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HEP in a nutshell
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Parton distribution function (PDF)

• PDF 𝑓(𝑥) describes the probability density of finding a collinear 
parton of longitudinal momentum faction 𝑥
• Non-perturbative → obtained from global fits
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Parton entropy paradox

𝑆*+, 𝑓 = ln Δ𝑥-. −$
/

.
𝑑𝑥	𝑓 𝑥 ln 𝑓 𝑥 > 0

• But proton is a pure state 𝜌 = |𝜓⟩⟨𝜓| with a vanishing entropy!
• Entropy = loss of information: some quantum information of the 

proton is lost in the parton picture
• Related to some of the big puzzles (e.g. confinement, origin of 

mass, origin of exotic hadrons) in the proton structure? 
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Parton entropy as quantum entanglement
• von Neumann entropy: 𝑆01 𝜌' = −Tr𝜌' ln 𝜌' measures the 

quantum entanglement between 𝐴 and 𝐵, where 𝜌' = Tr)𝜌
• What is the relation between 𝑆01 𝜌'  and 𝑆*+, 𝑓 ?

Shannon entropy:

𝑆!"# {𝑝$} = −'
$

𝑝$ log 𝑝$
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Entanglement entropy in QFT

• Ryu-Takayanagi formula:

𝑆) =	 min23∼2)

𝒜3

4𝐺5
• Area law: 

S) =
𝒜2)

𝜖6-.
+ Finite	corrections

• Not directly measurable in high-energy physics experiments: 
particles vs geometry
• How to compute the entanglement between partons?
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Light-front quantization
𝑖
𝜕
𝜕𝑥7

Ψ = 𝒫7 Ψ

• Choice of time: 𝑥/, 𝑥8 ⇒  direction of dynamical evolution
• parton field theory = light-front quantization Polyzou, 2021
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Scalar Yukawa theory

ℒ = 𝜕7𝑁9𝜕7𝑁 −𝑚:𝑁9𝑁 +
1
2
𝜕7𝜋𝜕7𝜋 −

1
2
𝜇:𝜋: + 𝑔𝑁9𝑁

• Nucleon-pion interaction – Yukawa potential

𝑉 𝑟 = −
𝛼
𝑟
𝑒-7;

• Super-renormalizable: divergence only in 1-loop
• No gauge fields: no collinear divergence or gauge link
• Non-perturbative entanglement entropy in 3+1D based on the 

state vector

𝛼 =
𝑔-

16𝜋𝑚-

See, Fitzpatrick 2022 & 2025, for 1+1/2+1D QFTs in light-cone Hamiltonian approach
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Light-cone Hamiltonian truncation

• Fock expansion:
𝑁 <+ = 𝑁 + 𝜋𝑁 + 𝜋𝜋𝑁 + 𝑁𝑁\𝑁 + 𝜋𝜋𝜋𝑁 +⋯

• Rapid convergence with Fock sector expansion

two-body

three-body

four-body
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Density matrix

• Reduced density matrix: 
𝜌' = Tr)|Ψ⟩⟨Ψ|

• If 𝜌' is diagonal: 

𝜌' =#
=

𝑝= |𝑖⟩⟨𝑖|

the von Neumann entropy is simply, 

𝑆01 𝜌' = −Tr𝜌' log 𝜌' = −#
=

𝑝= ln 𝑝=

• Is 𝜌' diagonal ? Unfortunately, no.

Ψ Ψ = 1
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Density matrix

• Hadronic state vector:

Ψ =*
2

+ 𝑑3𝑝4 2 𝜓2 𝑝5, 𝑝-, ⋯ , 𝑝6 | 𝑝5, 𝑝-, ⋯ , 𝑝6 ⟩

• Density matrix 

𝜌7 = Tr8*
2

+ 𝑑3𝑝4 2+ 𝑑3𝑝9: 2Ψ2
∗ 𝑝4 Ψ2 𝑝9: |𝑝5, 𝑝-, ⋯ , 𝑝6⟩⟨𝑝5	 , 𝑝-	 , ⋯ , 𝑝6: |

• 𝜌5 	is NOT diagonal in general
pion d.o.f.pion d.o.f.
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Density matrix in quenched approximation

𝑁 <+ = 𝑁 + 𝜋𝑁 + 𝜋𝜋𝑁 + 𝑁𝑁\𝑁 + 𝜋𝜋𝜋𝑁 +⋯
• Quenched approximation: no sea nucleons – only one nucleon
• Factorization of the center-of-mass motion on the light front:

Ψ 𝑝., 𝑝:, ⋯ , 𝑝> = Ψ 𝑃 𝜓 𝑥= , 𝑘=
where 𝑃 = ∑= 𝑝=, 𝑥= = 𝑝=8/𝑃8, 𝑘=? = 𝑝⃗=? − 𝑥=𝑃?
• In the narrow wavepacket limit (NWL), momentum conservation 

forces 𝜌5  to become diagonal, no need to do LF-time scrambling  
Ψ 𝑃 	→ 𝛿@(𝑃 − 𝑃/)

• Not available in equal-time quantization!
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Entanglement entropy in quenched theory

𝜌5 =
1

𝑃8𝑉
$
𝑑𝑥
2𝑥
$
𝑑:𝑘?
2𝜋 @ 𝑓5 𝑥, 𝑘? |𝑝⟩⟨𝑝|

here,𝑓5 𝑥, 𝑘?  is the nucleon transverse momentum 
dependent parton distribution (TMD)
• Entanglement entropy: 

𝑆01 𝜌5 = ln𝑃8𝑉 −$𝑑𝑥$
𝑑:𝑘?
2𝜋 @ 𝑓5 𝑥, 𝑘? ln 𝑓5 𝑥, 𝑘?

= 𝑆*+,(𝑓5)
• Entanglement entropy = Shannon entropy
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Transverse density Longitudinal density
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Entanglement entropy in unquenched theory

𝑁 <+ = 𝑁 + 𝜋𝑁 + 𝜋𝜋𝑁 + 𝑁𝑁\𝑁 + 𝜋𝜋𝜋𝑁 +⋯
• Unquenched theory: add back the sea
• Problem: the reduced density matrix is no longer diagonal in the 

narrow wavepacket limit (NWL), 

• Cross terms, such as Tr8|𝜋𝜋𝑁⟩⟨𝜋𝑁|,  vanish
• The sea contribution Tr=7 𝑁𝑁8𝑁 ⟨𝑁𝑁8𝑁|	 is non-diagonal

𝜌5 = |𝑁⟩⟨𝑁| + TrA|𝜋𝑁⟩⟨𝜋𝑁| + TrA|𝜋𝜋𝑁⟩⟨𝜋𝜋𝑁|
+Tr B5 𝑁𝑁\𝑁 ⟨𝑁𝑁\𝑁|
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Non-diagonal part

• Numerical diagonalization: is analytical expression still possible? 
• Note that 

𝜌! = 𝜌!
(#)⊕𝜌!

%

• 𝜌!
# = |𝑁⟩⟨𝑁| + Tr&|𝜋𝑁⟩⟨𝜋𝑁| + Tr&|𝜋𝜋𝑁⟩⟨𝜋𝜋𝑁|	is	shown	to	be	

diagonal	in	NWL
• 𝜌!

% = Tr'! 𝑁𝑁=𝑁 ⟨𝑁𝑁=𝑁| is non-diagonal in NWL

• Can	diagonalize	𝜌!
(#), 𝜌!

% separately:	

𝑆() 𝜌! = 𝑆() 𝜌!
# + 𝑆() 𝜌!

%

Diagonal Non-diagonalApril 29, 2026 15

𝜌5 =

	
𝜌!
(#)

𝜌!
(%)



Non-diagonal part

• How	to	diagonalize	𝜌5
: = Tr B5 𝑁𝑁\𝑁 ⟨𝑁𝑁\𝑁| ≡ 𝜚5?

• 	Note	that	𝜚 B5 ≡ Tr5 𝑁𝑁\𝑁 ⟨𝑁𝑁\𝑁|	is	diagonal	in	the	NWL

𝜚 B5 =
1

𝑃8𝑉
$
𝑑𝑥
2𝑥
$
𝑑:𝑘?
2𝜋 @ 	𝑓 B5 𝑥, 𝑘? ⟩|𝑝 ⟨𝑝|

⇒ 𝑆01 𝜚 B5 = 𝑍55 B5 log 𝑃8𝑉 	− $𝑑𝑥$
𝑑:𝑘?
2𝜋 @ 𝑓 B5 𝑥, 𝑘? log 𝑓 B5(𝑥, 𝑘?)

• On	the	other	hand,	since	the	subspace	is	bipartite,	
𝑆01 𝜚5 = 𝑆01(𝜚 B5)

𝜚	 ≡ 𝑁𝑁B𝑁 ⟨𝑁𝑁B𝑁|
𝜚'! = Tr! 𝑁𝑁B𝑁 ⟨𝑁𝑁B𝑁|
𝜚! = Tr'! 𝑁𝑁B𝑁 ⟨𝑁𝑁B𝑁|

𝑵 \𝑵

𝑆7 = 𝑆=7April 29, 2026 16



Total entanglement entropy

𝑆() 𝜌! = 1 − 𝑍 log 𝑃*𝑉 	− 𝑍 log 𝑍

−J𝑑𝑥J
𝑑%𝑘+
2𝜋 , 𝑓!

(&!!) 𝑥, 𝑘+ log 𝑓!
(&!!)(𝑥, 𝑘+)

− J𝑑𝑥J
𝑑%𝑘+
2𝜋 , 𝑓'! 𝑥, 𝑘+ log 𝑓'!(𝑥, 𝑘+)

where, 𝑍 is the field renormalization constant, and 
𝑓!
(&!!) ≡ 𝑓!

(&!) + 𝑓!
(&&!) +⋯

≠ 𝑓! ≡ 𝑓!
&! + 𝑓!

&&! + 𝑓!
!!'! +⋯

Therefore, 𝑆() 𝜌! ≠ 𝑆-./(𝑓!)
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Entanglement entropy Linear entropy𝑆() 𝜌 = −Tr	𝜌 log 𝜌 𝑆*+ 𝜌 = −Tr	𝜌%

𝑆() 𝜌 = #
,-#

lim
,→#

	Tr	𝜌, (Renyi entropy)

April 29, 2026 18



Transverse density

Longitudinal density

alpha = 1.0 alpha = 2.0
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• Entanglement entropy contains classical info, good for pure state
• Separable or unentangled state: 

𝜌') =#
T

𝑝T 𝜌T'⊗𝜌T) 	 ⇒ 	 𝜓 = 𝜓 '⊗ 𝜓 )

• An entanglement witness is an observable which distinguishes a 
specific entangled state from separable ones
• Renyi entropy (e.g. linear entropy)
• Mutual information
• Quantum negativity
• Entanglement of formation, …

Entanglement witnesses

𝑵

𝝅

#𝑵

𝜌7 = Tr=7,8𝜌April 29, 2026 20

𝑵

𝝅

#𝑵

𝜌78 = Tr=7𝜌



• Mutual information 𝐼 𝐴: 𝐵 characterizes the correlation between 
subsystems 𝐴	&	𝐵
• For example:
𝐼 𝜋:𝑁 = 𝑆U5 𝜌A + 𝑆U5 𝜌5 − 𝑆U5 𝜌 B5

VWX,Y+XZ	[<<\].
	2𝑆U5(𝜌5)

Mutual information

Lowest Fock sector with 
both =𝑁 and 𝜋: |𝑁𝑁 =𝑁𝜋⟩
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Positive partial transpose (PPT)

• Detect quantum entanglement between two subsystems, e.g. 𝑁, 𝜋
• Entanglement entropy: not applicable to mixed states 
• Mutual information: contains classical correlation

• PPT criterion (Peres-Horodecki criterion): If 𝜌') 	is separable, 
𝜌')_ 	must be positive semi-definite

𝜌') =#
=`Ta

𝐶=`Ta 𝑖 ' 𝑗 ) 𝑘 '⟨𝑙|)	 ⇒	𝜌')_ =#
=`Ta

𝐶=`Ta 𝑖 ' 𝑙 ) 𝑘 '⟨𝑗|)	

• Existing negative eigenvalues of 𝜌+,C  ⇒ 𝐴、𝐵 are entangled
• Necessary condition for the separability of a mixed state 𝜌+,
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Quantum negativity

𝒩 𝜌') = − #
b!c/

𝜆= ≡
1
2
𝑇𝑟 𝜌')

_	9𝜌')_ − 1

where, 𝜆=  are eigenvalues of 𝜌')_

• Characterizes the quantumness of a resource
• Measures the quantum correlation beyond local interactions
• Two-body truncation: 

𝒩 𝜌A5 = 𝑃8𝑉𝑍𝑓A5 + 𝑃8𝑉𝑓A5:

where, 𝑓A5  is the wave function at the origin, i.e. the decay constant
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Entanglement within quarkonium

• Reduced density matrix in the quenched ansatz:

𝜌de =#
f,f#

$
𝑑@𝑝

2𝜋 @2𝑝8
𝜌ff#
e 𝑠, 𝑘?

1
𝑁g
#
=

|𝑝, 𝑠h, 𝑖⟩⟨𝑝, 𝑠, 𝑖|

where, 

𝜌e =
1
2

Φe
i$ +Φe

i$i% 	 Φe
=j&$i% + 𝑖Φe

=j'$i% 	

Φe
=j&$i% − 𝑖Φe

=j'$i% 	 Φe
i$ −Φe

i$i% 	

• Not diagonal due to spin part even in the quenched approximation

• Related to quark TMDs Φe
k
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Charmonium: hydrogen atom of QCD [Li:2015zda, Li:2017mlw, Li:2021ejv]

Two free parameters (𝑚𝑐, 𝜅), rms deviation: 30 MeV [Gross:2022hyw]

Good agreement with the PDG data for both the masses and the widths
[LFWFs published on Mendeley Data, doi: 10.17632/cjs4ykv8cv.2]

光锥量子色动力学，李阳（中科大） 32/66 非微扰方法研讨会，2024年 10月 26日
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Generalized parton distributions [Burkardt ’00&’02]

q(x,~b?) =

Z
d2�?
(2⇡)2

e
i~�?·~b?H(x, ⇣ = 0,��2

?) =
1

(1� x)2

X

ss0

| e ss0(~r?, x)|2.

I partonic interpretation: q(x,~b) � 0,

Z
dx d2b? q(x,~b) = 1

I unintegrating the form factors

⌘c ⌘
0
c

�c

⌘b ⌘
0
b

�b
“Quarkonium on the light front” 24/38 Yang Li, May 20, 2017, Dalian

~b? , (1� x)~r?

[Adhikari et al. in preparation]

April 29, 2026 26

GPDs
(impact-parameter 

space )

TMDs

Charmonium structures



Entropy spectrum
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𝑃!𝑉
2𝜋 " = 396

Mass
Entropy Entropy

𝑃!𝑉
2𝜋 " = 3186

𝒄�𝒄 𝒃\𝒃𝒄�𝒄

𝑃!𝑉
2𝜋 " = 6𝐿#$%𝑁#$%𝜅&'



Spin entanglement within quarkonium

• In quark model, quarkonium wavefunction factorizes, e.g.

𝜓l( 𝑟 ≈ 𝜙 𝑟
↑↓−↓↑

2
• Entanglement of quarks ≈ entanglement of spins
• Spin density matrix obtained by tracing over the momenta,

𝜌e = #
f, ̅f,f#, ̅f#

𝐼f, ̅f;f#, ̅f#
e |𝑠𝑠̅⟩⟨𝑠h𝑠̅h|

N.B. 𝜌e is a mix-state DM, and entanglement entropy may not be a 
good gauge
• Need additional entanglement witnesses
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Spin entanglement within quarkonium

• Quantum negativity 𝒩 𝜌 : for qubit-qubit and qutrit- qutrit 
systems, the PPT criterion is sufficient and necessary

• Concurrence 𝒞(𝜌): for qubit-qubit system, 𝒞 𝜌 = .
:
𝒩 𝜌

• Separable: 𝒞 𝜌 = 0; entangled: 𝒞 𝜌 > 0; maximally entangled: 
𝒞 𝜌 = 1
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Summary

• Using light-cone Hamiltonian formalism, we find
𝑆01 𝜌= = 𝑆*+, 𝑓= + quantum	corrections

• Other entanglement witnesses: mutual info., quantum negativity 
etc reveal various quantum aspects of hadrons
• Application to QCD: quarkonium, spin entanglement
• Challenges: UV & IR divergences, collinear div. & factorization, 

gauge invariance, … 
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