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work in collaboration with

A Chiefa, R Kenway
T Giani, A Candido, G Petrillo, M Wilson
A Lupo, N Tantalo, M Provero

see also

• [ldd et al (2022)] Gaussian Processes and PDF fits

• [Candido et al (2024)] more on GPs and PDF fits

• [ldd et al (2024)] relation between GPs and Backus-Gilbert

• [Chiefa et al (2025)] NN training and PDF uncertainties
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https://arxiv.org/abs/2111.05787
https://arxiv.org/abs/2404.07573
https://arxiv.org/abs/2409.04413
https://arxiv.org/abs/2512.24116


state of the art - central values

[Acta Phys Polon. B (2022) 53]
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https://www.actaphys.uj.edu.pl/fulltext?series=Reg&vol=53&aid=12-A1


state of the art - error bars

[Acta Phys Polon. B (2022) 53]
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https://www.actaphys.uj.edu.pl/fulltext?series=Reg&vol=53&aid=12-A1


impact of EIC data

[EPJC (2023) 83:1011]
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https://link.springer.com/article/10.1140/epjc/s10052-023-12176-5


state of the art - combined PDF sets

[PDF4LHC21 (2022)]
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https://arxiv.org/abs/2203.05506


focus on methodology
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plan of the talk

• origin of the problem

• stochastic processes for inverse problems

• how to rephrase various methodologies in a common framework
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inverse problems
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inverse problems

focus on linear forward maps

TI =

∫
dxCI(x)f(x) = (FK)Iαfα , fα = f(xα)

I = 1, . . . , Ndat , α = 1, . . . , Ngrid

• DIS data: f(x) are PDFs

• quasi-PDFs/pseudo-PDFs from lattice QCD: f(x) are PDFs

• ill-defined: results depend on the regularization

• central value/error bars to be determined by data, not by the
methodology
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minimizing the χ2

χ2 =

Ndat∑
I,J=1

(YI − TI)
(
C−1Y

)
IJ

(YJ − TJ)

= (f − fmin)T M (f − fmin) + χ2
min

where

M = (FK)TC−1Y (FK)

the solution is not unique/unstable:

fmin = M+(FK)TC−1Y Y + f‖

f‖ ∈ Ker(M)

fitting to a functional form is one way to regularize the problem (bias)
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stochastic processes for inverse problems

• solution represented as a stochastic process [ldd et al (2022)]

• we need to assign a prior probability distribution p(f)

p(f) =

∫
dh p(h) p(f |h)

• data used to update the prior to the posterior p̃ = p(f |Y )

p̃(f) = p(f |Y ) =

∫
dh p(h|Y ) p(f |h, Y )

• observables computed as averages over the posterior
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https://arxiv.org/abs/2111.05787


stochastic processes in practice

• we want to characterize the solution f(x)

• usually, focus on central value & error

• here: complete description from the joint probability distribution

p̃(f1, . . . , fNgrid
) , fα = f(xα) , α = 1, . . . , Ngrid

• and then compute

f̄(x)± δf(x) = Ep̃ [f(x)]±
√
C(x, x) ,

C(x, x′) = Ep̃
[(
f(x)− f̄(x)

) (
f(x′)− f̄(x′)

)]
• and study any other observable O(f)
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probability distributions as ensembles of replicas

• probability distributions are represented by ensembles of replicas

• observables are computed from averages over replicas

Ō = Ep [O(f)] =

∫
df p(f)O(f) =

1

Nrep

Nrep∑
k=1

O
(
f (k)

)
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fit to functional form & Hessian errors

• choose a functional form and minimize the χ2 to determine the best
fit parameters

• assume the probability distribution for the parameters is a Gaussian

• the covariance is given by the inverse of the Hessian matrix at the
minimum of the loss

• Hessian errors are given in terms of eigenvectors S±i in parameter
space

• the uncertainty is then propagated to any other observable

σF =
1

2

√√√√1

Npar∑
i=1

[
F (S+

i )− F (S−i )
]2
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replicas from Hessian eigenvectors
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GP methodology

• choose a Gaussian Process prior p(f |h) = GP (0,K(σ, `))

• hyperparameters h = (σ, `) control the shape of the kernel

• update prior to posterior using Bayes theorem

p(f |h, Y ) ∝ p(Y |f, h) p(f |h) = GP
(
m̃, K̃

)
• posterior parameters

m̃ =

[
K

1

1 +MK

]
(FK)TC−1Y Y

K̃−1 = K−1 +M

• MCMC sampling of hyperparameters, p(h|Y ) [Candido et al (2024)]

L Del Debbio PDF determinations Academia Sinica, TPE, April 2026 17 / 27

https://arxiv.org/abs/2404.07573


Tikhonov regularization

choosing
KTik(σ, `) = σ2I

we recover Tikhonov regularization with parameter λ = 1/σ2

m̃ =
1

M + λ
(FK)TC−1Y Y

Tikhonov regularization is equivalent to a GP with a diagonal kernel
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NNPDF methodology

ρ
(`)
i = ρ

(
φ
(`)
i

)
, φ

(`)
i =

n`−1∑
j=1

w
(`)
ij ρ

(`−1)
j + b

(`)
i

f(x) = φ(L)(x; θ)
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NN prior distribution

parameters θ are initialized using a Glorot-Normal distribution

initialize weights and biases using Gaussians

〈b(`)i 〉 = 0 , 〈b(`)i1 b
(`)
i2
〉 = δi1i2C

(`)
b

〈w(`)
ij 〉 = 0 , 〈w(`)

i1j1
w

(`)
i2j2
〉 = δi1i2δj1j2

C
(`)
w

n`−1

parameters/functions duality

p(φ(`)) =

∫
[dw p(w)] [db p(b)]︸ ︷︷ ︸

dh p(h)

∏
i,α

δ

φ(`)iα −∑
j

w
(`)
ij ρ

(
φ
(`−1)
jα

)
− b(`)i


︸ ︷︷ ︸

p(f |h)
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EFT approach

symmetry and 1/n counting yield the probability distribution for φ

p(φ(`)) =
1

Z
exp

[
−S(φ(`))

]
=

1

Z
exp

[
−1

2
γ(`)α1α2

φ(`)α1
· φ(`)α2

− 1

8n`−1
γ(`)α1α2,α3α4

φ(`)α1
· φ(`)α2

φ(`)α3
· φ(`)α4

+O(1/n2`−1)

]

correlators can be computed using Feynman diagrams
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going deep – recursion relations
two-pt function at leading order

K(`+1)
α1α2

= C
(`+1)
b + C(`+1)

w

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉
∣∣∣∣
O(1)

= C
(`+1)
b + C(`+1)

w

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉K(`)

where

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉K(`) =

∫ ∏
α

dφα
e
− 1

2(K(`))
−1

β1β2
φβ1φβ2∣∣2πK(`)
∣∣1/2 ρ(φα1)ρ(φα2)

increasing `, the couplings evolve, exactly like an RG evolution

prior: p(f) =

∫
dh p(f |h) p(h) = p(φ(L))
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covariance matrices at initialization

covariances in the first layer – consistency check
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NNPDF initialization - 1
xT3(x), x = 0.0065 replica distribution at initialization
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training
for all parametrizations and for a quadratic loss

Lt =
1

2
(Y − T [ft])

T C−1Y (Y − T [ft])︸ ︷︷ ︸
εt

gradient descent

d

dt
θt,µ = −∇µLt

d

dt
ft = (∇µft)

d

dt
θt,µ = Θt

(
∂T [f ]

∂f

)
t︸ ︷︷ ︸

(FK)T

C−1Y εt

where

Θt = (∇µft)(∇µft)T

is the Neural Tangent Kernel (NTK)
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solution of the training flow

integrating the flow equation

ft = Ft(f0, Y )

solution of the inverse problem is the trained function at time T

fT is a stochastic process, with its distribution p̃(fT )

introduce an auxiliary field Lt

p(f, L|Y ) =
1

Z
exp
{
−S(φ0)−

∫
dtLt

[
d

dt
ft +Htft

]}
extra-dimensional field theory encoding training dynamics
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outlook

• inverse problems are ill-defined and need regularization

• stochastic processes provide a rigorous framework

• all hypotheses are clearly spelled in the prior

• explore different priors: GPs, NNs, fixed functional forms

• NNs provide flexible priors with controlled complexity

• compute and compare posterior distributions for different
methodologies

• improved precision from the latest lattice determination of αs
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