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Outline

Brief introduction and motivation for studying quantum kinetic 
neutrino transport and collective neutrino oscillations in the 
context of CCSNe and BNSMs.

Local QKE simulations: understanding asymptotic states of 
flavor conversions.

Global QKE simulations (FFC and CFI)

See recent reviews, e.g.,  Fourcart 2023, Fisher et al. 2024 and Yamada et al. 2025

See a recent review by Johns et al. 2025

See, e.g., Shalgar and Tamborra 2023, Xiong et al. 2023, Nagakura and Zaizen 2022



CCSN dynamics hinges on neutrino energy spectrum, angular 
distributions, and their flavor dependent structures

Cartoon from Thomas Janka



4

Binary neutron star merger (BNSM)

Radice et al. 2018

Lepton number transport by neutrinos is 
a key player to determine r-process nucleosynthesis.
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Neutrino oscillation induced by self-interactions

Sea of neutrinos

This is a non-equilibrium quantum many-body problem

Neutrino dispersion relations are modified by refractive effects, analogous to the 
MSW effect in matter

Because neutrino flavor (or mass) eigenstates span multiple states (at least three), 
neutrino self-interactions can enhance flavor coherence

Pantalone 1992
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Rich flavor-conversion phenomena driven by 

neutrino self-interactions

- Slow-mode

- Fast-mode (FFC)

- Collisional flavor instability (CFI)

- Matter-neutrino resonance

・Energy-dependent flavor conversion occurs. 
・The frequency of the flavor conversion is proportional to  

(Duan et al. 2010) Vacuum:
Matter:
Self-int:

・Collective neutrino oscillation in the limit of ω → 0.
・The frequency of the flavor conversion is proportional to
・Anisotropy of neutrino angular distributions drives the fast flavor-conversion. 

(Sawyer 2005)

(Johns 2021)

・Asymmetries of matter interactions between neutrinos and anti-neutrinos
drive flavor conversion.  
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FIG. 2. The crit ical elect ron fract ion Y cr i te below which the
system is predicted to be collisionally unstable, shown as a

funct ion of n⌫x / n⌫̄e and n⌫̄e / n⌫e and assuming n⌫x = n⌫̄x .
Since Ye . 0.2 is typical in the neut rino decoupling region,
the majority of this parameter space is unstable.

support the same solut ions, assuming the init ial state is

seeded with flavor coherence. As a matter of fact , such

a system does enter into the decay mode, but never into

the growing one. From the vantage point of Eq. (5), the

significanceof theoscillat ion terms is that they cause the

polarizat ion vectors to wander through di↵erent config-
urat ions in flavor space unt il chancing upon the growing

solut ion. Fast instabilit ies, by way of contrast , really can

arise with ! = 0 as long as coherence is seeded. The µ

terms serve double duty in those cases, prompt ing the

explorat ion of flavor space and driving the instabilit ies

themselves.

Linear stability analysis provides a complementary

perspect ive. For this we return to the density matri-

ces. Linearizing in o↵-diagonal elements and adopt ing a
matter-suppressed mixing angle✓m ⇠= 0,

i@t⇢ex =
⇣
− ! −

p
2GF (n⌫̄e − n⌫̄x ) − iΓ

⌘
⇢ex

+
p
2GF (n⌫e − n⌫x )⇢̄ex

i@t ⇢̄ex =
⇣
+ ! +

p
2GF (n⌫e − n⌫x ) − i Γ̄

⌘
⇢̄ex

−
p
2GF (n⌫̄e − n⌫̄x )⇢ex . (13)

Seeking collect ivemodes, we now take⇢ex = Qe− i⌦t and
⇢̄ex = Q̄e− i⌦t . The dispersion relat ion results from plug-

ging theseexpressions into Eqs. (13) and dispensing with

Q and Q̄. It can be solved analyt ically:

Im⌦⇠= ±
Γ − Γ̄

2

µS
p
(µD )2 + 4! µS

−
Γ + Γ̄

2
, (14)

where S = |S(0)| = n⌫e − n⌫x + n⌫̄e − n⌫̄x and D =

|D(0)| = n⌫e − n⌫x − n⌫̄e + n⌫̄x . (S and D are assumed

FFC + col l isional instabi l i ty
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FIG. 3. Collisionally and fast -unstable evolut ion in
an anisot ropic calculat ion: n⌫e (thick black curve), n⌫̄e
(medium), n⌫x (thin), and neut rino coherence density |PT |/ 2
(teal). The very thin curves show the results when Γ and Γ̄

are art ificially set to the average of their actual values (hence
Γ = Γ̄). The rapid oscillatory mot ion is the swinging of the

fast pendulum [21]. No conversion would be visible if the
system were stable to fast flavor conversion (FFC).

to point along z init ially, but the formulas are easily

adapted.) If µD 2
p
! µS, which is usually expected

of the set t ing we have in mind, then the instability crite-

rion coincides with Eq. (6). If µD < 2
p
! µS and ! < 0

(indicat ing the inverted hierarchy), then Eq. (14) is in-

validated by intervent ion of the bipolar instability.

Up to this point the analysis has assumed monochro-

mat icity, isot ropy, and homogeneity. The first of these

is just ified by the high neutrino density. Though not

presented here, numerical calculat ions with mult iple en-

ergiesconfirm that collisional instability a↵ects them col-
lect ively.

Calculat ions also confirm the presence of collisionally

unstable evolut ion in anisot ropic set-ups. An interest -

ing case is one where collisional and fast instabilit ies are

present together. Fig. 3 shows the results of such a cal-

culat ion. The parameters are the same as those used

in making Fig. 1 except that n⌫e has been decreased to

2.6⇥1033 cm− 3 and the angular dist ribut ions have been

made anisot ropic, so as to make the system unstable to

fast oscillat ions. As with the other parameters, the an-

gular dist ribut ions are chosen to be representat iveof real

condit ions in a supernova. They are specified by the flux

factors (i .e., the rat ios of energy flux to energy density)

f⌫e = 0.05, f ⌫̄e = 0.10, and f⌫x = f ⌫̄x = 0.15. Radiat ive

pressures are prescribed using M1 closure [22].

Theonset of fast flavor conversion prompts thegrowth

of the collisional instability on a much shorter t imescale

than was seen in Fig. 1. Furthermore, significant ly

greater flavor t ransformat ion occurs when Γ 6= Γ̄ than

when Γ = Γ̄, test ifying to the fact that the results

observed in Fig. 3 are not simply caused by decoher-

ence. In a more realist ic set t ing, collisional relaxat ion

Γ: Matter-interaction rate

・The resonance potentially occur in BNSM/Collapsar environment (but not in CCSN).
・Essentially the same mechanism as MSW resonance.

(Malkus et al. 2012)
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Huge scale disparity between neutrino flavor conversions and hydrodynamics

Johns et al. 2025

Subgrid model of flavor conversions is indispensable for CCSN and BNSM 
simulations that incorporate effects of neutrino oscillations. 
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Phenomenological approach

Ehring et al. 2023

Mori et al. 2025

Just et al. 2022
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Nagakura et al. 2024 (see also Xiong et al. 2025)

BGK subgrid model

Akaho et al. PRL in press
Qiu et al. 2025 (PRL and PRD)

Wang et al. 2025

Local QKE simulations are necessary to develop accurate method in determining τ  and f . a
a
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Quantum Kinetic Equation (QKE) for neutrino transport

Density matrix

Hamiltonian:

Advection terms 
(Same as Boltz eq.)

Collision term Oscillation term 

f is not a 
“distribution function”

Vlasenko et al. 2014, Volpe 2015,

Blaschke et al. 2016, Richers et al. 2019 
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Local QKE simulations

νe

νe
-

Animations (and simulations) below are created by M. Zaizen

Zaizen and Nagakura 2023

Zaizen and Nagakura 2024

Periodic boundary 
condition

Two-beam 
colliding model
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Local QKE simulation codes are well established
Richers et al. 2022
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Caveat: resolution dependence
Nagakura et al. 2025
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Moment-based QKE simulation
Grohs et al. 2023, 2025
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Quantum kinetic closure
Kneller et al. 2025

A key difference from classical closure problem:

           Off-diagonal elements of neutrino density matrix



Asymptotic states of FFC informed by local QKE simulations

Bhattacharyya and Dasgupta 2021

: Normalized lepton asymmetry

Asymptotic states of FFC can be characterized 
by the normalized lepton asymmety



Zaizen and Nagakura 2022

Asymptotic states of FFC informed by local QKE simulations

Analytic scheme (Box-3D)
Conservative law of neutrinos + Stability condition 

Time evolution of survival probability



Xiong et al. 2023

Another (Better) analytic scheme for FFC asymptotic states



Abbar et al. 2024

Asymptotic states of FFC informed by 

Machine-learning techniques + local QKE simulations

Richers et al. 2024



Padilla-Gay et al. 2025

Asymptotic states of SFC informed by local QKE simulations

: asymmetric parameter
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3D FFC simulations
Richers et al. 2021
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George et al. 2024
3D FFC simulations
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Edge of instability
Fiorillo et al. 2024

The time evolution of FFC 
depends sensitively on the 
neutrino injection conditions.

The resulting asymptotic states 
vary across models.

Even after the disappearance of 
ELN–XLN angular crossings, the 
system continues to exhibit strong 
flavor conversion.

This suggests that the stability 
condition is not a sufficient 
condition to determine 
asymptotic states.

See also Urquilla and Johns 2025
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Quasi-steady evolution of FFC
Liu and Nagakura et al. 2025

The quasi-steady evolution of FFC can be 
modeled analytically.

See also Liu et al. (arXiv:2509.26418) 
for a synchronization property of FFC
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Effects of matter inhomogeneity in FFC
Bhattacharyya et al. 2025

Due to the phase shift, the dispersion 
relation of the unstable mode varies 
spatially, causing the mode to become 
stable before it has time to grow.
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Froustey 2025
Asymptotic states of CFI: homogeneous simulations
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Zaizen 2025

Driven by minus-mode Driven by plus-mode

The asymptotic states qualitatively differ between the plus and minus modes.

Asymptotic states of CFI: multi-energy dependence
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Global quantum kinetic neutrino transport
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- Need of global simulations in the study of flavor conversions in CCSN/BNSM

A

B

Θ
B

Θ
A

Cos Θ 

f

Distribution function 
of neutrinos

A B

1

Optically thick region

0

Self-interaction potential 
depends on neutrino angular 
distributions in momentum space
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Time-dependent global simulations of FFC

- Strategy:

Attenuation parameter (0 ≦ ξ ≦ 1)

Nagakura and Zaizen PRL 2022, PRD 2023

Attenuating Hamiltonian makes global QKE simulations tractable.

Realistic features can be extracted by a convergence study of ξ (→ 1).

Oscillation wavelength is an order of sub-centimeter.

Too short !!!!

How can we make FFC simulations tractable???

- Issue:
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Temporal and quasi-steady features of FFC in global scale 
(1D in space + 1D angle in momentum space)

Small ξ

Large ξ

Nagakura and Zaizen PRL 2022
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Global simulation for CFI
Xiong et al. 2023



FFC in CCSN
Nagakura 2023, Nagakura and Zaizen 2023

Numerical setup:

Collision terms are switched on.

Fluid-profiles are taken from a 
CCSN simulation.

General relativistic effects are 
taken into account.

A wide spatial region is covered.

Three-flavor framework

Neutrino-cooling is enhanced by FFCs
Neutrino-heating is suppressed by FFCs

Impacts on the 
explodability of CCSN



Black: Classical transport
Red: QKE 

Average energy Energy flux

FFC in CCSN
Nagakura 2023, Nagakura and Zaizen 2023



Xiong et al. 2023
Energy-spectra of neutrinosFFC in CCSN



Global Simulations of FFC in a BNSM environment
Nagakura 2023

Temporal evolution of FFCs in global scale:

FFC leads to flavor swap rather than flavor equipartition:

FFC occurs vividly in a narrow region.

The converted neutrinos spread in space by 
advections.

Neutrinos undergo flavor swap, which is 
different feature from CCSNe.

Take-home messages:

●

●νe

νx

●
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Fast flavor swap may be a natural outcome in BNSM
Zaizen and Nagakura 2024

- Colliding-beam model νe

νe
-

Head-on colliding neutrinos end up with flavor swaps in asymptotic states.

P  =  1  : electron-type

P  =  0  : equipartition

P  = -1 : heavy-lepton type

3

3

3

Unstable
Non-steady 
Stable
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Summary

Remarkable progress has been made in numerical modeling of CCSNe and BNSMs 
that incorporates the effects of neutrino flavor conversions. 

The fidelity of such simulations depends sensitively on the adopted neutrino 
mixing scheme (or subgrid model). 

The BGK subgrid model for flavor conversions provides a simple, efficient, and 
physically reasonable approach to incorporating neutrino flavor conversions into 
conventional CCSN and BNSM simulation codes. 

Local QKE simulations have been widely used to investigate the detailed dynamical 
behavior and asymptotic states of flavor conversions. 

Global QKE simulations with a fixed matter background have also been developed 
using attenuation prescriptions. 

Global neutrino transport may lead to outcomes that differ qualitatively from 
those inferred from local simulations.
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