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Ø Introduction

Ø Quasi Distribution and LaMET

Ø Gluon quasi PDF: linear divergence (Problem?)

Ø Auxiliary Field: new operators (Solution?)

Ø Summary

Outline



Success of SM
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success of 
EW and 

flavor 
sectors but 
also QCD 
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parton distribution function

Ø Factorization theorems:

𝑑𝜎 ∼ $𝑑𝑥&𝑑𝑥' ∗ 𝑓 𝑥& ∗ 𝑓 𝑥' ∗ 𝐶(𝑥&, 𝑥', 𝑄)
�

�
ØPDF: basic inputs for particle physics at hadron colliders. 

parton parton



PDF and Proton Structure
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Elastic 3 free quarks Quarks and Gluons
Many body problem



CTEQ (Dulat et al. arxiv: 1506.07443)
NNPDF, MSTW…
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PDF from data

first principle? 



Lattice QCD

Ø Numerical simulation in 
discretized Euclidean space-
time

Ø Finite volume (L should be 
large)

Ø Finite lattice spacing (a 
should be small)
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PDF on Lattice
ØPDF can be formulated as the matrix elements of the 

boost-invariant light-cone correlations 
-> time-dependence

ØOne can form local moments to get rid of the time-
dependence    
▪ 〈𝑥6〉 = ∫ 𝑓 𝑥 𝑥6𝑑𝑥	àmatrix elements of local  operators

▪ However, one can only calculate lowest few 
moments in practice. 

▪ Higher moments quickly become noisy.

𝜉3

𝜉0 𝜉+𝜉-
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Quasi Distribution

X.D.Ji, Phys. Rev. Lett. 110 (2013) 262002 
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• One loop matching for quark (Xiong, Ji, Zhang, Zhao,2013)

• Renormalization (Ji,Zhang,2014)

• Quasi GPD (Ji ,Schafer, Xiong ,Zhang, 2015)

• Quasi TMD and soft factor subtraction (Ji,Sun,Xiong,Yuan,2015)

• “Lattice cross section” approach (Ma, Qiu, 2014)

• Lattice calculation (Lin, Chen, Cohen,Ji, 2014; Chen, Cohen, Ji, Lin , Zhang ,2016)

• Quasi distribution amplitude of Heavy Quarkonia (Jia, Xiong,2015) 

• Non-dipolar Wilson line (Li,2016) 
• diquark spectator model (Gamberg, Kang, Vitev, Xing)
• Matching continuum to lattice (T. Ishikawa, Y.Q. Ma, J.W. Qiu, S.Yoshida, 2016) 
• 2017…
• 2018…

Many progresses on quasi distributions 

See the talk by J.W.Chen



A Euclidean quasi-distribution

▪ Consider space correlation in a large momentum P 
in the z-direction.

▪ Fields separated along the z-direction

▪ Gauge-link/Wilson line along the z-direction

▪ The matrix element depends on the momentum P. 

𝜉3

𝜉0

Z0
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l Matching onto Light-cone PDF:

• Quasi pdfs: finite but large pz, from “full theory”

• Light-cone pdfs : pz-> ∞

• Z: matching coefficient, the difference of the UV physics,  can 
be calculated in perturbation theory.

A Euclidean quasi-distribution
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Linear power UV divergence 

l Free of IR divergences
l Linear power UV divergence 
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l Linear UV divergence in quasi quark pdf

l The linear divergence comes from n2 term

l Light-cone PDF: n2=0, No linear power UV divergence.

Linear power UV divergence 
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l Wilson line self energy renormalization (J.W.Chen, X. Ji, 
J.H.Zhang,2016)

l Linear UV divergence is removed by the “Counter term 
diagram” 

Linear power UV divergence 



Gluon PDF✦ PDFs for LHC physics: extraction of the SM Higgs couplings 
through cross section measurements
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PDF sets �(H)NNLO [pb]
nominal ↵s(MZ)

�(H)NNLO [pb]
↵s(MZ) = 0.115

�(H)NNLO [pb]
↵s(MZ) = 0.118

ABM12 [2] 39.80±0.84 41.62±0.46 44.70±0.50

CJ15 [1] a 42.45 + 0.43
� 0.18 39.48 + 0.40

� 0.17 42.45 + 0.43
� 0.18

CT14 [3] b 42.33 + 1.43
� 1.68 39.41 + 1.33

� 1.56 42.33 + 1.43
� 1.68

(40.10)

HERAPDF2.0 [4] c 42.62 + 0.35
� 0.43 39.68 + 0.32

� 0.40 42.62 + 0.35
� 0.43

(40.88)

JR14 (dyn) [5] 38.01±0.34 39.34±0.22 42.25±0.24

MMHT14 [6] 42.36 + 0.56
� 0.78 39.43 + 0.53

� 0.73 42.36 + 0.56
� 0.78

(40.48)

NNPDF3.0 [7] 42.59±0.80 39.65±0.74 42.59±0.80
(40.74±0.88)

PDF4LHC15 [8] 42.42±0.78 39.49±0.73 42.42±0.78

a The CJ15 PDFs have been determined at NLO accuracy in QCD. The PDF uncertainties quoted by CJ15 denote
the 90% c.l. and should be reduced by a factor of 1.645 for comparison with the 68% c.l. uncertainties quoted by
other groups.

b The PDF uncertainties quoted by CT14 denote the 90% c.l. and should be reduced by a factor of 1.645 for
comparison with the 68% c.l. uncertainties quoted by other groups.

c The model uncertainities of the HERAPDF20_NNLO_VAR set are not included in the uncertainty estimates.

TABLE 10: The Higgs cross section at NNLO in QCD (computed in the e↵ective theory) at
p

s = 13 TeV
for mH = 125.0 GeV at the nominal scale µr = µ f = mH with the PDF (and, if available, also ↵s) un-
certainties. The columns correspond to di↵erent choices for the central value of ↵s(MZ) using the
nominal PDF set. The numbers in parenthesis are obtained using the PDF sets CT14nnlo_as_0115,
HERAPDF20_NNLO_ALPHAS_115, MMHT2014nnlo_asmzlargerange and NNPDF30_nnlo_as_0115.

than 13% and contradicts the most recent estimates of the combined PDF and ↵s uncertainties
in the inclusive cross section [106], which quotes 3.2%. In general, the findings underpin the
importance of controlling the accuracy and the correlation of the strong coupling constant with the
PDF parameters in fits.

Of particular interest is the impact of additional parameters in the PDF fits, such as the charm-
quark mass, on the Higgs cross section. The di↵erences in the treatment of heavy quarks and
the consequences for the quality of the description of charm-quark DIS data have already been
discussed in Sec. 3. ABM12 [2] fits the value of mc(mc) in the MSscheme and the uncertainties
in the charm-quark mass are included in the uncertainties quoted in Tab. 10. Other groups keep a
fixed value of the charm-quark mass in the on-shell scheme, cf. Tabs. 4 and 5, and vary the value
of mpole

c within some range. Such studies have been performed in the past by NNPDF2.1 [170]
and MSTW [171] and more recently by MMHT [172].

In Tabs. 11, 12 and 13 we display the results of these fits together with the values of �2/NDP
for the DIS charm-quark data [165], mostly computed with xFitter [166, 167], as well as the
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Université catholique de Louvain,
Chemin du Cyclotron 2, 1348 Louvain-La-Neuve, Belgium
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Abstract: We present the most precise value for the Higgs boson cross-section in the

gluon-fusion production mode at the LHC. Our result is based on a perturbative expansion

through N3LO in QCD, in an e↵ective theory where the top-quark is assumed to be in-

finitely heavy, while all other Standard Model quarks are massless. We combine this result

with QCD corrections to the cross-section where all finite quark-mass e↵ects are included

exactly through NLO. In addition, electroweak corrections and the first corrections in the

inverse mass of the top-quark are incorporated at three loops. We also investigate the

e↵ects of threshold resummation, both in the traditional QCD framework and following a

SCET approach, which resums a class of ⇡2 contributions to all orders. We assess the uncer-

tainty of the cross-section from missing higher-order corrections due to both perturbative

QCD e↵ects beyond N3LO and unknown mixed QCD-electroweak e↵ects. In addition, we

determine the sensitivity of the cross-section to the choice of parton distribution function

(PDF) sets and to the parametric uncertainty in the strong coupling constant and quark

masses. For a Higgs mass of mH = 125 GeV and an LHC center-of-mass energy of 13 TeV,

our best prediction for the gluon fusion cross-section is

� = 48.58 pb+2.22 pb (+4.56%)

�3.27 pb (�6.72%)
(theory)± 1.56 pb (3.20%) (PDF+↵s)

Keywords: Higgs physics, QCD, gluon fusion.

⇤On leave from the ‘Fonds National de la Recherche Scientifique’ (FNRS), Belgium.
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uncertainty with the ABM12 set8:

�ABM12 = 45.07 pb+2.00 pb (+4.43%)

�2.88 pb (�6.39%)
(theory)± 0.52 pb (1.17%) (PDF+↵s) . (8.3)

The significantly lower central value is mostly due to the smaller value of ↵s, which

however is also smaller than the world average.

It is also interesting to compare our prediction (8.1) to the value one would have

obtained without the knowledge of the N3LO corrections in the rEFT. We find

�NNLO = 47.02 pb +5.13 pb (10.9%)

�5.17 pb (11.0%)
(theory)+1.48 pb

�1.46 pb

(3.14%)

(3.11%)
(PDF+↵s) . (8.4)

The central value in eq. (8.4) is obtained by summing all terms in eq. (8.2) except for

the term in the last line. Moreover, we do not include the uncertainties �(PDF-TH)

and �(trunc) from missing higher orders in the extraction of the parton densities and

from the truncation of the threshold expansion (because the NNLO cross-sections are

known in a closed analytic form). The scale variation uncertainty �(scale) at NNLO is

approximately five times larger than at N3LO. This explains the reduction by a factor

of two in the total �(theory) uncertainty by including the N3LO corrections presented in

this publication. We stress at this point that uncertainties on the NNLO cross-section

have been investigated by di↵erent groups in the past, yielding a variety of uncertainty

estimates at NNLO [46, 51, 52, 100, 119, 120, 121, 122]. Here we adopt exactly the same

prescription to estimate the uncertainty at NNLO and at N3LO, and we do not only rely

on scale variation for the NNLO uncertainty estimate, as was often done in the past.

Finally, we have also studied how our predictions change as we vary the center-of-mass

energy and the value of the Higgs mass. Our predictions for di↵erent values of the proton-

proton collision energy and a Higgs mass of mH = 125 GeV are summarized in Tab. 10.

In comparison to the o�cial recommendation of the LHC Higgs Cross-section Working

Group earlier than our work [48], our results have a larger central value by about 11%.

The di↵erence can be attributed to the choice of optimal renormalization and factorization

scale, the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions

and value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass

e↵ects. In comparison to the earlier recommendation from some of the authors in ref. [120],

our result has a central value which is higher by 3.5%. The di↵erence can be attributed to

the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions and

value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass e↵ects.

Additional cross-section predictions for a variety of collider energies and Higgs boson

masses can be found in Appendix E.

9. Conclusion

In this paper we have presented the most precise prediction for the Higgs boson gluon-

fusion cross-section at the LHC. In order to achieve this task, we have combined all known

8We use the abm11 5 as nlo and abm11 5 as nnlo set to estimate the �(PDF-TH): these sets are fits

with a fixed value of ↵s which allows us to compare NLO and NNLO grids for the same ↵s value. Using

this prescription �(PDF-TH)= 1.1% very similar to the corresponding uncertainty for the set.

– 40 –

PDFs and LHC



gluon distribution

l Definition of quasi and light-cone gluon distirbution

Ø Field Strength Tensor: G

Ø i sums over the transverse directions (i=1,2)

ØW(z1,z2, C) is a Wilson line along contour C.
18



• Tree level:

• One loop level:

19

𝛿(1 − 𝑥)

Non-Abelian term has been absorbed 

(Wei Wang, Rui-lin Zhu and Shuai Zhao)

Matching for gluon quasi distribution
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Ø Feynman gauge

Ø UV Regularization Scheme

ü First Dimensional Regularization (DR):
No Power divergence;

ü UV cut-off on transverse momentum

Ø The collinear divergence is regularized by introducing a 
small gluon mass 

Matching for gluon quasi distribution
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In dimensional regularization (DR) scheme:
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Matching for gluon quasi distribution

Pz evolution equations: same as DGLAP for light-cone pdf !
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Linear Power Divergence
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All real diagrams have linear UV divergence
even the diagram without any eikonal line !

Linear Power Divergence
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• Light-cone: n2=0, no linear power divergence;

• Quasi: n2=-1, the integral contributes a linear power divergence!
• dk_0 d^2k_T*k^4/(k^6)

Linear Power Divergence



• A definition of quasi gluon distribution might be

with μ sums over ALL the directions: μ=(0,1,2).
Large pz limit, consistent 
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Rethinking on the definition of quasi 
gluon PDF



One loop diagrams without any eikonal line
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No Linear divergence in Virtual diagram

• Linear divergences cancel between these 
diagrams!

• The total result is free of linear UV divergence for 
the diagrams without any Wilson line!

29



Diagrams with Wilson line(s)

30



Wilson line 
self energy

31
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Ø Linear divergence exists in each diagram 
involving one Wilson line.

Ø The linear divergences do not cancel between 
these diagrams.

ØNot all the linearly divergent diagram can be 
explained as Wilson line self energy.

Diagrams with Wilson line(s)



Renormalizing the linear divergence in 
auxiliary field formalism



Auxiliary field formalism

Ø Wilson line

Ø Introducing  auxiliary field Z:

Ø Heavy quark: static Wilson line

34

Gervais and Neveu, 1980



Gauge invariant operators in auxiliary field formulism

• Quark bilinear

• Gluonium operator

Gauge invariant non-local operators                   pairs of gauge invariant 
composite local operators 
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Operator mixing 

Three operators with the same quantum number

Under renormalization, 
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Dorn, Robaschik, Wieczorek,1981; Dorn,1986



• ΩAB
(C) will contribute linear divergence. 

• The same type of divergence! 
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−𝛿𝑚
𝜋𝑃A

1
1 − 𝑥 G



+ = O(Λ0)
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The improved quasi gluon distribution

• With the discussions above, we propose a modified 
definition of quasi gluon distribution as

• δm and matrix element of Ωs can be determined on 
lattice non-perturbatively.

• Matching equation

39



Matching Coefficient: New Results

• At one loop level,

Free of linear UV divergence.

Free of collinear divergence.
40



Ø Quasi distribution: useful tools for parton physics 

Ø Analysis of gluon quasi distribution at 1-loop

Ø Linear power divergence: cannot be removed as quark

Ø Auxiliary Field Formalism: new operators

Ø More on power divergence subtraction: Renormalizability? 
Lattice perturbation theory?

Ø Lattice QCD calculation: additional 3-5 years

Summary

Thank you very much!


