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Confinement: Static quark potential
• Energy of a static quark–antiquark 

pair in pure Yang–Mills 

• Coulomb at short range, linear at 
long range: the language of heavy-
quark spectroscopy 

• The slope is the string tension:

σ ≈ 0.18 GeV² ≈ 0.9 GeV/fm

Benchmark scale of colour forces; with light quarks the 
string breaks
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What force acts on a light quarks 
in the nucleon at the instant we try 
to separate it?



Colour forces in scattering

Colour forces in scattering   ·   Forces on the lattice   ·   Sum rules and higher twist



Imaging nucleon structure
• Generalised parton distributions: 

longitudinal momentum and 
transverse position of quarks 

• Transverse-momentum distributions: 
their transverse motion

Can we go further, and describe the 
forces acting on these quarks?
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The Sivers asymmetry
Measured

• SIDIS off a transversely polarised target: 
hadrons emerge preferentially to one side 

• Clearly non-zero asymmetry for  production 
on transverse proton (HERMES, COMPASS) 

• Naively time-reversal odd: zero without an 
interaction

π+

Interpreted, in TMD factorisation
• A partonic correlation of nucleon spin with 

quark : the Sivers functionk⊥

Sivers function: partonic interpretation, schematic

Sivers (1990); Brodsky, Hwang & Schmidt; Collins (2002)
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Integrating the final-state interaction

• The struck quark leaves through the colour field of the spectators 
• The asymmetry needs the transverse pull accumulated along its whole path 
• Before the collision instead (Drell–Yan), the sign reverses: process dependence 
• On the lattice, the path is built into the operator (see Yong Zhao, ~1 hour ago)

Brodsky, Hwang & Schmidt; Collins (2002); Burkardt (2004)
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Chromodynamic lensing
• Transverse spin shifts  and  in 

opposite directions ( , ) 

• An attractive final-state force turns 
the spatial shift into a momentum 
shift 

• Predicts the signs of the  and  
Sivers functions, consistent with the 

 asymmetries

u d
κu > 0 κd < 0

u d

π+

Sivers function ≈ spatial distortion × 
final-state force

Burkardt, PRD 66 (2002); NPA 735 (2004)
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: clean access to twist threeg2

• Deep inelastic: ,  and  map onto parton distributions;  has no simple partonic 
interpretation 

• Subtract the Wandzura–Wilczek part: the remainder  is genuine quark–gluon 
correlation

F1 F2 g1 g2

ḡ2

Jaffe, Comments Nucl. Part. Phys. 19 (1990) 239 
Jaffe & Ji, PRD 43 (1991) 724
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Colour-Lorentz force
The  moment of  is a local matrix elementx2 ḡ2

Quark current density coupled to the colour-Lorentz force

Burkardt, PRD 88 (2013) 114502
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: the force at the instant of the collisiond2

• Partonic level: the -weighted Sivers 
function is the force integrated along the 
path 

•  is the integrand at : the force just 
after the photon is absorbed

k⊥

d2 x− = 0

rest frame, S along x

Burkardt, PRD 88 (2013) 114502
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Going off-forward: imaging the force

• Momentum transfer  is Fourier-conjugate to 
impact parameter  

• Partition by : three form factors, , ,  

• Forward limit:  

• 2D Fourier transform: the force distribution in the 
transverse plane

Δ⊥
b⊥

Δ⊥ Φ1 Φ2 Φ3

Φ2(0) = d2

Aslan, Burkardt & Schlegel, PRD 100 (2019)
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Resolving forces from lattice QCD

Colour forces in scattering   ·   Forces on the lattice   ·   Sum rules and higher twist



: isotropic / spin-independentΦ1

• Three-point functions, three source–
sink separations 

•  

• 3 lattice spacings: 
  

• Dipole fit (finest lattice)

mπ ≃ 420 MeV

{0.052, 0.068, 0.074} fm

: attractiveΦ0 < 0

Crawford, RDY et al., PRL 134 (2025)
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FIG. 16. Renormalised lattice results for the !1 form factor for both up and down quarks.

FIG. 17. Renormalised lattice results for the !2 form factor for both up and down quarks.

for !1(t), however only corrections to the charge are required for !2(t) and !3(t), i.e. we choose c2 = c3 = 0. The
raw lattice results have their discretisation artefacts removed according by subtracting o” the di”erence from the
continuum fit,

!new
i = !raw

i + (!fit
i (0, t)→ !fit

i (a, t)). (46)



Continuum extrapolation

Three lattice spacings: Controlling discretisation broadens the bands: the price of a continuum result

Crawford, RDY et al., PRL 134 (2025)
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Force density: unpolarised
•  alone: isotropic 

• Points to the centre: attractive 

• Largest where the quarks are

Φ1

Crawford, RDY et al., PRL 134 (2025)
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Local forces
• Divide out the quark density: the 

force per quark

• Peak ≈ 3 GeV/fm at b ≈ 0.2 fm 
• About three times the string tension

: the weight of 
about ten elephants
3 GeV/fm ≃ 5 × 105 N

Crawford, RDY et al., PRL 134 (2025)
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In the press

3 GeV/fm ≈ 5 × 10⁵ N  ·  PRL 134 (2025), Editors' Suggestion
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Quark densities in the transverse plane

• Unpolarised: the Dirac form factor  

• Transverse spin: a shift set by the Pauli 
form factor  

•  up,  down: the distortion behind 
lensing

F1

F2

u d
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Force density: spin dependent
• Proton polarised along : the spin-

flip part, from  and  

• Forward limit:  

• At the centre the force opposes the 
-quark shift, as in lensing

x
Φ2 Φ3

Φ2(0) = d2

u

Suggestive of Sivers: off-forward, and 
only the  end of the final-state 
interaction

x− = 0

Crawford, RDY et al., PRL 134 (2025)
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ss′￼(b) = − 2 2P+ d
d b2

Φ̃1(b2) + 2mNϵijS jΦ̃2(b2) −
2 2ϵ jkSk

mN [δij d
d b2

+ 2bib j d2

(d b2)2 ] Φ̃3(b2)

up quark



Sum rules and higher twist

Colour forces in scattering   ·   Forces on the lattice   ·   Sum rules and higher twist



Compton amplitude 
on the lattice

4-pt function

q q

Feynman–Hellmann: energy shift  matrix element→

J1
J2

λ1J1 + λ2J2
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GLS sum rule: lowest moment of 
parity-violating structure function 

 

Excellent agreement with pQCD 
prediction over wide range of  
(at finer lattice spacing) 

Important building block toward 
electroweak radiative corrections

F3

Q2

GLS sum rule

24
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Figure 6. The inelastic part of the GLS sum rule, Eq. (1), as a function of Q
2. We compare our results, M

(3),inel.
1,uu+dd , to

the experimentally determined elastic-subtracted GLS sum rule [6], and the parton model and perturbative QCD (pQCD)
predictions estimated to N3LO (Eq. (23) with Nq = Nu +Nd and higher-twist terms neglected).

contribution to the dispersion integral, Eq. (6), comes
from x = 1, hence for a nucleon at rest (the ω = 0 case),
Eq. (25) gives the elastic contribution to the lowest mo-

ment, M (3), el.
1

(Q2
).

Assuming a dipole parametrisation for both the axial-
vector and magnetic form factors, the elastic contribution
scales as 1⌜Q8, making it highly suppressed relative to
the leading higher-twist contribution, however, it would
still constitute a contamination. In order to estimate
the leading 1⌜Q2 higher-twist contribution, the elastic
contribution needs to be subtracted. We subtract the
elastic contribution from our moments,

M (3), inel.
1,qq (Q2

) =M (3)
1,qq(Q

2
) ⌐M (3), el.

1,qq (Q2
), (26)

for qq = uu, dd, using the form factors determined on the
same set of lattice ensembles [62, 63] considering only
the connected diagrams, since there are no contributions
from disconnected diagrams to the leading-twist part of
the F3 structure function.. We adopt a dipole form for
the axial-vector form factors and parametrise the Sachs
magnetic form factors using a Padé approximant follow-
ing Kelly [64]. Further details of our calculations for the
elastic contribution are given in Appendix C.
In order to make a comparison to experimental deter-

minations of the GLS sum rule, we consider the uu + dd

moment, M (3)
1,uu+dd(Q2

) ≡ M (3)
1,uu(Q

2
) + M (3)

1,dd(Q
2
) and

show our elastic-subtracted uu + dd moments, M (3),inel.
1,uu+dd ,

in Fig. 6. The experimental measurements are taken from
Ref. [6] with the quasi-elastic contributions subtracted
and quoted errors added in quadrature. Our results are in
good agreement with the experimental points where the
agreement gets better as the lattice spacing gets smaller.

We note that the discrepancy between our elastic-
subtracted moments and the perturbative curve towards
the low-Q2 region is a genuine higher-twist e!ect, mod-
ulo target-mass corrections. Our approach here paves the
way for an extraction of the higher-twist coe”cient from
a fully nonperturbative calculation for each flavour. A
caveat is that the higher-twist term in Eq. (23) is intri-
cately connected to the divergence of the perturbative se-
ries, and great care needs to be taken in defining #HT for
a rigorous estimation due to renormalon ambiguity mim-
icking a $2

QCD
⌜Q2 behaviour [5, 65–69]. Qualitatively,

our results indicate a positive higher-twist correction as
opposed to the negative estimations of model calcula-
tions [58–61].

VI. SUMMARY

We provided a lattice QCD computation of the Gross-
Llewellyn Smith sum rule by extracting the first moment
of the parity-violating structure function of the nucleon
from a direct calculation of the forward Compton am-
plitude based on a Feynman-Hellmann approach. Cal-
culations are performed on two lattice ensembles with
volume 483 × 96 and lattice spacings a = 0.068 and 0.052
fm. Both ensembles have the quark masses tuned to the
SU(3) symmetric point yielding mω ≈ 415MeV. Our
results cover the 0.5 ⋊ Q2

⋊ 10 GeV2 range, which in-
clude the nonperturbative and perturbative regions. In
computing the Compton amplitude, we have considered
a weighted averaging method to control the systematic
errors arising due to the choice of fit windows in a stan-
dard two-point function analysis. Additionally, we have

Can, RDY et al., PRD111 (2025)



Bjorken sum rule down to the elastic region

• Full  moment ( ) vs N³LO pQCD plus the elastic part, from form factors on the same 
ensemble ( , ) 

• High : the perturbative shape, slightly below 
low : a residual deviation shadows the elastic  not much room for higher twist??

g1 p − n
a ≃ 0.068 fm mπ ≃ 412 MeV

Q2

Q2 →

Crawford, RDY et al., arXiv:2610.10006
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Prospects: the leading higher twist

• Low-  deviation hints at higher twist, not yet quantified: needs continuum, quark-mass 
and finer  control 

•  and  from three-point functions; the  dependence to isolate the twist-4 

Q2

Q2

a2 d2 Q2 f2

 and  together separate the chromo-electric and chromo-magnetic 
forces on the struck quark

d2 f2
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Summary
• Sivers asymmetries come from final-state colour forces; 

 is that force the instant the quark is struck 

• First lattice maps of transverse force densities: local 
forces , three times the string tension 

• Spin-dependent force densities supports the 
chromodynamic lensing perspective on Sivers 

• Bjorken sum rule from the lattice down to the elastic 
region: a route to the leading higher twist, and to 

d2

≃ 3 GeV

f2

Next: lighter quark masses · control of discretisation · power corrections
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Backup slides



Lattice QCD
• Numerical first-principles approach 

to non-perturbative QCD 

• QCD discretised on a 4D space-time 
lattice; path integral by Monte Carlo 

• Controlled systematics: lattice 
spacing, volume, quark masses

Here: mπ ≈ 420 MeV,  L ≈ 2.4–3.4 fm,  a ≈ 
0.052–0.074 fm
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Lattice details
Nf β L³ × T a (fm) mπ, mK (MeV) tsep / a Nmeas

2+1 5.50 32³ × 64 0.074 465 11, 13, 15 3528

2+1 5.65 48³ × 96 0.068 412 11, 14, 17 1074

2+1 5.95 48³ × 96 0.052 418 14, 18, 22 1014

• CSSM/QCDSF/UKQCD ensembles; stout-smeared non-perturbatively O(a)-improved Wilson 
fermions (SLiNC) 

• Tree-level Symanzik gluon action; all ensembles at the SU(3) symmetric point

Haar, Nakamura & Stüben, EPJ Web Conf. (2018); Cundy et al., PRD (2009)
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Three-point functions

Three source–sink separations establish 
ground-state dominance

Crawford, RDY et al., PRL 134 (2025)
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Discretisation artefacts
• Form factors at three lattice 

spacings, a ≈ 0.074, 0.068, 0.052 fm 

• Model the a dependence in 
magnitude and slope

Some tension between lattices, mostly in 
overall normalisation

32



 is hardΦ2

 

This form factor is small — systematic 
uncertainties as big as signal

Φ2(0) = d2

8

FIG. 12. Bare results for the !2 form factor on all lattices for both up and down quarks.

FIG. 13. Bare results for the !3 form factor on all lattices for both up and down quarks.

D. Discretisation Artefacts

The quark-level results for d2 can be related to the proton and neutron values by

d
(p)
2 =

(
2

3

)2

d
(u)
2 +

(
→
1

3

)2

d
(d)
2 , (43)



Local forces: spin dependent (Φ₃)

Spin-dependent forces ≈ 2 GeV/fm at b ≈ 0.3 fm, where the 
models agree

Short distances: model dependent 
(need larger Q²). Long distances: 
need smaller Q²

Crawford, RDY et al., PRL 134 (2025)
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Transverse force densities
Quark (charge) density

Force density

Φ₁: isotropic        Φ₂, Φ₃: spin dependent
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Compton amplitude and structure functions
• Optical theorem: structure functions 

are the imaginary part of the forward 
Compton amplitude 

• Dispersion relation: the amplitude at 
|ω| < 1 is an integral over the 
inelastic structure function 

• Spin-dependent amplitudes ↔ 

moments of g₁ and g₂, at fixed Q²
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Compton on the lattice: Feynman–Hellmann
• Couple a weak background current 

λJ to the quark fields 

• The second-order energy shift is the 
forward Compton amplitude: no 
four-point functions 

• Euclidean kinematics with |ω| < 1: 
intermediate states can't go on shell

Chambers et al., PRL (2017); Can et al., PRD (2020)

37



Transverse densities
Electromagnetic current

2D Fourier transform → quark density in the transverse 
plane

Proton spin along x: orbital motion shifts the 
quark density
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Operator mixing and renormalisation
• The operator mixes with a lower-dimensional operator; mixing included in RI′-

MOM

• Mixing coefficient determined in lattice perturbation theory and non-perturbatively 
• Z⁽⁵⁾(aμ) following RQCD; evolved to MS-bar at μ = 2 GeV

Bürger et al., PRD (2022)
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Mixing coefficient

• Amputated 3-pt Green's function matched to the continuum tree-level 
result 

• Fit, and keep the constant B:

40
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FIG. 8. Comparison of the mixing coe!cient Zω/Z [5] using
both Eq. 38 and a non-perturbative calculation on all three
ensembles.

FIG. 9. Calculation of the ratio R(µ, µ0) on all three ensem-
bles, with µ0 = 2 GeV.

→0.0474(3) for the ω = 5.95, ω = 5.65 and ω = 5.50 ensembles respectively. The quoted uncertainty in the NPR
mixing coe!cients is statistical only. We make use of these values when computing our required matrix elements,
but note their deviation from the LPT values. We incorporate this ambiguity in the value of the mixing coe!cient

in the form of a systematic uncertainty. Our O(a)-corrected value for d
(p)
2 decreases by 9% when using the LPT

estimates for the mixing coe!cient when compared to the NPR calculated value. As the aim of this work is to

determine the t-behaviour of the ”i form factors, rather than a precision determination of d(p)2 , we will take the

NPR value of the mixing coe!cient and quote a further 5% systematic uncertainty on our O(a)-improved value of d(p)2 .

The multiplicative renormalisation constant Z [5] is calculated using the procedure outlined in Refs. [21, 22]. The
scale µ

2 for the renormalisation is set by the squared four-momentum of the quark propagator. Then following the
procedure defined in Ref. [23], we define a reference scale of µ0 = 2 GeV and compute the ratio Z [5](µ2 = p

2)/Z [5](µ2 =
µ
2
0). Figure 9 depicts this ratio for all three ensembles. Below this reference scale, the behaviour of all three ensembles

appears identical, whereas above this scale, the behaviour diverges. This ratio should have a continuum limit, and
so we extrapolate the value of this ratio from our three lattice spacings to a = 0 using a quadratic polynomial in a

2.
Denoting the a ↑ 0 extrapolated ratio as R(µ, µ0), the renormalisation constant at some scale µ

→ is then computed
from

Z
[5](µ→

, a) = R(µ→
, µ0)Z

[5](µ0, a). (40)

The renormalisation in the RI→-MOM scheme is performed at an intermediate scale µ
→ = 2 GeV, to match the

process followed in Ref. [23]. The results are then evolved to a common scale of µ = 2 GeV through the one-loop
formula for flavour non-singlet operators,

”i(t, µ) =

(
εs(µ→)

εs(µ)

)↑B

”i(t, µ
→), (41)

where εs(µ) is the strong coupling constant at the scale µ and

B =
1

11
3 Nc →

2
3Nf

(
3Nc →

1

6

(
Nc →

1

Nc

))
(42)

Non-pert Renorm

Lattice pert

Crawford, RDY et al., PRL 134 (2025)


