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Introduction

> Spin Tensor
> Structure Functions
> Tensor-polarization Puzzle




ISpin Tensor H

Spin density matrix in the particle rest frame

B Spin-1/2 (e.g., nucleon) B Spin-1 (e.g., deuteron)
1 . 1 3 .. L
prj2 = 5(1+5'a") p, = §<1 +oSE 3T”Z”>
o: Pauli matrices X: 3X3 spin matrices, IV = %(Z"zf + X/xY) —%15‘7
st = Tr|p1,,0'|: Spin vector St =Tr[p,Z!|, TY =Tr[p,ZY]|: Spin tensor

Tensor polarization: Degrees of freedom unique to spin = 1 particles

Covariant generalizations: s — S#, T — 7" with B,S* =0, B, T*V =0



Structure Functions H

Charged-lepton inclusive DIS Pp. Hoodbhoy, R. L. Jaffe, A. Manohar, NPB 312 (1989) 571

W =

P P [
—F1 g + Fo—— Mv .

—by 7y + g(sw + by + Uyy) +

(q E*q - E——v K)

1 *D D Dx* 4V 5 5
ty = ;(q E*PyByy +q- EPyEy — 22 BD,)

9wy = Guv — Quiv/q°
Ay = ay — (a- q/qz)qu
a*pv} = a*bV + aVbH

2 A 2 A oo
V5 00— 2 BaP)
v=P-q/M
k=14 Q?/v?

P-E=0, E2 = —M?
YA EF(DE™(A) = — g*¥ + PFPY /M?
57 = —— P ELEgP,

l

gl_g;waﬁqasﬁ + gZM_vzg;wa[)’qa(P ) qSB — S qPB)

P (Suv ~ uuv) + P (Suv — tuv)

Tensor-polarized
structure functions (SFs)

W b, b,: Leading-twist
2xb;(x) = by(x) in the Bjorken limit

m b, b,: Higher-twist

Symmetric under u < v and E « E*
— Unpolarized lepton beams v



Tensor-polarization Puzzle

HERMES data

HERMES Collaboration, PRL 95 (2005) 242001
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Convolution model w. Cosyn, Y.-B. Dong, S. Kumano, M. Sargsian, PRD 95 (2017) 074036
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indicate that these standard theoretical predications are
much different from the HERMES measurements. Fur-
thermore, significantly large distributions are predicted,
at large z (x > 0.8) and even at extremely large =
(z > 1). Since our results are very different from the
HERMES measurement, new hadronic mechanisms could
be needed for interpreting the data although there is still
some room to improve the differences due to the higher-
twist effects and the experimental extraction of b; from
A,,. The HERMES data have large uncertainties; how-
ever, upcoming JLab experimental measurements will
improve on the size of the errors. In addition, there are

Upcoming JLab measurements and possible measurements at other facilities (e.g., EIC)
Importance of investigating higher-twist




Tensor-polarized PDFs and Twist-2' Relations

> Tensor-polarized PDFs
> Wandzura-Wilczek-like Relation
> Burkhardt-Cottingham-like Sum Rule




ITensor—polarized PDFs o Kumano, Q.-T. Song, PRD 103 (2021) 014025 n

Collinear correlation function

nﬂ—}(wo ~1)

dé™ . - — _
®;:(x,P,T) = ielx’”f P, T|w.(0) ;&) |P, T ' = =(1,0,0,1)
Lj 2 j l R
T €+=0;§T =0 gT = ghv _—{Ii nv}
2
0<x<1, P*=P*nt+ Zl%n”, the gauge link is not explicitly shown a®pv} = gfbY + qVpH

Spin tensor A. Bacchetta, P.J. Mulders, PRD 62 (2000) 114004

11 4 (P+)2_ _ 2 _ 1 M? Pt M
= §[§5LLW”H”V_§5LL( = gi) + 350 PRE T R it e Sy + STy

Tensor-polarization parameters: S,,, 5/, S;p

n- Sy =n-Sr =0, n,Spy =n,Spp =0, Sg7'=Sr7, gr ., Spr =0

Collinear parton distribution functions (PDFs)

1 M M M?
®(x,P,T) = > [SLL(n Y)fi(x) ‘|‘ ~ S 1ep (x) + =5 S - Vfirx) + 53 (P2 NAGE V)fSLL(x)]

TW'St'Z- flLL TW'St 3 eLL'fLT TW'St 4- f3LL

e;; 1S chiral-odd




ITwist—Z’ Relations n

Twist-3 function = Twist-2' part + Genuine twist-3' part

e.d., Vector-polarized structure function

_ WW (HT)
g = 92 " t 9,
Wandzura-Wilczek (WW) Burkhardt-Cottingham (BC)
relation sum rule
S. Wandzura, F. Wilczek, PLB 72 (1977) 195 H. Burkhardt, W.N. Cottingham, Annals. Phys. 56 (1970) 453
1
A@ = =g (0 + [ F a0 Jo dx g2(x) = 0
WW approximation: g, = g% + ¢ ~ gww WW approximation = BC sum rule v
Jy dx g3V (x) = 0

Analogous relations for the tensor-polarized PDFs f4;; and f;r
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Twist-2" Relations S. Kumano, KK, PLB 880 (2026) 140741 n

Moments of nonlocal matrix elements are related to moments of PDFs
f dxx™™ 1fd( 5) le f( |1/J(O) O-l/)(f)|P ) T_lo.jldxxn_lf (X) n i jldxxn—lf (X)
e 4 &t=0 . 1LL . _1 LT

&r =0

I

Equivalent local-operator representation
n.u1 nl«ln—1

d _
j dxx™ 1j (47'[E) leE( ’ |¢(O)VG¢(€)|P' >f+=0 = = 2(P - n)" (P;

A

gH1 ... gHn-1 310 _ L — (- )™= glua ... ghn-1} (1 + Z?ri:l% (€ - a)m)

|R0'{.u1'”ﬂn—1}|P’ )

(&) = L= o—(f 0)™P(E) =0

alt ... ghn-1) = ;(aﬂl .-+ afn-1 + permutations)

Local operator .
Rk bn-1) 1 Twist-2'
ROW1#n-1} = j"=19(0)y? D1 ... DHn-1}h)(0) — traces Rlotus]tn-1} - Twist-3’

— RUOU1pn_1} 4 RlotH1]pn—1} traces : Twist = 4/
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Twist-2" Relations S. Kumano, KK, PLB 880 (2026) 140741 n

Matrix-elements decomposition in terms of the momentum P* and spin tensor T#V

2 e _ | o _

(P, T|RiH =) |P,T) = ~a, M? | ZI5] + T4 Meiy=1 PY + ZIEL Dy 111 P° ;cl(ili,j):lpukl
2 =1 on— _ _

(P, |R[U{“1] ”n_1}|P' > - ;dn M? _Z?=11 ?(ili)=1(Pa — P ) Z(ii,j)ﬂ Pﬂkl

a, and d, are overall coefficients associated with twist-2" and twist-3’
As a result,

ngl(;.%n; (b, R ine|p 1) = 5,77 [ 2(n3— 1) an] . Pi-n [n; 1 0" (n— 1;7(171 —2) dn]
Moments of PDFs
Jr_lldx X" fi () = J[:dx X" fi () = 2(n3— E o fE) = £ £ f(x)
Jr_ 11 dxx™ o () = le dx a1 fE () = & ; 1 aQ, — (n = 1;;” —2) d, :gvfgrrl (0dd) integer

The twist-3 f;r contains a twist-2' contribution a,,
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I Twist-2" Relations S. Kumano, KK, PLB 880 (2026) 140741 n

fir(x) = fwst=2"(x) + £8D(x)

Twist-2' Genuine twist-3’
WW-like part part
WW-like relation BC-like sum rule
S. Kumano, Q.-T. Song, JHEP 09 (2021) 141 S. Kumano, Q.-T. Song, JHEP 09 (2021) 141
c 4 ol 3 1dy 1 SR
e @ = [ 2L hum | ax i = 0
x Y 0
. 1 1
Define fir = %fLT_flLL’ J dx forr(x) = zj dx £ (x)
1d 0 3 0
st () = —f1,,(x) + f AN Sum rule test
x Y . . , ~(HT)
Same form as the original WW relation - Genuine twist-3" f, ;-




Numerical Application to the Deuteron

'wist-2 PDF f;,; by a Convolution Model
‘ensor-polarization Puzzle

Twist-3 PDF fir

'wist-3 Effects on Structure Functions

V V V VY




Convolution Model PDF fiu, " 950 500005603

Tensor-pol. PDF  _ Tensor-pol. nucleon dist. R Unpol. PDF
in the deuteron in the deuteron in the nucleon
" FUP 08\ 2 [ Y sy L AMNGS)*/Q" (qiv(x/y,cﬂ))
q FiPx,0)) 3Ly 1+R(x/y,0)  \ g’ (x/y,0®
N
D 511 = | &y [ B0 + 1o |62 P ] (3c0s? 0~ 1)s (y - ,’;—NZ)
m Nucleon PDF gV¥: MSTW2008 LO
A.D. Martin et al., EPJ C 63 (2009) 189 0.001 -
m L/T ratio R: SLAC-R1998 2
K. Abe et al., PLB 452 (1999) 194 0001 [
m Deuteron WF ¢;: CD-Bonn o

R. Machleidt et al,, PRC 63 (2001) 024001 o T T T e es 1 1 s



TenSOF-DOla rlzatlon PUZZl.e S. Kumano, KK, arXiv:2607.09237 H

The convolution model fails to reproduce the HERMES measurement

m Structure-function-level m PDF-level (flavor-separated)
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Valence: Significant at large x, opposite oscillatory behavior

Sea: Significant at small x in the HERMES-data fit, while very small in the convolution PDF



I TWISt_3 PDF fLT S. Kumano, KK, arXiv:2607.09237 n

. . . N 2 dy
WW-like approximation: f,,(x) = fiVist=2'(x) = fm(y)
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The twist-3 PDF f,; is comparable in magnitude to the twist-2 PDF f4;,
Potentially sizable twist-3 effects at 0% ~ afew GeV? (e.g., at JLab)?




Twist-3 Effects on Structure Functions H

0.0003

SFs in terms of PDFs up to twist-3
J. Zhao et al., JHEP 12 (2025) 067
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Summary




Summary n

Twist-2' relations for the twist-3 PDF
and applications to the spin-1 deuteron

Twist-2' relations

Wandzura-Wilczek-like relation: £31572'(x) = %f;%fm(y)

The twist-3 PDF f,; estimated from the twist-2 PDF £,
Burkhardt-Cottingham-like sum rule: [ dx fi#52 (x) = 0

A probe of genuine twist-3’' multiparton correlations

Numerical application to the deuteron at 92 = 2.5 Gev?

B Tensor-polarization puzzle at the PDF level
B Twist-3 PDF f,r = twist-2 PDF f;;;, = Large effects on SF b,
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Geometrical Interpretation A S

Spin operator along an arbitrary direction in the particle rest frame
YX-n=2%,sinfcos¢p+Z,sinfsin¢ + X, cosd, Eigenstate: Img,4))
Define P(m,g)) = Tr{p|m,g) Nme.pl}
1 1
= §P(1(0,0)) + EP(—l(o,O)) — P(0(0,0))
=P (0(—n/4,0)) — P (O(n/4.0))» =P (0(—n/4ﬂr/2)) — P (O(ﬂ/‘hﬂ/z))
= P(Ors2,-m/a)) = P(Orjzm/a)) = P(O¢r/2m/2)) = P(O(r/20))

| mwjplm St = T - ﬁ se= ) -7

O,FMQ 6 6 o7 = d Q

—_— _ ; _ —_—




H ERM ES_data Flt PDF flLL S. Kumano, KK, PLB 875 (2026) 140348 ﬂ

Parametrization s. Kumano, PRD 82 (2010) 017501
Assumptions: g = u,d, s, flavor-independent tensor polarization

2 _ : .

D D D

fﬁ/L (x) = —§5Tw(x) g2 (x) 4, q": Unpolarlzed PDF in nucleon
A.D. Martin et al., EPJ C 63 (2009) 189

_ 2
f1qL/LD(x) = —~ag 6rw(x) g°(x)

3 Fit parameters
— b C .
Srw(x) =ax’(1 —x)(xyg — x) a,b, c =1 (fixed), xo, ag
D _ _3 2| ga/D q/D ho
by = _ZZq €q [ 1 T L ] x?/d.o.f.=1.57

@oascer a=0.2214+0.174
ey 7 b=0648+0342 %= |

%, Ne ¢ = 1.0 (fixed) ~ S

> = 2.50 GeV?
-0.002 |- \'}/ n XO == 0221 0,002 \X\ u,=d,
-0.004 |- e ) b aC_[ = 3.20 i 275 I - - -u=d=s5=5 |
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I HERM ES_data Flt PDF fLT S. Kumano, KK, arXiv:2607.09237 H

Zdy

WW-like approximation: f,,(x) = fiwist=2'(x) = 2 flLL(y)

m Twist-2 PDF flLL m Twist-3 PDF fLT
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The twist-3 PDF f,; is comparable in magnitude to the twist-2 PDF f4;,
Potentially sizable twist-3 effects at 0% ~ afew GeV? (e.g., at JLab)?




Twist-3 Effects on SFs in HERMES-data Fit PDF E

SFs in terms of PDFs up to twist-3
J. Zhao et al., JHEP 12 (2025) 067
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B Callan-Gross-like relation in the Bjorken limit
2xb1(x) = by(x)
- b, becomes sizable (relative to b;) at large x

B Significant twist-3 contribution to b,
Especially at large x, due to y multiplying fir
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COnVOlUtIOﬂ PDF dependence S. Kumano, KK, arXiv:2607.09237 E

ql (x/y,Q%)
qr (x/y,Q%)
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MSTW2008 LO A D.Martin et al, EPJ C 63 (2009) 189
MSHTZ20 LO s. Bailey et al,, EPJ C 81 (2021) 341

NNPDF4.0 LO NNPDF Collaboration, EPJ C 82 (2022) 428
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Almost the same results
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Slight differences
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COnVOlUtIOﬂ WF dependence S. Kumano, KK, arXiv:2607.09237 E

fqu/LD(x'QZ) __f dy 5+ f(7) 1+4M,%,(x/y)2/Q2 (q{v(x/y,Qz)>
3P (x, 0% 3,y T 1+R(x/y,09)  \ g (x/y,0?)

Srf(y)=[d3py [—anbo(p)qbz(p) F |2 (p) ](3 cos?§ —1)8 (y - MNv>

0.002

CD-Bonn Rr. Machleidt, PRC 63 (2001) 024001 L

Relativistic, nonlocal, Pp ~ 4.85% 0 = /Y—\

NiJm93 Vv.G.J. Stokes et al,, PRC 49 (1994) 2950 oL \ /

Non-relativistic, local, P, ~ 5.76% il

T T T T
Q?=2.50 Gev2 1

X fify

0.0001 a - a

Argonne v18 R.B. wiringa et al,, PRC 51 (1995) 38 o~ -
Non-relativistic, local, Pp ~5.76% -0.0001 |7\ \//
{ ‘\ " Deuteron WF: =3 CD-Bonn

-0.0002 - A
7 Nijm93

x iy

-0.0003:— ‘\ - === Argonne v18 7
B Nijm93 and Argonne v18: Nearly identical results N B
Q-—-‘ 0 —————R e
B CD-Bonn: Smaller than the other two IR

A y
- 0. _ ’ Nucleon PDF: MSTW2008 _|
Due to the smaller D-wave probability P, 00001 |- N2 Nucleon PDF: MSTW200
-0.00015 : : '
0

! . ! . ! . ‘ . .
0.2 0.4 0.6 0.8 1 1.2 1.4
X




Genuine Twist-3 PDF £0'

fir(x) = fEs27(0) + £570 (x)

Twist-2' Genuine twist-3’
WW-like part part

Multiparton distribution functions s. kumano, Q.-T. Song, JHEP 09 (2021) 141
G-type quark-gluon multiparton collinear correlation function

dimdey . o
(@) ) = [ SE L STeiCaxIr 'S (b, 150096 (6 Wi 6 |P. )

My . . _
DF(xg,x7) = o [lSLaTFG,LT(xlrxz) - E;CHSLTMVSGG,LT(xl»xz) + lSLLVTC‘{H(J;_,LL(xlfo) + lS?#yuHG,TT(xlle)] n-y

1 1 [0 0
fL(THT) (x) =—P f_l d)’g [a {FG,LT(XI y) + Gg,r (X, Y)} + a{FG,LT(}’; x) + Ge,r (Y, x)}]
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   𝝆  1 / 2   =    1 2  ( 𝟏 +  s i  𝝈 i )


  𝝈


   s i = Tr  [  𝝆  1 / 2  𝝈 i ]


   𝝆 1   =    1 3  ( 𝟏 +  3 2  S i  𝚺 i + 3  T  i j  𝚺  i j )


  𝚺


   𝚺  i j =  1 2  (  𝚺 i  𝚺 j +  𝚺 j  𝚺 i ) −  2 3 𝟏  𝛿  i j


   S i = Tr  [  𝝆 1  𝚺 i ]


   T  i j = Tr  [  𝝆 1  𝚺  i j ]


  𝑺 →  S 𝜇 ,     𝑻 →  T  𝜇 𝜈


   P 𝜇  S 𝜇 = 0 ,       P 𝜇  T  𝜇 𝜈 = 0


  ≥ 1


   W  𝜇 𝜈   =   −  F 1    g ^  𝜇 𝜈 +  F 2      P ^ 𝜇    P ^ 𝜈  M 𝜈 +  g 1  i 𝜈  𝜀  𝜇 𝜈 𝛼 𝛽  q 𝛼  s 𝛽 +  g 2  i    M 𝜈 2  𝜀  𝜇 𝜈 𝛼 𝛽  q 𝛼  ( P ⋅ q  s 𝛽 − s ⋅ q  P 𝛽 )


  −  b 1  r  𝜇 𝜈 +  b 2  1 6  (  s  𝜇 𝜈 +  t  𝜇 𝜈 +  u  𝜇 𝜈 ) +  b 3  1 2  (  s  𝜇 𝜈 −  u  𝜇 𝜈 ) +  b 4  1 2  (  s  𝜇 𝜈 −  t  𝜇 𝜈 )


   r  𝜇 𝜈 =    1   𝜈 2  ( q ⋅  E ∗ q ⋅ E −  1 3  𝜈 2 𝜅 )    g ^  𝜇 𝜈


   s  𝜇 𝜈 =    2   𝜈 2  ( q ⋅  E ∗ q ⋅ E −  1 3  𝜈 2 𝜅 )      P ^ 𝜇    P ^ 𝜈  M 𝜈


   t  𝜇 𝜈 =    1  2  𝜈 2  ( q ⋅  E ∗    P ^  { 𝜇    E ^  𝜈 } + q ⋅ E    P ^  { 𝜇    E ^  𝜈 } ∗ −   4 𝜈  3 M    P ^ 𝜇    P ^ 𝜈 )


   u  𝜇 𝜈 =    M 𝜈  (    E ^  { 𝜇 ∗    E ^  𝜈 } +  2 3    g ^  𝜇 𝜈 −  2  3  M 2    P ^ 𝜇    P ^ 𝜈 )


  𝜈 = P ⋅ q / M


  𝜅 = 1 +  Q 2 /  𝜈 2


  P ⋅ E = 0


   E 2 = −  M 2


    ∑ 𝜆   E 𝜇  ( 𝜆 )  E  ∗ 𝜈  ( 𝜆 ) = −  g  𝜇 𝜈 +  P 𝜇  P 𝜈 /  M 2


   s 𝜎 = −  i M  𝜀  𝜎 𝛼 𝛽 𝜏  E 𝛼 ∗  E 𝛽  P 𝜏


   𝒃 𝟏 ,    𝒃 𝟐 ,    𝒃 𝟑 ,    𝒃 𝟒


   b 1 ,    b 2


  2 x  b 1 ( x ) =  b 2 ( x )


   b 3 ,    b 4


  𝜇 ↔ 𝜈


  E ↔  E ∗


     g ^  𝜇 𝜈 =  g  𝜇 𝜈 −  q 𝜇  q 𝜈 /  q 2


     a ^ 𝜇 =  a 𝜇 −  ( a ⋅ q /  q 2 )  q 𝜇


   a  { 𝜇  b  𝜈 } =  a 𝜇  b 𝜈 +  a 𝜈  b 𝜇


  D


  N


  q


   𝛾 ∗


      p


      n


     d 2 𝜎  d x d  Q 2 =    d 2  𝜎 U  d x d  Q 2  ( 1 +  1 2  P  Z Z  A  Z Z D )


   A  Z Z D


   →  Bjorken   limit    A  Z Z D = −  2 3    b 1 D   F 1 D


  ⊗


  2 ′


   Φ  i j  ( x , P , T ) =    ∫      d 𝜉 −  2 𝜋  e  i x  P +  𝜉 −    ⟨  P , T |       𝜓 ¯ j  ( 0 )    𝜓 i  ( 𝜉 )   |  P , T ⟩   𝜉 + = 0 ,    𝜉 → T   = 0


  0 < x < 1


   P 𝜇 =  P +    n - 𝜇 +    M 2  2  P +  n 𝜇


   T  𝜇 𝜈 =    1 2  [    4 3  S  L L      (  P + ) 2   M 2    n ¯ 𝜇    n ¯ 𝜈 −  2 3  S  L L  (    n ¯  { 𝜇  n  𝜈 } −  g T  𝜇 𝜈 ) +  1 3  S  L L    M 2     (  P + ) 2  n 𝜇  n 𝜈 +    P + M    n ¯  { 𝜇  S  L T  𝜈 } −  M  2  P +  n  { 𝜇  S  L T  𝜈 } +  S  T T  𝜇 𝜈   ]


   S  L L ,  S  L T 𝜇 ,  S  T T  𝜇 𝜈


  n ⋅  S  L T =  n ¯ ⋅  S  L T = 0 ,         n 𝜇  S  T T  𝜇 𝜈 =    n ¯ 𝜇  S  T T  𝜇 𝜈 = 0 ,       S  T T  𝜇 𝜈 =  S  T T  𝜈 𝜇 ,        g T  𝜇 𝜈  S  T T  𝜇 𝜈 = 0


  Φ  ( x , P , T ) =    1 2  [  S  L L  (  n ¯ ⋅ 𝛾 )  f  1 L L  ( x ) +  M   P +  S  L L 1  e  L L  ( x ) +  M   P +  (  S  L T ⋅ 𝛾 )  f  L T  ( x ) +    M 2     (  P + ) 2  S  L L  ( n ⋅ 𝛾 )  f  3 L L  ( x ) ]


   f  1 L L


   e  L L ,    f  L T


   f  3 L L


   e  L L


   n 𝜇 =  1   2 ( 1 , 0 , 0 , − 1 )


     n ¯ 𝜇 =  1   2 ( 1 , 0 , 0 , 1 )


   g T  𝜇 𝜈 =  g  𝜇 𝜈 −    n ¯  { 𝜇  n  𝜈 }


   a  { 𝜇  b  𝜈 } =  a 𝜇  b 𝜈 +  a 𝜈  b 𝜇


  2 ′


   g 2   =    g 2 WW +  g 2  ( HT )


  2 ′


  3 ′


   g 2 WW  ( x )   =   −  g 1  ( x )   +     ∫ x 1    d y y  g 1 ( y )


   g 2 =  g 2 WW +  g 2  ( HT ) ≈  g 2 WW


    ∫ 0 1  d x    g 2 ( x )   =   0


  ⇒


    ∫ 0 1  d x    g 2 WW   ( x )   =   0


   𝒇  𝟏 𝑳 𝑳


   𝒇  𝑳 𝑻


  2 ′


    ∫  − 1 1  d x  x  n − 1  ∫      d  ( P ⋅ 𝜉 )  4 𝜋  e  i x P ⋅ 𝜉    ⟨  P , T |   𝜓 -  ( 0 )  𝛾 𝜎 𝜓  ( 𝜉 ) |  P , T ⟩      𝜉 + = 0      𝜉 → T   = 0   ≅    S  L L    n - 𝜎   ∫  − 1 1  d x  x  n − 1  f  1 L L  ( x )   +      M  P ⋅ n  S  L T 𝜎   ∫  − 1 1  d x  x  n − 1  f  L T  ( x )


    ∫  − 1 1  d x  x  n − 1  ∫      d  ( P ⋅ 𝜉 )  4 𝜋  e  i x P ⋅ 𝜉    ⟨  P , T |   𝜓 -  ( 0 )  𝛾 𝜎 𝜓  ( 𝜉 ) |  P , T ⟩      𝜉 + = 0      𝜉 → T   = 0   =       ⋯       =          n   𝜇 1 ⋯  n   𝜇  n − 1  2    ( P ⋅ n ) n    ⟨  P , T |   R  𝜎  {  𝜇 1 ⋯  𝜇  n − 1 } |  P , T ⟩


   R  𝜎  {  𝜇 1 ⋯  𝜇  n − 1 }   =    i  n − 1  𝜓 -  ( 0 )  𝛾 𝜎  D  {  𝜇 1 ⋯  D   𝜇  n − 1 } 𝜓  ( 0 )   −   traces


    =    R   { 𝜎  𝜇 1 ⋯  𝜇  n − 1 }   +    R  [ 𝜎  {  𝜇 1 ] ⋯  𝜇  n − 1 }


   R   { 𝜎  𝜇 1 ⋯  𝜇  n − 1 }  


  2 ′


   R  [ 𝜎  {  𝜇 1 ] ⋯  𝜇  n − 1 }    


  3 ′


    ≥ 4 ′


   𝜕   𝜇 1 ⋯  𝜕   𝜇  n − 1   ∑  m = 0 ∞   1  m !    ( 𝜉 ⋅ 𝜕 ) m =  𝜕    { 𝜇 1 ⋯  𝜕   𝜇  n − 1 }  ( 1 +   ∑  m = 1 ∞   1  m !    ( 𝜉 ⋅ 𝜕 ) m )


   a  {  𝜇 1 ⋯  a   𝜇  n − 1 } =    1  n !  (  a   𝜇 1 ⋯  a   𝜇  n − 1 + permutations )


  𝜓  ( 𝜉 ) =   ∑  m = 0 ∞   1  m !    ( 𝜉 ⋅ 𝜕 ) m   𝜓 ( 𝜉 )  𝜉 = 0


  2 ′


   P 𝜇


   T  𝜇 𝜈


   ⟨  P , T |   R   { 𝜎  𝜇 1 ⋯  𝜇  n − 1 }       |  P , T ⟩   =      2 n  a n    M 2  [     ∑  i = 1  n − 1   (  T  𝜎  𝜇 i +  T   𝜇 i 𝜎 )   ∏  j  ( ≠ i ) = 1  n − 1   P   𝜇 j   +     ∑  i = 1  n − 1    ∑  j  ( ≠ i ) = 1  n − 1   T   𝜇 i  𝜇 j  P 𝜎   ∏  k  ( ≠ i , j ) = 1  n − 1   P   𝜇 k   ]


   ⟨  P , T |   R  [ 𝜎  {  𝜇 1 ] ⋯  𝜇  n − 1 } |  P , T ⟩   =      2 n  d n    M 2  [     ∑  i = 1  n − 1    ∑  j  ( ≠ i ) = 1  n − 1   (  P 𝜎  T   𝜇 i  𝜇 j −  P   𝜇 i  T  𝜎  𝜇 j )   ∏  k  ( ≠ i , j ) = 1  n − 1   P   𝜇 k   ]


   a n


   d n


  2 ′


  3 ′


       n   𝜇 1 ⋯  n   𝜇  n − 1  2    ( P ⋅ n ) n    ⟨  P , T |   R  𝜎  {  𝜇 1 ⋯  𝜇  n − 1 } |  P , T ⟩   ≅    S  L L    n - 𝜎  [       2  ( n − 1 ) 3    a n   ]   +      M  P ⋅ n    S  L T 𝜎  [       n − 1 n    a n −      ( n − 1 )  ( n − 2 )  2 n    d n   ]


    ∫  − 1 1  d x    x  n − 1    f  1 L L  ( x ) =   ∫ 0 1  d x     x  n − 1    f  1 L L ±  ( x )   =       2  ( n − 1 ) 3     a n


    ∫  − 1 1  d x    x  n − 1    f  L T    ( x )   =   ∫ 0 1  d x    x  n − 1    f  L T   ±  ( x )     =                 n − 1   n    a n   −          ( n − 1 )  ( n − 2 )  2 n    d n


   𝒇  𝑳 𝑻


  𝟐 ′


   𝒂 𝒏


   f ±  ( x ) = f  ( x ) ±  f -  ( x )


  +    ( − )


  n = even    ( odd )   integer


  2 ′


           f  L T  twist −  2 ′  ( x ) =    3 2   ∫ x 1      d y y    f  1 L L ( y )


   f  2 L T ≔  2 3  f  L T −  f  1 L L


   f  2 L T  twist −  2 ′  ( x ) =   −  f  1 L L  ( x )   +     ∫ x 1      d y y    f  1 L L ( y )


   f  L T  ( x )   =    f  L T  twist −  2 ′  ( x )     +      f  L T  ( HT )  ( x )


  𝟑 ′


  𝟐 ′


    ∫ 0 1  d x    f  2 L T  twist −  2 ′  ( x )   =   0


    ∫ 0 1  d x    f  2 L T ( x )   =      2 3     ∫ 0 1  d x    f  L T  ( HT ) ( x )


  3 ′


   f  L T  ( HT )


   f  1 L L


   f  L T


   f  1 L L


  D


  N


  q


   𝛾 ∗


   (       f  1 L L  q / D ( x ,  Q 2 )    f  1 L L   q - / D ( x ,  Q 2 )   ) = −  2 3   ∫ x 2    d y y    𝛿 T f  ( y )     1 + 4  M N 2    ( x / y ) 2 /  Q 2  1 + R ( x / y ,    Q 2 )    (       q i N ( x / y ,  Q 2 )      q - i N ( x / y ,  Q 2 )   )


   𝛿 T f  ( y ) =  ∫   d 3 p   y  [   −    3  4  2 𝜋  𝜙 0  ( p )  𝜙 2  ( p ) +    3  16 𝜋    |  𝜙 2  ( p ) | 2   ]  ( 3    cos 2 ⁡ 𝜃 − 1 ) 𝛿  ( y −     p ⋅ q   M N 𝜈 )


  ⊗


  =


   q i N


  R


   𝜙 l


   b 1 D ( x ) = −  3 4   ∑ q   e q 2  [    f  1 L L  q / D ( x ) +  f  1 L L   q - / D  ( x ) ]


  x  


  x


   f  L T


   𝒇  𝟏 𝑳 𝑳


   𝒇  𝑳 𝑻


   f  L T  ( x )   ≅    f  L T  twist −  2 ′  ( x )   =      3 2   ∫ x 2      d y y    f  1 L L  ( y )


   𝒇  𝑳 𝑻


   𝒇  𝟏 𝑳 𝑳


   Q 2 ∼ a   few    GeV 2


             b 1 = −  3 4      1   𝛾 2 + 1         ∑ q   e q 2    f  1 L L q


             b 2 = −  3 2  x     (  𝛾 2 + 1 ) 2   ∑ q   e q 2    f  1 L L q   + 8   𝛾   x     (  𝛾 2 + 1 ) 2  M Q   ∑ q   e q 2    f  L T q


  𝛾 =   2 M x Q


  2 x  b 1 ( x ) =  b 2 ( x )


   b 2


   b 1


  x


   𝒃 𝟐


  x


  𝛾


   f  L T


  2 ′


   2 ′


   f  L T  twist −  2 ′  ( x ) =    3 2     ∫ x 1      d y y    f  1 L L ( y )


   f  L T


   f  1 L L


    ∫ 0 1  d x    f  2 L T  twist −  2 ′  ( x ) = 0


  3 ′


   Q 2 = 2 . 5    GeV 2


   f  L T ≈


   f  1 L L


   𝒃 𝟐


  𝚺 ⋅  𝒏 ^ =  Σ x  sin ⁡ 𝜃  cos ⁡ 𝜙 +  Σ y  sin ⁡ 𝜃  sin ⁡ 𝜙 +  Σ z  cos ⁡ 𝜃


   |   m  ( 𝜃 , 𝜙 ) ⟩


  P  (  m  ( 𝜃 , 𝜙 ) ) = Tr  { 𝝆  |   m  ( 𝜃 , 𝜙 ) ⟩  ⟨   m  ( 𝜃 , 𝜙 ) | }


   S  L L =  1 2 P  (  1  ( 0 , 0 ) ) +  1 2 P  (   − 1  ( 0 , 0 ) ) − P  (  0  ( 0 , 0 ) )


   S  L T x = P  (  0  ( − 𝜋 / 4 , 0 ) ) − P  (  0   ( 𝜋 / 4 , 0 ) ) ,      S  L T y = P  (  0  ( − 𝜋 / 4 , 𝜋 / 2 ) ) − P  (  0   ( 𝜋 / 4 , 𝜋 / 2   ) )


   S  T T  x x = P  (  0  ( 𝜋 / 2 , − 𝜋 / 4 ) ) − P  (  0   ( 𝜋 / 2 , 𝜋 / 4   ) ) ,      S  T T  x y = P  (  0  ( 𝜋 / 2 , 𝜋 / 2 ) ) − P  (  0   ( 𝜋 / 2 , 0   ) )


  − 1 ≤  S  L L ≤  1 2 ,     − 1 ≤  S  L T i ≤ 1 ,     − 1 ≤  S  T T  i j ≤ 1


   f  1 L L


   b 1 D = −  3 4   ∑ q   e q 2  [    f  1 L L  q / D +  f  1 L L   q - / D   ]


  q = u , d , s


   f  1 L L  q / D  ( x ) = −  2 3  𝛿 T w  ( x )    q v D  ( x )


   f  1 L L   q - / D  ( x ) = −  2 3  𝛼   q -    𝛿 T w  ( x )      q - D ( x )


   𝛿 T w  ( x )   = a  x b    ( 1 − x ) c (  x 0 − x )


  a ,   b


  c = 1    ( fixed )


   x 0 ,    𝛼   q -


   𝜒 2 / d . o . f . = 1 . 57


  a = 0 . 221 ± 0 . 174


  b = 0 . 648 ± 0 . 342


  c = 1 . 0   ( fixed )


   x 0 = 0 . 221


   𝛼   q - = 3 . 20 ± 2 . 75


   q v D ,      q - D


   f  L T


   𝒇  𝟏 𝑳 𝑳


   𝒇  𝑳 𝑻


   f  L T  ( x )   ≅    f  L T  twist −  2 ′  ( x )   =      3 2   ∫ x 2      d y y    f  1 L L  ( y )


   𝒇  𝑳 𝑻


   𝒇  𝟏 𝑳 𝑳


   Q 2 ∼ a   few    GeV 2


             b 1 = −  3 4      1   𝛾 2 + 1         ∑ q   e q 2    f  1 L L q


             b 2 = −  3 2  x     (  𝛾 2 + 1 ) 2   ∑ q   e q 2    f  1 L L q   + 8   𝛾 x     (  𝛾 2 + 1 ) 2  M Q   ∑ q   e q 2    f  L T q


  𝛾 =   2 M x Q


  2 x  b 1 ( x ) =  b 2 ( x )


   b 2


   b 1


  x


   𝒃 𝟐


  x


  𝛾


   f  L T


   (       f  1 L L  q / D ( x ,  Q 2 )    f  1 L L   q - / D ( x ,  Q 2 )   ) = −  2 3   ∫ x 2      d y y    𝛿 T f  ( y )     1 + 4  M N 2    ( x / y ) 2 /  Q 2  1 + R ( x / y ,    Q 2 )    (       q i N ( x / y ,  Q 2 )      q - i N ( x / y ,  Q 2 )   )


   𝛿 T f  ( y ) =  ∫   d 3 p   y  [ −    3  4  2 𝜋  𝜙 0  ( p )  𝜙 2  ( p ) +    3  16 𝜋    |  𝜙 2  ( p ) | 2 ]  ( 3    cos 2 ⁡ 𝜃 − 1 ) 𝛿  ( y −     p ⋅ q   M N 𝜈 )


   𝑷 𝑫 ∼ 𝟒 . 𝟖 𝟓 %


   𝑷 𝑫 ∼ 𝟓 . 𝟕 𝟔 %


   𝑷 𝑫 ∼ 𝟓 . 𝟕 𝟔 %


  D


   P D


   (       f  1 L L  q / D ( x ,  Q 2 )    f  1 L L   q - / D ( x ,  Q 2 )   ) = −  2 3   ∫ x 2      d y y    𝛿 T f  ( y )     1 + 4  M N 2    ( x / y ) 2 /  Q 2  1 + R ( x / y ,    Q 2 )    (       q i N ( x / y ,  Q 2 )      q - i N ( x / y ,  Q 2 )   )


   𝛿 T f  ( y ) =  ∫   d 3 p   y  [ −    3  4  2 𝜋  𝜙 0  ( p )  𝜙 2  ( p ) +    3  16 𝜋    |  𝜙 2  ( p ) | 2 ]  ( 3    cos 2 ⁡ 𝜃 − 1 ) 𝛿  ( y −     p ⋅ q   M N 𝜈 )


   f  L T  ( HT )


   f  L T  ( x )   =    f  L T  twist −  2 ′  ( x )   +    f  L T  ( HT )  ( x )


  𝟑 ′


  𝟐 ′


  𝑮


     (  Φ G 𝛼 )  i j  (  x 1 ,  x 2 ) =  ∫    d  𝜉 1 −  2 𝜋   d  𝜉 2 −  2 𝜋  e  i  x 1  P +  𝜉 1 −  e  i  (  x 1 −  x 2 )  P +  𝜉 2 −  ⟨  P , T |     𝜓 ¯ j  ( 0 ) g  G  + 𝛼 (  𝜉 2 − )  𝜓 i  (  𝜉 1 − ) |  P , T ⟩


   Φ G 𝛼  (  x 1 ,  x 2 ) =  M 2  [ i  S  L T 𝛼  F  G , L T  (  x 1 ,  x 2 ) −  𝜖 T  𝛼 𝜇    S  L T 𝜇  𝛾 5  G  G , L T  (  x 1 ,  x 2 ) + i  S  L L  𝛾 T 𝛼  H  G , L L ⊥  (  x 1 ,  x 2 ) + i  S  T T  𝛼 𝜇  𝛾 𝜇  H  G , T T  (  x 1 ,  x 2 ) ]  n - ⋅ 𝛾


   f  L T   ( HT ) ( x ) = − 𝒫   ∫  − 1 1  d y  1  x − y  [  𝜕  𝜕 x  {  F  G , L T  ( x , y ) +  G  G , L T ( x , y ) } +  𝜕  𝜕 x  {  F  G , L T  ( y , x ) +  G  G , L T ( y , x ) } ]

