speed of sound
HT, K. lida, T. Kojo, and H. Liang, PRL35 042701 (2025).
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AFormulation
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N-body clustering fluctuations

R. Dasher], K. Ma, and H J. Bernstein, Phys. R&87, 345_ (1969). _
Clustering fluctuations on thermodynamlc potential:

0N = TZ/ —ln 1—|—6_w/T)8w'90

N-body propagator and phase shift: g/go — |g/g0|€i%0
Exact constraint « (kA © H) e+ (kh O H) =



N-body clustering fluctuations

R. Dasher], K. Ma, and H J. Bernstein, Phys. R&87, 345 (1969). _
Clustering fluctuations on thermodynamlc potential:

0N = TZ/ —ln 1—|-6_w/T)aw'90

N-body propagator and phase shift: g/go — |g/g0|€’1390
Exact constraint « (kA © H) e+ (kh O H) =

Tripling fluctuations: N =3 (N = 2 reproduces NSR theory)
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w: shortrange interaction responsible fdrbody cluster formation



Bound stater.s. Scattering state

Tripling fluctuation contribution to the particle number density
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Bound stater.s. Scattering state

Tripling fluctuation contribution to the particle number density
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Baryon momentum distribution
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AResults
Demonstration in a toy model



How to demonstrate the crossover physics?
-1D nonrelativistic threeolor fermions

AHamiltonian densityyD 'O ¢
One-body kinetic term 4 Mass
‘. chemical potential
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Three-body interaction (involving quantum anomaly with asymptotic freedom)
J.Drut, et al.,, PRL120, 243002 (2018).
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Phase shift of threbody propagator
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Momentum distributions

Model: 1D nonrelativistic threecolor fermions with colesinglet threebody interaction

Tripling fluctuation theory (present work)
(a) Fermion (quark)
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Momentum distributions

Model: 1D nonrelativistic threecolor fermions with colesinglet threebody interaction

Tripling fluctuation theory (present work)
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Quarkyonic momentum shell

Momentum distribution of baryonic fluctuations
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Quarkyonic momentum shell

Momentum distribution of baryonic fluctuations

Strong cancellation ___— No cancellation

small K
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Peaked speed of sound

Squared speed of sound:

- 3

Density susceptibility:
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Peaked speed of sound is induced by suppret
baryon distributions at low momenta




Threebody force In ultracold atoms”

HT, E. Nakano, and K. lida, arXiv:2505.19117
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Threebody force In ultracold atoms”

HT, E. Nakano, and K. lida, arXiv:2505.19117

NucleonK polaron (particle immersed in BEC)

PionK superfluid phonon
@ r e s dKnFeshlsaehmolecule (closeechannel)

Fujita-Miyazawa three-body force  Tunable counterpart in ultracold atoms
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Threebody force In ultracold atoms”

HT, E. Nakano, and K. lida, arXiv:2505.19117

NucleonK polaron (particle immersed in BEC)
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Summary

HT, K. lida, T. Kojo, and H. Liang, PRL35 042701 (2025).

AlIn analogy with the BE@®CS crossover in twoomponent
Fermi gases, we have discussed the thosly counterpart in
threecolor fermions, where bound trimer gases change into
degenerate Fermi state with tripling fluctuations.

Alt is found that tripling fluctuations can induce a Peak_ed speed
of sound as well as quarkyorike momentum distributions.

Future perspectives:Application tomore realistic systems relevant to neutster matter
and heavy ion collision, and quantitative comparison with Monte Carlo simulation
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Difference btw pairing and tripling fluctuations

P.Nozieresand S. SchmitRink, JLTP59, 195 (1985).
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Role of the phase shift
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Theoretical approaches to nuclear equation of state (EOS)

Conventional nuclear EOS
= Effective theory of nucleons
(Nucleons + nuclear force)
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Theoretical approaches to nuclear equation of state (EOS)

Conventional nuclear EOS

= Effective theory of nucleons
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Theoretical approaches to nuclear equation of state (EOS)

Conventional nuclear EOS
= Effective theory of nucleons
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Threebody pole in relativistic system

HT, S. Tsutsui, T. MDoi, and K. lida, Symmetry5, 333 (2023).
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Comparison with QMC

Qualitatively OK, but better approximation is needed for quantitative calculation

Speed of sound
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Finite-temperature phase diagram

. sound velocity is peaked
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Crossover equation of state and
baryonic distribution functions

n m 1 m m : HartreeFock contribution
Tripling fluctuations:  §Q), = — Tzln 1+ 6—(—B+Eki“—ﬁB)/T}

dw ln 1 _I_e (w+EB _PLB)/T]

+TZ/ n*(w/B) + w2

Baryonic distribution: f5(K) = f(—B + E5™ — fig) :Bound state
T 1m o 00 kin __
T O Qu _ / dw f (w2—|— Py fip) :Scattering state
0 W In ((.U/B) -+ 2

Baryon kinetic energy: Baryon chemical potential:
E¥MNEK) = K2/2Mp = K?2/(6m) jip = 3 = 3(p — Zur)



How to demonstrate the crossover physics?
-1D nonrelativistic threeolor fermions

Latter section: 1D nonrelativistic (LDNR) three-color Fermi gases with threebody attraction

Why?

Sign problem free Quantum Monte Carlo
Similarity with HQ crossover

Asymptotic freedom and trace anomaly

Possible realization in future atomic experiments o .
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Peaked speed of sound

matter 1DNR
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Lett. 129, 181101 (2022)
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J.McKenny et al, Phys.

Both systems exhibit a characteristic
peaked behavior in the crossover regime

Rev.A 102 023313 (2020).
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J.McKenny et al,
Phys. RevA 102,
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Y. Fujimoto, et al, Phys. Rev.
Lett. 129, 252702 (2022).

Trace anomaly would influence EOS




Realization of tunable thrd@ody interaction
In cold atoms

A. Hammond.et al, Phys. Rev. Lettl28 083401 (2022)
Breezing mode frequency
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Recent experiments of threemponent
Fermi gases

[T '
B =690 G TE 4 =2.77(11)

G. L. Schumacher, et al., arXiv:2301.92237 9 ="
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Threebody T-matrix for three
body interaction

Three-body coupling constantl can be represented by the thredody binding energyt |
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h : Threebody propagator in vacuum
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In-mediumthreebody T-matrix

HT, S.Tsutsuj T. M. Doi, and K. lida, Phys. Rev. Resea#;11.012021(2022).

M

3

ATripling

83
=0+ @Jr

1

—1
TMB(P,iQ,) = {— - E(P,iﬂn)}

f: In-medium threeparticle (threehole) propagator
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(Q + 3u)/Ey

Threebody spectral function

T, S.Tsutsuj T. M. Doi, and K. lida, Phys.

Rev. Resea#;h.012021(2022).
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Non-relativistic trace anomaly

Trace anomaly eguation
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“Y : energymomentum tensor

W. S.Dasa et al.,, Mod. Phys. Lett. 84, 1950291 (2019).

Threebody contact
Statistical average¢ ‘O 0 0

8+/3 3Er/E)

03——P F

o (1+28) |m (1+3EF)]2

'O energy density 0: pressure

Comparison with OMC results
10 . . .

Lattice artifact

6
4
5 2 QMC(T=04E,)
—  G-matrix
% 0.5 i 15 2
W Ey,

J¢ T& O : length scale associateith O

QMC: J.McKenny et al, PRA 102 023313 (2020)



NozieresSchmittRink-type approach
for the threebody crossover

In-medium three-body T-matrix
£3 GHF :HartreeFock propagator
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Yukawa interaction in cold atoms

Two-polaron interaction in BEC is induced by exchange
of superfluid phonons (analogous to pion exchange)
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Nils B. Jgrgensen, et aPRL 117, 055302 (2016). M. J.Mijsima, et al., PRA1, 053601 (2000).



Analogy between polaron and nucle

Inter -polaron force
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Analogy between polaron and nucle

Inter -polaron force Nuclear force

Nucleon Nucleon

: ° by Chat GP¥
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::> Fujita -Miyazawa counterpart in three-polaron force?



Fujita-Miyazawatype threebody
force among polarons

HT, E. Nakano, and K. lida, arXiv:2505.1911°
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Fujita-Miyazawatype threebody
force among polarons

HT, E. Nakano, and K. lida, arXiv:2505.1911°

NucleonK polaron

PionK superfluid phonon
P r e s dKnFeshlsaehmolecule (closeechannel)
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Two-channel model of cold atoms
near theeshbachesonance
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Two-channel model of cold atoms
near theeshbachesonance

J
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Two-channel model of cold atoms
near theeshbachesonance

Medium boson Impurity Closedchannel molecule
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Two-channel model of cold atoms
near theeshbachesonance

Medium boson Impurity Closedchannel molecule
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Two-channel model of cold atoms
near theeshbachesonance

Medium boson Impurity Closedchannel molecule
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/ Feshbachcoupling

Polaron in Bosd=instein condensate

b = Nooko + Tk(l — dk0).

¢ : BEC condensate density
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Polaron in Bosd=instein condensate

b = Nooko + Tk(l — dk0).

¢ : BEC condensate density
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Polaron in Bosd=instein condensate

b = Nooko + Tk(l — dk0).

¢ : BEC condensate density
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Absorption and emission
of pion-like boson excitations

I-phonon
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Fujita-Miyazawa threebody force
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How to measure?

Interaction energy in the impurity equation of state ("~ Observation of fermion
9y purity €q | mediated threebody force |
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Hamiltonian effective field theory
based on the opesystem description

We do not have to resort to path integral formalism

Grand-canonical partition function
7 — Ty [e_B(ﬁN+ﬁA+ﬁ7r+V):|



Hamiltonian effective field theory
based on the opesystem description

We do not have to resort to path integral formalism
Grand-canonical partition function AEffective nucl eo
7 — Ty [e—B(HN+ﬁA+I§TW+V) Z =Try [e_B(HNJFVeff)}

nNTrace “out o ¢ :effective interaction
4 O8 : partial trace oN state



Hamiltonian effective field theory
based on the opesystem description

We do not have to resort to path integral formalism
Grand-canonical partition function AEffective nucl eo
7 — Ty [e—B(HN+ﬁA+FIW+V)} Z =Tryn [e_B(ﬁNJFVeff)}
ATrace -out o - effective interaction
4 O8 : partial trace oN state

Equation for effective interaction S-matrix operator
_ A3V _3(H TN A . g,
e PVert _ Tra- {8 B(HA+HW)S(,8)] S(B) =T exp [—/ dr V(1)
0

Interaction representation in the imaginary time formalism
V(r)= e (Hn+Ha+Hx)V/ o—7(Hn+Ha+Hr)




Hamiltonian effective field theory
based on the opesystem description

We do not have to resort to path integral formalism
Grand-canonical partition function AEffective nucl eo
7 — Ty [e—ﬁ(ﬁw+ﬁa+ﬁw+v)} Z =Try [e_B(ﬁNJFVeff)}
ATrace -out o - effective interaction

4 O8 : partial trace oN state

Equation for effective interaction S-matrix operator
_ A3V _3(H TN A . g,
e PVert _ Tra- {8 B(HA+HW)S(,B)] S(B) =T exp [—/ dr V(1)
0

Interaction representation in the imaginary time formalism
V(r)= e (Hn+Ha+Hx)V/ o—7(Hn+Ha+Hr)

Perturbative expression of the effective interaction
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