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𝜃+ pentaquark 𝑢𝑢𝑑𝑑 ҧ𝑠

• Predicted from Collective Coordinate Quantization
(CCQ) in the Skyrme+WZW model

• Not found in experiments & Lattice

In a presence of topological terms,

CCQ needs modification

Modifying CCQ

→ New constraints to the multiplets

→ 𝜃+ in fact do not exist 1/14

Introduction

(Adkins and Nappi, 1983), 
(Cherman et al, 2005)

(Diakonov, Petrov, and Polyakov, 1997)

𝑚𝜃+ ≈ 1530 MeV?, Γ𝜃+ ≈ 15 MeV?



𝑈sol: soliton solution, 𝑢 ≔ 𝑈 − 𝑈sol : fluctuation

𝑆 𝑈 = 𝑆 𝑈sol + න d𝑡
1

2
ሶ𝑢𝑇𝑀 ሶ𝑢 − 𝑢𝑇𝐾𝑢 + 𝐴 𝑢 𝑇 ሶ𝑢 ⋯

Zero modes 𝜉𝑎 ∈ ker𝐾
⇕

Collective coordinate 𝑈sol 𝑋𝑎 ,  𝜉𝑎 = 𝜕𝑎𝑈sol

Naïve CCQ : 𝑈 𝑡 = 𝑈 𝑋𝑎 𝑡 ⇔ 𝑢 = 𝑋𝑎 𝑡 𝜉𝑎

𝑆naive 𝑋𝑎 𝑡 = න d𝑡
1

2
𝑀𝑎𝑏

ሶ𝑋𝑎 ሶ𝑋𝑏 + 𝒜𝑎
ሶ𝑋𝑎
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Review : Collective coordinate quantization

particle with metric 𝑀𝑎𝑏 = 𝜉𝑎
𝑇𝑀𝜉𝑏, vector potential 𝒜𝑎 ≔ 𝐴𝑇𝜉𝑎



𝑆𝑈 3  Skyrme+WZW model

𝑆 𝑈 = න
4

tr −
𝑓𝜋

2

16
𝐿𝜇

2 +
1

32𝑒2 𝐿𝜇, 𝐿𝜈
2

+
𝑖𝑁𝑐

240𝜋2 න
5

𝜖𝑀𝑁𝑃𝑄𝑅 tr 𝐿𝑀𝐿𝑁𝐿𝑃𝐿𝑄𝐿𝑅

𝐿𝜇 = 𝜕𝜇𝑈𝑈†

𝑁𝐵 = 1 solution

𝑈sol Ԧ𝑥 = exp 2𝑖𝑓 𝑟 𝑛𝑖𝜏𝑖

Zero modes : 𝑢𝑎≠8 = 𝑖[𝜏𝑎≠8, 𝑈sol], (& 𝜕𝑖𝑈sol)
⇕

𝑆𝑈 3 /𝑈 1  Collective coordinate
𝑈sol Ԧ𝑥 → 𝑉𝑈sol Ԧ𝑥 𝑉†, 𝑉 ≃ 𝑉exp −𝑖𝜃8𝜏8
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Review : Skyrme-WZW model



CCQ :
𝑈 𝑥 = 𝑉 𝑡 𝑈sol Ԧ𝑥 𝑉† 𝑡 , 𝑉 𝑡 ∈ 𝑆𝑈 3

𝑆naive 𝑉 = න d𝑡
𝐼

2
Ω𝑅

𝑖 2
+

𝐼′

2
Ω𝑅

𝛼 2 −
𝑁𝑐

2 3
Ω𝑅

8

 

Symmetries

𝑆𝑈 2 𝑅 ⊂ 𝑆𝑈 3 𝑅  : 𝛿𝑉 = −𝑖𝑉𝜏𝑖 , 𝑆𝑈 3 𝑉  : 𝛿𝑉 = 𝑖𝜏𝑎𝑉

𝜓 𝑉 = ෍ 𝐷
𝐼,𝐼3,𝑌:𝐽,𝐽3,𝑌𝑅

𝑝,𝑞
𝑉
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𝑖 = 1,2,3 𝛼 = 4,5,6,7

Review : Skyrme-WZW model

𝑉† ሶ𝑉 = 𝑖Ω𝑅
𝑎𝜏𝑎

from the WZW term

𝑆𝑈 3  Wigner D-matrix



1st class constraint ⇔ gauge d.o.f

𝑌𝑅 ≔ −
2

3

𝜕𝐿naive

𝜕Ω𝑅
8 =

𝑁𝑐

3
= 1

Representation 𝑝, 𝑞  must include 𝑌 = 1 state
∴ 𝑝, 𝑞 = 1,1 , 3,0 , 0,3 , 2,2 , ⋯

0,3  has 𝑌 = +2, 𝐼 = 0 state

⇒ 𝜃+ pentaquark : 𝑢𝑢𝑑𝑑 ҧ𝑠  

However, 𝜃+ is not found in experiment & Lattice 
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(Diakonov, Petrov, and Polyakov, 1997)

Review : Skyrme-WZW model

𝑛 𝑝 Δ− Δ0 Δ+ Δ++

𝑌 = 1

𝜃+

𝑉 ≃ 𝑉exp −𝑖𝜃8𝜏8

𝑁 Δ



𝑆 𝑈 = 𝑆 𝑈sol + න d𝑡
1

2
ሶ𝑢𝑇𝑀 ሶ𝑢 − 𝑢𝑇𝐾𝑢 + 𝑨 𝒖 𝑻 ሶ𝒖 + ⋯

EOM : 𝛿𝑆 𝑈 ≃ 𝑀 ሷ𝑢 − 𝑩 ሶ𝒖 + 𝐾𝑢 = 0

𝑢 𝑡 = 𝑢0 𝑡 + ෍

𝑚

𝛼𝑚𝑒−𝑖𝜔𝑚𝑡𝑢𝑚 + c. c.

−𝜔𝑚
2 𝑀 + 𝑖𝜔𝑚𝐵 + 𝐾 𝑢𝑚 = 0

For zero modes, three types of solutions
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𝐵 : “magnetic field” from 𝐴 𝑢

Classification of zero modes

From WZW term



① Dynamical zero modes

𝑢0 ≃ 𝑋0
𝑖 + 𝑉0

𝑖𝑡 𝜉𝑖 + 𝑉0
𝑖𝜂𝑖

• 𝐾𝜂𝑖 = 𝐵𝜉𝑖 to cancel 𝐵 ሶ𝑢 term

• 𝐵𝜉𝑖 ⊥ ker𝐾 ⇔ 𝜉𝑖
𝑇𝐵𝜉𝑎 = 0, ∀𝜉𝑎 ∈ ker𝐾 is necessary

② Cyclotron zero modes

𝑢0 ≃ 𝑍0
𝐴 + 𝑊0

𝐴𝑒−𝑖𝑏𝐴𝑡 𝜉𝐴

𝐵𝜉𝐴 = −𝑖𝑏𝐴𝑀𝜉𝐴

③ Constraint zero modes
𝑢0 ≃ 𝑌0

𝛼𝜉𝛼

Only time-independent solutions
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𝑏𝐴 ≠ 0

Classification of zero modes

(Adkins and Nappi, 1983), 

(Cherman et al, 2005)



Expansion of the action
𝑆 𝑈 = 𝑆zero + 𝑆massive

𝑆zero 𝑋𝑎 = න d𝑡
1

2
𝐺𝑎𝑏

ሶ𝑋𝑎 ሶ𝑋𝑏 + 𝒜𝑎
ሶ𝑋𝑎

𝐺𝑎𝑏 =
𝑀𝑖𝑗 + 𝜼𝒊

𝑻𝑲𝜼𝒋  

𝑀𝐴𝐵  
𝟎

≠ 𝑀𝑎𝑏

①  𝜂𝑖 contributes to the metric

②  No kinetic terms for constraint zero modes

8/14

⇒Produce constraints

Classification of zero modes



① Classify zero modes

• Dynamical zero modes : 𝜉𝑎
𝑇𝐵𝜉𝑖 = 0

• Cyclotron zero modes : B𝜉𝑎 = −𝑖𝑏𝐴𝑀𝜉𝑎

• Constraint zero modes : otherwise

② Replace the kinetic term from the naïve CCQ

• Dynamical : 𝑀𝑖𝑗 → 𝐺𝑖𝑗 = 𝑀𝑖𝑗 + 𝜂𝑖
𝑇𝐾𝜂𝑗

• Cyclotron : unchanged

• Constraint : remove the kinetic term
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Generalized CCQ



In Skyrme-WZW model, 𝜉𝑎
𝑇𝐵𝜉𝑏 = −

𝑁𝑐

2 3
 𝑓𝑎𝑏8

𝑖 = 1,2,3 are dynamical zero modes

𝑀𝜉𝑎 = ቊ
𝜌𝐼 𝑟 𝜏𝑖

𝜌𝐼′ 𝑟 𝜏𝛼
, 𝐵𝜉𝑎 =  ቐ

0

−
𝑁𝑐

2 3
𝜌𝑁𝐵

𝑟 𝑓𝛼𝛽8𝜏𝛽

𝛼 = 4,5,6,7 are constraint zero modes

∴ 𝑆zero 𝑉 = න d𝑡
𝐼

2
Ω𝑅

𝑖 2
+

𝐼′

2
Ω𝑅

𝛼 2 −
𝑁𝑐

2 3
Ω𝑅

8

Constraints

𝑌𝑅 = 1, 𝑄𝛼
𝑅 ≔

𝜕𝐿zero

𝜕Ω𝑅
𝛼 = 0
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∵ 𝜌𝐼′ ∝ 𝜌𝑁𝐵

Skyrme-WZW model revisited

𝑖 = 1,2,3

𝛼, 𝛽 = 4,5,6,7

𝜂𝑖 ≡ 0



𝑌𝑅 = 1, 𝑄𝛼
𝑅 ≔

𝜕𝐿zero

𝜕Ω𝛼
= 0

𝑄𝛼
𝑅 , 𝑄𝛽

𝑅 ≈ −𝑖
3

2
𝑓𝛼𝛽8

𝑄𝛼
𝑅 = 0 are 2nd class

How to treat 2nd class constraints?

Let 𝑒1
± ≔ 𝑄4

𝑅 ∓ 𝑖𝑄5
𝑅 , 𝑒2

± ≔ 𝑄6
𝑅 ∓ 𝑖𝑄7

𝑅

⇒ 𝑒1
+, 𝑒2

+ ≈ 𝑒1
−, 𝑒2

− ≈ 0

Assume physical states

𝑒1
+𝜓 = 𝑒2

+𝜓 = 0, or 𝑒1
−𝜓 = 𝑒2

−𝜓 = 0
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Skyrme-WZW model revisited



Physical states

𝑒1
+𝜓 = 𝑒2

+𝜓 = 0, or 𝑒1
−𝜓 = 𝑒2

−𝜓 = 0

𝑌𝑅 , 𝑒1
± = ±𝑒1

±

𝑌𝑅 , 𝑒2
± = ±𝑒2

±

𝑒1
±, 𝑒2

±  raise (lower) 𝑌𝑅 ⇒ 𝑌𝑅 = 𝑌max, or 𝑌min

∴ 𝑌𝑅 = 1 = 𝑌max

Only representation with 𝒀𝐦𝐚𝐱 = 𝟏 is allowed
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𝑒2
−𝑒1

−

𝑒2
+ 𝑒1

+

𝑌𝑅

Skyrme-WZW model revisited
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1,1  and 3,0  are 𝑌max = 1

0,3  is 𝑌max = 2 ⇒ Do not appear as physical state

∴ 𝜽+ do not exist!!

8 and 10 are the only allowed multiplets

𝑛 𝑝

Σ+Σ− Σ0, Λ

Ξ0Ξ−

Δ− Δ0 Δ+ Δ++

Σ∗− Σ∗0 Σ∗+

Ξ∗0Ξ∗−

Ω−

𝑌 = 1

𝜃+
𝑌𝑅 = 1

𝑌max = 1

Skyrme-WZW model revisited



• There are 3 types of zero modes

• One of them produces constraints

• 𝜃+ is prohibited from the constraints

Future works

• Application to other models

• The origin of constraints
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Conclusion



Non-zero modes : 

𝑢 𝑡 = ෍

𝑚

𝛼𝑚𝑒−𝑖𝜔𝑚𝑡𝜉𝑚

(−𝜔𝑚
2 𝑀 + 𝑖𝜔𝑚𝐵 + 𝐾)𝜉𝑚 = 0

Features : 

• 𝜉𝑚
∗ ≠ 𝜉𝑚 : 𝑁 − 𝐾 interaction≠ 𝑁 − ഥ𝐾 interaction

• 𝜉𝑚 ⊥ ker𝐾

General solution
𝑢 𝑡
= 𝑋0

𝑖 + 𝑉0
𝑖𝑡 𝜉𝑖 + 𝑌0

𝛼𝜉𝛼 + 𝑍0
𝐴 + 𝑊0

𝐴𝑒−𝑖𝑏𝐴𝑡 𝜉𝐴

+ ෍

𝑚

𝛼𝑚𝑒−𝑖𝜔𝑚𝑡𝜉𝑚 + c. c.
15/14

Backup : Non-zero modes



Expand the action in Hamiltonian formalism

𝑆 𝑢, 𝜋 = නd𝑡 𝜋𝑇 ሶ𝑢 − 𝐻 𝑢, 𝜋

𝐻 𝑢, 𝜋 =
1

2
( 𝜋 − 𝐴 𝑇𝑀−1 𝜋 − 𝐴 + 𝑢𝑇𝐾𝑢)

𝑢 𝑡 = 𝑋𝑖 𝑡 𝜉𝑖 + 𝑉𝑖 𝑡 𝜂𝑖 + 𝑌𝛼 𝑡 𝜉𝛼 + 𝑍𝐴 𝑡 𝜉𝐴 + ෍

𝑚

𝛼𝑚 𝑡 𝜉𝑚 + c. c.

𝜋 𝑡 = 𝑉𝑖 𝑡 𝑀𝜉𝑖 + 𝑊𝐴 𝑡 𝑀𝜉𝐴 + ෍

𝑚

−𝑖𝜔𝑚𝛼𝑚𝑀𝜉𝑚 + c. c. +A u

𝑆 𝑢, 𝜋 = 𝑆zero + ෍

𝑚

𝑆 𝛼𝑚

𝑆 𝛼𝑚 ∝ නd𝑡 −Im 𝛼𝑚
† ሶ𝛼𝑚 − 𝜔𝑚𝛼𝑚

† 𝛼𝑚
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Backup : Mode expansion



Expand the action in Hamiltonian formalism
𝑆zero

= න d𝑡 𝑔𝑖𝑗𝑉𝑖 + 𝒜𝑖
ሶ𝑋𝑗 −

1

2
𝑔𝑖𝑗𝑉𝑖𝑉𝑗

+ න d𝑡 𝑀𝐴𝐵𝑊𝐴 + 𝒜𝐴
ሶ𝑍𝐵 −

1

2
𝑀𝐴𝐵𝑊𝐴𝑊𝐵 + නd𝑡𝒜𝛼

ሶ𝑌𝛼

Integrating out 𝑉𝑖 , 𝑊𝐴,

𝑆zero = න d𝑡
1

2
𝑔𝑖𝑗

ሶ𝑋𝑖 ሶ𝑋𝑗 +
1

2
𝑀𝐴𝐵𝑊𝐴𝑊𝐵 + 𝒜𝑖

ሶ𝑋𝑖 + 𝒜𝛼
ሶ𝑌𝛼 + 𝒜𝐴

ሶ𝑍𝐴
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Backup : Mode expansion



Other possibility : 

𝜃+ = 𝑁 − 𝐾 bound or resonance state?

Analysis of oscillating modes

⇒ already done in bound state approach

Neither bound states nor resonance are found
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Callan, Hornbostel, and Klebanov (1988), Itzhaki et al (2004)

Backup : Other approach



Including meson mass term
𝐿mass ∝ Tr Re 𝑀𝑈 , 𝑀 = diag(𝑚𝜋

2 , 𝑚𝜋
2 , 𝑚𝐾

2 )

①  𝑆𝑈 3  coordinates

• Mass term⇒ potential term of 𝑉 𝑡

        & interaction with massive modes

• Structure of the kinetic term unchanged

The constraints are remained valid

②  𝑆𝑈 2  coordinates

𝑆 ≠ 0 baryons ⇔ massive bound states

Discussed in Bound state approach
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Backup : meson mass
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