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Motivations

From hadron structure to spinful matter



One QFT language, two systems

Matrix elements in a Hadron Statistical expectation value in a fluid

() = (P, S| T (x)|S, P) D) = Tr | pug T

Ag,q(o) g JAcll gl é — Energy density P — pressure

D(t) — mechanical structure ®.(p) — Spin density
rs

2 (A +B) =J, (0) - angular momentum P*(p) — Particle polarization
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Local densities are not unique
Total angular momentum density: + spin part
?/1,/41/ - n ;S>\/1,,m/
0, M =0 9,8t =0Tl

pseudo-gauge transformations:

(7. 8) = (To. So) Pr=Py Jw=Jm

Example: Belinfante Pseudo-gauge —> Dt.cS =0and T =0
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Pseudogauge [reedom in hadron structure

A recent hadronic example

2

—--= 47rlepq
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Pseudogauge [reedom at local equilibrium

It spinis a slow variable O

conjugate Lagrange

@ﬂy i CS) /1,//”/ pLE =S pLE[ <§>] multiplier

Polarization without thermal flow QCD thermodynamics

0 0.05 0.1 0.1 0.2 025 03 035 04
ps/T:(0)
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Use an exact solvable Q" as a benchmark

Does thermodynamics remain
consistent at finite spin density?

What is the exact polarization
beyond linear response?




Quantum statistical field theory

Free Dirac field at Local thermodynamic equilibrium

. 1 i —~ b
Canonical T/’é” = 51//}/”@”[//— anl//}/’ul// S /éi'm/ e 2 /wyl//yg}/Sl//
A~ 1 1 P
Belinfante Tgy = Zl/_jyﬂayl/j— Zd”l/_/)/”l//+ (//t < I/) S’ %//”/ = ()
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Boost invariant local equilibrium

Milne metric

ds® = dz? — dx* — dy? — 7%dn*

i b A yx \/tz—z2=c0nst.
Py

|
— H = —(1,0,0,
1(7) p T ( 2

t&

1
S, =588/} - 55}

but
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Thermodynamic observables
Direct QFT computation

(THy = &(1), Pr(r), PL(1), T(7)
(S = (1) 3.(z8(1)) = 2T (7)

Thermodynamic relations

P.,=TV 1 1logZ o — i
td F =
0€2 o1
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opin density matrix and spin polarization

Exact Dirac mode functions in Milne coordinates

Wz, x,y,n) = (2r)™>" szpTd//t el (X Prtun) X,,(pT, WU (7, pr, 1) +h.c

!

Milne Creation/Annihilation operators

I (ﬁ LEA (pr.p) A r(p’T,ﬂ’))

!
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Results



QI and thermodynamic derivatives agree

Energy density Pressure Spin density

— T E.V. . Pr T.E.V.
Therm. rel. / Pr, T.E.V.
== Therm. rel.
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Shear alone does not polarize the system

| pr=0 GeV (Analytic)
—— T=0.15 GeV L. pr=0.1 GeV
T=0.30 GeV I o pr=1.0 GeV
T=1.0 GeV - pr=3.0 GeV
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Conclusions

(1) Spin thermodynamics

QFT observables = thermodynamic relations

(2) Exact polarization: Belinfante

Q=0 = P, =0eventhoughg,, #0

(3) Exact polarization: Canonical

P (T, £2; py) without any gradient expansion

An exactly solvable QFT benchmark for spin thermodynamics and polarization



Backup slides




Global equilibrivum

Local equilibrium operator:

p =—=exp

Global ec

Uil
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Equilibrium Condition:

q

l_ J dZﬂ(y)( TP, = OEO) — ©,,(y) S #4(y ))]
P

It must be independent on the
hypersurface and the pseudo-gauge

Four-temperature is o
Killing vector
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Local equilibrium and dissipation

System reaches local equilibrium, at some time, on the initial surface

1 “
p = 0 —J dz, (N T*(y)p,(y)
2
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Vorticity induced polarization
At global equilibrium polarization is only driven by thermal vorticity @
|
@,,) Ty = (ayﬁﬂ - &U,Bﬂ)
p, = pu,

Azimuthal dependence

STAR Au+Au 20%-50%

—— UrQMD-IC+VHLLE BES-I

AMPT (Li et al.) eA OA
e AMPT (Guo et al.) BES-II
= = = Chiral kinetic x A 2 A

= = 3FD (1PT E0S) 200 GeV
3FD (hadronic EoS) EA OA Int

ALICE Pb+Pb 15-50% Inl<i
+A O3

HADES 20-40% -0.5<y<0.3
¢ A Au+Au




Shear induced polarization

At local equilibrium also contribution from thermal shear &, = (1/2)(0,f, + 90,0,

Under different geometric approximations:

1 k t
(1) Sih) = —— eﬂvPGsz (k) LK,

k u
U'O/I
ek@p

(2) SH(k) ~ — : G”VPGJdZ - k np(k)
S 6m

Vanishes at global
equilibrium



Expectation values in Milne coordinates

Symmetries of the metric fix the expectation values form

} T
(T) = E@u'u’ + Pr()(FE + 39°) + PL@OFR + 2(T)

(49" — 2¥%H)
(8H) = oS (o,

Symmetries allows for a non-vanishing spin-torgque

0.(t8 (7)) =15 (1)

Numerically we found

T(1) ~ 1072 GeV « 7§



R enormalization

Normal ordering define vacuum subtracted expectation values which are finite
(: Ox):)=Tr(p Ox)—(0] Ox)|0)

The Milne Hamiltonian is time-dependent so it isits |.l.e
H(z)|0,) =0 = H(1y)|0,) #0

Normal ordering respect to time-dependent vacuum spoil continuity equations

V,,(Te(p P(0) = €0, T#x)10,) ) # 0



Dirac equation in Milne coordinates: solution

Dirac equation in Milne coordinates:
S

. 0 - 1y I 5
ll}’ 8T+1}'T-VT+7(3,/,—5}/}/)—m]l//(T,XT,n)zO

General solution

W(Ta Xy Vs }7) = (271-)_3/2 /[dszdlbt ei(XT.pT 1) A\r(pTa //t) Ur(Ta pTa /’t) T h . C

1

Milne spinor - matrix valued Hankel functions v = —yyY — iul.

1 :
—1zv/21y(2
Uz, Py 1) = — —¢ m2HO (mrr)u(pr) HP @ 0 0 0
Transverse Minkowski spinor 0 H(2)
_mmpyT T Prc ¥t H@() — : —%—iﬂ(z) . 0
4 {Pr) = o/ s (0) Sl .. H2 @ O
\/Z(WL ‘l‘ mT) —%—i,u <
Milne creation/annihilation operator 0 0 0 H(lzziﬂ(z)

A :(pTa /’t) A r(pTa //t)

Milne and Minkowski operators are related

" 1 + 00 . i
a(p) = J due™ A (pr, p)
\/2amypcosh & J_




