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The visible universe built from protons and neutrons
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The most important experiments are deep inelastic (e.g., e-

+p) scatterings (DIS) and proton-proton collisions.

Probing the quarks and gluons with high-energy scattering
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Richard P. Feynman

e−

e−

⃗P

Feynman’s parton model in the infinite momentum frame (1969):

• Quarks and gluons are “frozen” in the transverse plane;

• During a hard collision, the struck quark/gluon (parton) appears like free 

particles, i.e., partons.
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• Unpolarized PDF : 

• Helicity PDF :

fi(x)

Δfi(x)

Parton distribution functions (PDFs)
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3D imaging of the proton → nuclei
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NNPDF, EPJ C77 (2017)

W. Armstrong et al., arXiv: 1708.00888.

Wigner distributions/Generalized 
TMDs

PDFs Transvers momentum distributions (TMDs)

Generalized parton distributions (GPDs)
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Figure 5.11: Tomographic scan of the nucleon via the momentum space quark density function
⌧1;@ ⌘

"(G , Æ:) , Æ() , ⇠) defined in Eq. (5.27) at G = 0.1 and ⇠ = 2 GeV. Panels are for D and 3 quarks.
The variation of color in the plot is due to variation of replicas and illustrates the uncertainty of the
extraction. The nucleon polarization vector is along Ĥ-direction. The figures are from Ref. [371].

Figure 5.12: The density distribution ⌧0

?
" of an unpolarized quark with flavor 0 in a proton polarized

along the +H direction and moving towards the reader, as a function of (:G , :H) at &2 = 4 GeV2. The
figures are from Ref. [358].

Figure 5.13: The density distribution of an unpolarized up and down quarks using Sivers functions
from Ref. [18].

Cammarota, et al. (JAM), PRD 102 (2020).

Indeed, measurements at the EIC and
lattice calculations will have a high degree
of complementarity. For some quantities,
notably the x moments of unpolarized and
polarized quark distributions, a precise de-
termination will be possible both in experi-
ment and on the lattice. Using this to vali-
date the methods used in lattice calculations,
one will gain confidence in computing quan-
tities whose experimental determination is
very hard, such as generalized form factors.
Furthermore, one can gain insight into the
underlying dynamics by computing the same
quantities with values of the quark masses
that are not realized in nature, so as to reveal
the importance of these masses for specific
properties of the nucleon. On the other hand,
there are many aspects of hadron structure
beyond the reach of lattice computations, in
particular, the distribution and polarization
of quarks and gluons at small x, for which
collider measurements are our only source of
information.

y

xp

x
z

bΤ

Figure 2.1: Schematic view of a parton with
longitudinal momentum fraction x and trans-
verse position bT in the proton.

Both impact parameter distributions
f(x, bT ) and transverse-momentum distri-
butions f(x,kT ) describe proton structure
in three dimensions, or more accurately in
2+ 1 dimensions (two transverse dimensions
in either configuration or momentum space,
along with one longitudinal dimension in mo-

mentum space). Note that in a fast-moving
proton, the transverse variables play very dif-
ferent roles than the longitudinal momen-
tum.

It is important to realize that f(x, bT )
and f(x,kT ) are not related to each other by
a Fourier transform (nevertheless it is com-
mon to denote both functions by the same
symbol f). Instead, f(x, bT ) and f(x,kT )
give complementary information about par-
tons, and both types of quantities can be
thought of as descendants of Wigner distri-
butions W (x, bT ,kT ) [8], which are used ex-
tensively in other branches of physics [9].
Although there is no known way to mea-
sure Wigner distributions for quarks and
gluons, they provide a unifying theoretical
framework for the di↵erent aspects of hadron
structure we have discussed. Figure 2.2
shows the connection between these di↵erent
aspects and the experimental possibilities to
explore them.

All parton distributions depend on a
scale which specifies the resolution at which
partons are resolved, and which in a given
scattering process is provided by a large mo-
mentum transfer. For many processes in
e+p collisions, the relevant hard scale is Q

2

(see the Sidebar on page 19). The evolution
equations that describe the scale dependence
of parton distributions provide an essential
tool, both for the validation of the theory
and for the extraction of parton distributions
from cross section data. They also allow one
to convert the distributions seen at high res-
olution to lower resolution scales, where con-
tact can be made with non-perturbative de-
scriptions of the proton.

An essential property of any particle is its
spin, and parton distributions can depend on
the polarization of both the parton and the
parent proton. The spin structure is particu-
larly rich for TMDs and GPDs because they
single out a direction in the transverse plane,
thus opening the way for studying correla-
tions between spin and kT or bT . Informa-
tion about transverse degrees of freedom is
essential to access orbital angular momen-

17

kT
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Figure 3.1: The NNPDF3.1 NNLO PDFs, evaluated at µ2 = 10 GeV2 (left) and µ
2 = 104 GeV2 (right).

3.3 Parton distributions

We now inspect the baseline NNPDF3.1 parton distributions, and compare them to NNPDF3.0
and to MMHT14 [7], CT14 [6] and ABMP16 [8]. The NNLO NNPDF3.1 PDFs are displayed
in Fig. 3.1. It can be seen that although charm is now independently parametrized, it is still
known more precisely than the strange PDF. The most precisely determined PDF over most of
the experimentally accessible range of x is now the gluon, as will be discussed in more detail
below.

In Fig. 3.2 we show the distance between the NNPDF3.1 and NNPDF3.0 PDFs. According
to the definition of the distance given in Ref. [98], d ' 1 corresponds to statistically equivalent
sets. Comparing two sets with Nrep = 100 replicas, a distance of d ' 10 corresponds to a
di↵erence of one-sigma in units of the corresponding variance, both for central values and for
PDF uncertainties. For clarity only the distance between the total strangeness distributions
s
+ = s + s̄ is shown, rather than the strange and antistrange separately. We find important
di↵erences both at the level of central values and of PDF errors for all flavors and in the entire
range of x. The largest distance is found for charm, which is independently parametrized in
NNPDF3.1, while it was not in NNPDF3.0. Aside from this, the most significant distances are
seen in light quark distributions at large x and strangeness at medium x.

In Fig. 3.3 we compare the full set of NNPDF3.1 NNLO PDFs with NNPDF3.0. The
NNPDF3.1 gluon is slightly larger than its NNPDF3.0 counterpart in the x

⇠
< 0.03 region, while

it becomes smaller at larger x, with significantly reduced PDF errors. The NNPDF3.1 light
quarks and strangeness are larger than 3.0 at intermediate x, with the largest deviation seen
for the strange and antidown PDFs, while at both small and large x there is good agreement
between the two PDF determinations. The best-fit charm PDF of NNPDF3.1 is significantly

23

xf (x)
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TMDs are essential for 3D proton imaging in momentum space:

Transverse Momentum Distributions (TMDs)
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with one soft scale to be sensitive to the confined motion and the spatial landscape of the
quarks and gluons inside the nucleon. Most importantly, theoretical advances over the past
decade have resulted in the development of a powerful transverse momentum dependent
(TMD) QCD factorization formalism that enables us to extract the 3-dimensional (3D) motion
of quarks and gluons inside a colliding nucleon. Information from these new and precise data
enables the determination of universal transverse momentum dependent parton distributions
(or simply, TMDs). With additional data from experiments around the world and the future
Electron-Ion Collider (EIC) [5], a much sharper and detailed picture of the nucleon’s internal
landscape will become available to shed light on the dynamics of confined quarks and gluons
that form the nucleon - the building block of our visible world.

In this TMD Handbook, we provide a modern introduction to the physics of transverse
momentum dependent distributions – the TMDs, which encode the quantum correlations
between hadron polarization and the motion and polarization of quarks and gluons inside
it, as sketched in Fig. 1.1. We cover the precise definition of these fundamental and univer-
sal TMDs and their properties, the TMD factorization formalisms to match these quantum
distributions to physical observables measured in high energy scattering experiments, and
phenomenological approaches for extracting them from precise experimental data. We intro-
duce new advances in ab initio lattice QCD (LQCD) calculations, as well as various model
calculations of the TMDs. We discuss what we can learn from the TMDs to understand better
how the dynamics of QCD determines the properties of the nucleon and its internal landscape.
This TMD handbook is a project of the TMD Collaboration – a Topical Collaboration in Nu-
clear Theory for the Coordinated Theoretical Approach to Transverse Momentum Dependent
Hadron Structure in QCD [https://sites.google.com/a/lbl.gov/tmdwiki/], supported by the
Office of Nuclear Physics of the U.S. Department of Energy.

Figure 1.1: Illustration of the mo-
mentum and spin variables probed
by TMD parton distributions.

In the rest of this Chapter, we provide an intuitive in-
troduction to the TMDs and their role in describing the
hadron’s internal structure, and the role of lattice QCD for
calculating these intrinsically non-perturbative but funda-
mental distribution functions. An outline for the material
in the remaining chapters of this handbook can be found in
Sec. 1.5.

1.1 Hadrons, Partons and QCD
The discovery of the neutron by Chadwick in 1932 her-

alded the strong interactions, as a force much stronger than
the electromagnetic Coulomb repulsion between the pro-
tons in a nucleus was needed to keep atomic nuclei to-
gether. In the twenty years following this discovery tremen-
dous progress was made in understanding the interactions
between two nucleons, however particle physics was still
rather simple with the only additions being the pions (�)
as expected from Yukawa theory and the muons (⇠) (“Who
ordered that?" [6]). In the next decade this simple state of affairs was blown apart by the
proliferate discovery of different particles, which led to the development of the eight-fold way
by Gell-Mann and Ne‘eman that put light hadrons and mesons into multiplets of flavor (*(3),

TMD Handbook, TMD Topical Collaboration, arXiv: 2304.03302.
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W & Z mass measurements
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Slide provided by A. Avkhadiev

CMS Collaboration, Nature, 652 (2026).

High-precision measurement of the W boson mass with the CMS experiment at the LHC

Reanalysis of CDF measurement of W-boson mass 
with different non-perturbative inputs: 

A Avkhadiev (ANL), Y Fu (MIT), J Isaacson (MSU), M Wagman (FNAL), in 
prepration
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(Track-based ) energy-energy correlators
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• Over order-of-magnitude gain in angular resolution with tracks:

Comparison to archival ALEPH data

15
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FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵
divided by the number of events in the MC

sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-

Hannah Bossi (MIT) for the  alliance*   
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(Track-based ) energy-energy correlators
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• Over order-of-magnitude gain in angular resolution with tracks:

Comparison to archival ALEPH data
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FIG. 1. (a) E↵ective luminosity for the single-jet triggers as a function of the cumulative number of LBs, ordered in time.
Note that the Jet300 trigger used for our jet studies turns on after around 50 pb�1 has already been collected, but this is a
relatively small fraction of the total 2.3 fb�1 collected over the course of Run 2011A. The luminosity profile as a function of
date is shown in Fig. 18 of App. A. (b) E↵ective cross section for the single-jet triggers in each LB where the trigger fired. The
flatness of these curves indicates that the trigger behavior is roughly constant across the entire run, apart from moments where
the trigger criteria or prescale factors changed. The horizontal dashed lines correspond to the total e↵ective cross section for
that trigger from Table I.

samples with non-overlapping hard-scattering parton p̂T

ranges [67–81], totaling 13.4 TB. They are labeled by
CMS as QCD Pt-MINtoMAX TuneZ2 7TeV pythia6, where
p̂T 2 [MIN, MAX] GeV. These events are then simu-
lated and reconstructed using the CMS detector simu-
lation based on Geant 4 [83]. Throughout this paper,
we use “generation” to refer to the output of the parton
shower generator, and “simulation” to refer to the output
of the detector simulation.

Both the generation-level and simulation-level objects
are stored in AODSIM format by CMS, and we convert
them to our MOD format using MODProducer. Apart
from the generation-level event record from Pythia, the
AODSIM format is very similar to AOD. In particu-
lar, AODSIM includes reconstructed AK5 jets, simulated
trigger information, as well as the addition of pileup. We
store the simulated PFCs, the final-state particles in the
Pythia event record, and the 2 ! 2 hard-scattering
process for anticipated future studies related to parton
flavor. If an association between simulation-level and
generation-level jets is needed, jets are matched if their
jet axes are within �R = 0.5 of each other. To enable
future jet flavor studies, generation-level jets are also
matched to hard-process partons if they are less than
�R = 1.0 apart.

Because of the steep dependence of the QCD dijet cross
section on p̂T , the MC events have di↵erent weights,
though the weights for all events in a single MC sam-
ple are the same. Therefore, when filling histograms, we
have to weight each MC event by the generated cross
section �MC

e↵
divided by the number of events in the MC

sample, as given in Table II. As discussed in App. B,
we also weight the MC events according to the number
of primary vertices in order to match the distribution of
pileup seen in the data.

One subtlety in using the generation-level Pythia in-
formation is that there is a cuto↵ on the hadron life-
time above which they are considered stable. This cuto↵
is set to c ⌧stable = 10mm, which means that various
hadrons with non-zero strangeness are considered stable,
notably the K0

S meson. Typically, these strange hadrons
decay within the CMS detector volume and are often
reconstructed as if the decay products came from the
primary vertex. For example, K0

S ! ⇡+⇡� will typi-
cally be reconstructed as two pion-labeled PFCs. This
leads to a mismatch in observables like track multiplic-
ity unless we manually decay these strange hadrons. As
a workaround, we load the generation-level event record
into Pythia 8.235 [123] and adjust the hadron lifetime
threshold to c ⌧stable = 1000mm. Because the kinemat-

Hannah Bossi (MIT) for the  alliance*   
QCD @ LHC 

Stony Brook, NY, USA 
September 9th, 2025

e+e−

MIT HIG’s work was supported by US DOE-NP

Precision QCD Measurements 
Using Archived ALEPH Data

* Anthony Badea, Austin Baty, Hannah Bossi, Paoti Chang, Yu-Chen Chen, Yi Chen, Gian 
Michele Innocenti, Yen-Jie Lee, Luke Lu, Marcello Maggi, Chris McGinn, Benjamin 

Nachman, Michael Peters, Tzu-An Sheng, Jesse Thaler, Jingyu Zhang

<latexit sha1_base64="IdkO0ul8QCWoU2Dt5Iot+r5QZ4c=">AAACAnicdVDLSgMxFM34tr5GXYmbYBEEcci0trU70Y1LBauFvsiktzY0kxmSjFiG4sZfceNCEbd+hTv/xrRWUNEDFw7n3EtyThALrg0h787E5NT0zOzcfGZhcWl5xV1du9BRohhUWCQiVQ2oBsElVAw3AqqxAhoGAi6D3vHQv7wGpXkkz00/hkZIryTvcEaNlVruBjR3obmH6yayAzcm7dK2iqQetNws8Ug5X/BzmHh+ueznSpYU8mVCCtj3yAhZNMZpy32rtyOWhCANE1Trmk9i00ipMpwJGGTqiYaYsh69gpqlkoagG+kowgBvW6WNO5GyIw0eqd8vUhpq3Q8DuxlS09W/vaH4l1dLTOegkXIZJwYk+3yokwhs8w77wG2ugBnRt4Qyxe1fMetSRZmxrWVsCV9J8f/kIuf5Ra94tp89PBrXMYc20RbaQT4qoUN0gk5RBTF0i+7RI3py7pwH59l5+VydcMY36+gHnNcPMEOXXA==</latexit>

e+e� ! hadrons
<latexit sha1_base64="NM+aqvMD6E6MP89Af6A8cQZ/k6Q="></latexit>p
s = 91.2GeV

<latexit sha1_base64="AW7p/DnzSVZL7npEQUdiopCjqnw="></latexit>

hE(n1)E(n2)i

<latexit sha1_base64="5i8cSqLFN+InWlGW0ZwpFYDG7zg=">AAACA3icdVDJSgNBEO2JW4xb1JteGoPgaZgxMYm3oBePEbIISQg9nYpp0rPQXSOGIeDFX/HiQRGv/oQ3/8bOIqjog4LHe1VU1fMiKTQ6zoeVWlhcWl5Jr2bW1jc2t7LbOw0dxopDnYcyVFce0yBFAHUUKOEqUsB8T0LTG55P/OYNKC3CoIajCDo+uw5EX3CGRupm99oIt5hUQWGsvKlIawMI1WjczeYc2znNF0p56tjuablULhpyUsgXTsrUtZ0pcmSOajf73u6FPPYhQC6Z1i3XibCTMIWCSxhn2rGGiPEhu4aWoQHzQXeS6Q9jemiUHu2HylSAdKp+n0iYr/XI90ynz3Cgf3sT8S+vFWO/3ElEEMUIAZ8t6seSYkgngdCeUMBRjgxhXAlzK+UDphhHE1vGhPD1Kf2fNI5tt2gXLwu5ytk8jjTZJwfkiLikRCrkglRJnXByRx7IE3m27q1H68V6nbWmrPnMLvkB6+0TkFKYyw==</latexit>

Perturbation Theory

<latexit sha1_base64="QeCUsT6ij1pyrG9DhVkBg/wVrVI=">AAAB/HicdVBNS8NAEN34bf2KevSyWARPYVOtNjdRBA+CFawKbSib7aZduvlgdyKGUP+KFw+KePWHePPfuK0VVPTBwOO9GWbmBakUGgh5tyYmp6ZnZufmSwuLS8sr9urapU4yxXiDJTJR1wHVXIqYN0CA5Nep4jQKJL8K+kdD/+qGKy2S+ALylPsR7cYiFIyCkdr2egv4LRSnotsDRXN8Vj8etO0ycUjNq7geJo7reZVqzZDqjkcqBLsOGaGMxqi37bdWJ2FZxGNgkmrddEkKfkEVCCb5oNTKNE8p69Mubxoa04hrvxgdP8BbRungMFGmYsAj9ftEQSOt8ygwnRGFnv7tDcW/vGYGYc0vRJxmwGP2uSjMJIYED5PAHaE4A5kbQpkS5lbMelRRBiavkgnh61P8P7msOO6es3e+Wz44HMcxhzbQJtpGLtpHB+gE1VEDMZSje/SInqw768F6tl4+Wyes8cw6+gHr9QMx05Un</latexit>

Lightray OPE
<latexit sha1_base64="pzdv2ElPf9Atr1l8XrjXdBefxYc=">AAAB/3icdVBNSwMxEM36WetXVfDiJVgET0u2tWpvRRE8CFawttCWkk3TNjSbXZJZsaw9+Fe8eFDEq3/Dm//GtFZQ0QcDj/dmkpnnR1IYIOTdmZqemZ2bTy2kF5eWV1Yza+tXJow14xUWylDXfGq4FIpXQIDktUhzGviSV/3+8civXnNtRKguYRDxZkC7SnQEo2ClVmazAfwGkqqQJlT4zL6Cz8snw1YmS1xSzBe8HCauVyx6uQNLCvkiIQXsuWSMLJqg3Mq8NdohiwOugElqTN0jETQTqkEwyYfpRmx4RFmfdnndUkUDbprJeP8h3rFKG3dCbUsBHqvfJxIaGDMIfNsZUOiZ395I/Murx9A5bCZCRTFwxT4/6sQSQ4hHYeC20JyBHFhCmRZ2V8x6VFMGNrK0DeHrUvw/ucq53r67f7GXLR1N4kihLbSNdpGHDlAJnaIyqiCGbtE9ekRPzp3z4Dw7L5+tU85kZgP9gPP6Afr4lho=</latexit>

Wilson Line OPE

<latexit sha1_base64="Ny1567stD7yrTAOWE9KWMFAVGtE=">AAAB/3icdVDLSgNBEJyN7/iKCl68DAbB07JrYhJvoqAeFYwRkhBmJ51kcHZ2mekVw5qDv+LFgyJe/Q1v/o2TGEFFCxqKqm66u4JYCoOe9+5kJianpmdm57LzC4tLy7mV1QsTJZpDlUcy0pcBMyCFgioKlHAZa2BhIKEWXB0O/do1aCMidY79GJoh6yrREZyhlVq59QbCDaZHGoCesLaOFD1mZtDK5T3X2ysUywXquf5epVwpWbJbLBR3K9R3vRHyZIzTVu6t0Y54EoJCLpkxdd+LsZkyjYJLGGQbiYGY8SvWhbqlioVgmuno/gHdskqbdiJtSyEdqd8nUhYa0w8D2xky7Jnf3lD8y6sn2Kk0U6HiBEHxz0WdRFKM6DAM2hYaOMq+JYxrYW+lvMc042gjy9oQvj6l/5OLHdcvuaWzYn7/YBzHLNkgm2Sb+KRM9skJOSVVwsktuSeP5Mm5cx6cZ+flszXjjGfWyA84rx8zMpZC</latexit>

Free Hadron Gas

<latexit sha1_base64="Ny1567stD7yrTAOWE9KWMFAVGtE=">AAAB/3icdVDLSgNBEJyN7/iKCl68DAbB07JrYhJvoqAeFYwRkhBmJ51kcHZ2mekVw5qDv+LFgyJe/Q1v/o2TGEFFCxqKqm66u4JYCoOe9+5kJianpmdm57LzC4tLy7mV1QsTJZpDlUcy0pcBMyCFgioKlHAZa2BhIKEWXB0O/do1aCMidY79GJoh6yrREZyhlVq59QbCDaZHGoCesLaOFD1mZtDK5T3X2ysUywXquf5epVwpWbJbLBR3K9R3vRHyZIzTVu6t0Y54EoJCLpkxdd+LsZkyjYJLGGQbiYGY8SvWhbqlioVgmuno/gHdskqbdiJtSyEdqd8nUhYa0w8D2xky7Jnf3lD8y6sn2Kk0U6HiBEHxz0WdRFKM6DAM2hYaOMq+JYxrYW+lvMc042gjy9oQvj6l/5OLHdcvuaWzYn7/YBzHLNkgm2Sb+KRM9skJOSVVwsktuSeP5Mm5cx6cZ+flszXjjGfWyA84rx8zMpZC</latexit>

Free Hadron Gas

<latexit sha1_base64="PZW64dElM+paU/8NlgWj3FsppFE=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hqTdNb0YvHCrYV2lA22027dpMNuxOhlP4HLx4U8er/8ea/cfshqOiDgcd7M8zMC1PBNTjOh5VbWV1b38hvFra2d3b3ivsHLS0zRVmTSiHVbUg0EzxhTeAg2G2qGIlDwdrh6HLmt++Z0lwmNzBOWRCTQcIjTgkYqdWFIQPSK5Yc26l43rmHHbtc885qviF+1fUrDnZtZ44SWqLRK753+5JmMUuACqJ1x3VSCCZEAaeCTQvdTLOU0BEZsI6hCYmZDibza6f4xCh9HEllKgE8V79PTEis9TgOTWdMYKh/ezPxL6+TQeQHE56kGbCELhZFmcAg8ex13OeKURBjQwhV3NyK6ZAoQsEEVDAhfH2K/yetsu16tnddKdUvlnHk0RE6RqfIRVVUR1eogZqIojv0gJ7QsyWtR+vFel205qzlzCH6AevtEyysj48=</latexit>

✓ <latexit sha1_base64="PZW64dElM+paU/8NlgWj3FsppFE=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hqTdNb0YvHCrYV2lA22027dpMNuxOhlP4HLx4U8er/8ea/cfshqOiDgcd7M8zMC1PBNTjOh5VbWV1b38hvFra2d3b3ivsHLS0zRVmTSiHVbUg0EzxhTeAg2G2qGIlDwdrh6HLmt++Z0lwmNzBOWRCTQcIjTgkYqdWFIQPSK5Yc26l43rmHHbtc885qviF+1fUrDnZtZ44SWqLRK753+5JmMUuACqJ1x3VSCCZEAaeCTQvdTLOU0BEZsI6hCYmZDibza6f4xCh9HEllKgE8V79PTEis9TgOTWdMYKh/ezPxL6+TQeQHE56kGbCELhZFmcAg8ex13OeKURBjQwhV3NyK6ZAoQsEEVDAhfH2K/yetsu16tnddKdUvlnHk0RE6RqfIRVVUR1eogZqIojv0gJ7QsyWtR+vFel205qzlzCH6AevtEyysj48=</latexit>

✓

[Lee et al (theory: Jaarsma, Li, Moult, WW, Zhu)]
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• Excellent agreement 
between theory and data 
for a wide range of angles

• Deviation in the back-to-
back region is due to the 
non-perturbative TMD 
parameters.

Slide provided by W. Waalewijn

See Z. Kang’s talk.
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• Beam function:

TMD definition in QCD
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• Soft function :
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b⊥

t
z

tz

P

nbnb

Hadronic matrix element Vacuum matrix element

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV lim
τ→0

Bi

Sq

Collins-Soper scale: ζ = 2(xP+e−yn)2 Rapidity divergence regulator

n(2yn)

n2
b = 0

Rapidity : yB =
1
2

ln
n+

b

n−
b

= − ∞
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)
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Simulating partons on the Euclidean lattice?

11

v=0	

v=c	

z + ct = 0
z − ct ≠ 0

t → iτ

Time-dependence makes it impossible to calculate the lightlike (or close-to-
lightlike) correlations directly on the Euclidean lattice. 🙁

O(iτ) ?→ O(t)
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Large-Momentum Effective Theory (LaMET)

12

Revisit the infinite momentum frame picture by Feynman:

v=c	

v=0	 Simulating  ?  ✘⟨P = ∞ | Õ(t = 0) |P = ∞⟩

P ≪
2π
a

!

Nevertheless, it is possible to simulate a proton at large P:

z

t
pn

z/2�z/2

� �zp
2

�zp
2

z + ct = 0, z − ct ≠ 0 t = 0, z ≠ 0
• X. Ji, PRL 110 (2013); SCPMA 57 (2014).  
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).
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Large-Momentum Effective Theory (LaMET)

13

f(x, μ) = ∫
∞

−∞

dy
|y |

C ( x
y

,
μ

2xPz
,

μ̃
μ ) f̃(y, Pz, μ̃) + 𝒪 (

Λ2
QCD

(xPz)2
,

Λ2
QCD

((1 − x)Pz)2 )
• X. Ji, PRL 110 (2013); SCPMA 57 (2014).  
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

• Power expansion in parton momentum 

• Valid for a moderate range of x at finite Pz 

• No parameterization from global analyses 

• Matching kernel available at N3LO now 

• Leading renormalon subtraction which 
improves power accuracy 

• DGLAP (x→0) and threshold (x→1) 
resummations

NNLO 
• Chen, Zhu and Wang, PRL. 126 (2021); 
• Li, Ma and Qiu, PRL 126 (2021); 
N3LO 
• Cheng, Huang, Li, Li and Ma, PRL 134 (2025).

• X. Gao, K. Lee, S. Mukherjee, C. Shugert and YZ, PRD 103 (2021); 
• Y. Su, X. Ji, and J. Holligan et al., NPB 991 (2023); 
• X. Ji, Y. Liu and Y. Su, JHEP 08 (2023) 037; 
• Y. Liu and Y. Su, JHEP 2024 (2024) 204; 
• X. Ji, Y. Liu, Y. Su and R. Zhang, JHEP 03 (2025). 
• J. Holligan, H.-W. Lin, R. Zhang and YZ, JHEP 207 (2025).

• Holligan, Ji, Lin, Su and Zhang, NPB 993 (2023); 
• Zhang, Ji, Holligan and Su, PLB 844 (2023).
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The x-dependence of PDFs

14

NNLO, BNL-ANL21
NNLO, LRR+RGR+TR
JAM21NLO
ASV-10'
GRVPI1-92'
xFitter-20'

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

YZ, Research 9 (2026) 
NNLO, BNL-ANL21 
X. Gao, A. Hanlon and YZ, et al., PRL 128 (2022) 
NNLO, LRR+RGR+TR 
X. Ji, Y. Liu, Y. Su and R. Zhang, JHEP 03 (2025)

Pion valence PDF
5

FIG. 3. The pion mass dependence of the real (top) and imag-
inary (bottom) part of the renormalized matrix elements for
di↵erent ensembles with the same lattice spacing a = 0.085 fm
and momentum Pz = 1.82 GeV.

JAM22 [6]). JAM20 is the global analysis that finds, for
the first time, agreement between phenomenology and
lattice calculation of all nucleon tensor charges �u, �d
and the isovector combination gT . JAM22 provides an
update to JAM20 by including certain new data sets
and constraints from the So↵er bound and lattice gT re-
sult. Given the sensitivity of the results to the choice
of data sets, we tend to view the di↵erence between the
two curves as an indication of systematic uncertainties
from global fits. As can be seen from the figure, our
result lies between the two global analyses and agrees
with both within 1 ⇠ 2� error. Note that we have plot-
ted two shaded bands at the endpoint regions to indicate
that LaMET predictions are not reliable there (taken as
x 2 [�0.1, 0.1] and x 2 [0.9, 1]), which are estimated from
the observation that the higher-twist terms in LaMET
factorization Eq. (4) are of O(1), i.e., ⇤QCD/(xPz) ⇠ 1
and ⇤QCD/((1� x)Pz) ⇠ 1 with the highest momentum
in this work Pz = 2.83GeV. This estimation is consis-
tent with the recent approach incorporating the renor-
malization group resummation (RGR) procedure [44], as
can be seen from the Supplemental Material [37]. Our
error band includes both statistical and systematic un-
certainties, where the latter have four di↵erent sources.
The first is the renormalization scale dependence, which
is estimated by varying the scale to 3 GeV. The second
error comes from the extrapolation to continuum, infi-

-0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
-0.4

0

0.4

0.8

1.2

1.6

2

2.4

2.8

FIG. 4. Our final proton isovector transversity PDF at renor-
malization scale µ = 2 GeV, extrapolated to the continuum,
physical pion mass and infinite momentum limit (a ! 0,
m⇡ ! m⇡,phys, Pz ! 1), compared with JAM20 [18] and
JAM22 [6] global fits. All results are normalized to the nu-
cleon isovector tensor charge gT . The blue error band includes
both statistical and systematic errors. The vertical light gray
bands denote the endpoint regions where LaMET predictions
are not reliable.

nite momentum, and physical mass, which is relatively
small. The third error is from the choice of zs in the
hybrid renormalization scheme. We choose zs = 0.3 fm,
vary it down to zs = 0.18 fm and take the di↵erence as
a systematic error. Lastly, the large � extrapolation also
introduces some error that mainly a↵ects the small-x re-
gion �0.2 . x . 0.2. We have chosen di↵erent regions
to do the extrapolation to estimate this error. More de-
tails of the systematic uncertainties can be found in the
Supplemental Material [37].

In the negative x region, our result is consistent with
zero, which puts a strong constraint on the sea flavor
asymmetry. JAM plans to update their global analysis
by including spin asymmetry data from STAR [6]. It
will be very interesting to see how their new analysis
compares with our lattice result.

Summary: We present a state-of-the-art calculation
of the isovector quark transversity PDF with LaMET.
The calculation is done at various lattice spacings, pion
masses and large nucleon momenta, and extrapolated to
the continuum, physical mass and infinite momentum
limit. With high statistics, we have performed multi-
state analyses with multiple source-sink separations to re-
move the excited-state contamination, and applied state-
of-the-art renormalization, matching and extrapolation.
Our result provides the most reliable lattice prediction
of the isovector quark transversity PDF in the proton so
far, and will o↵er guidance to measurements at JLab and
EIC.

Nucleon isovector transversity PDF

F. Yao et al. (Lattice Parton Collaboration), PRL 131 (2023)

See C. Alexandrou’s talk for a 
broader review.
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)

b⊥

t
z

q

q

bz

L

nb
Lorentz boost and L → ∞

Equal-time Wilson lines, directly 
calculable on the lattice🙂

nμ
b (yB) = (n+

b , n−
b , 0⃗⊥) = (−e2yB,1,0⃗⊥)

Spacelike but close-to-light-cone 
( ) Wilson lines, not 

calculable on the lattice ☹
yB → − ∞

Lightcone direction

Ebert, Schindler, Stewart and YZ, JHEP 04 (2022). 
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Soft factor

16

= ⟨π(−P) | j1(bT)j2(0) |π(P)⟩

Pz≫mN= Sr(bT, μ)∫ dxdx′￼ H(x, x′￼, μ)

F(bT, Pz)

× Φ†(x, bT, Pz, μ)Φ(x′￼, bT, Pz, μ)

• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Ji and Liu, PRD 105 (2022); 
• Deng, Wang and Zeng, JHEP 09 (2022).

Light-meson form factor:

H

CC

H

P ′P

S

t

j1

j2

b⊥

t
z

tz
nb(2yB) n(2yn) yn−yB→∞

⟶ Sr(bT, μ) e−2(yn−yB)γζ(bT,μ)

: quasi-TMD wave functionΦ(x, bT, Pz, μ)

Reduced soft 
factor

Collins-Soper 
kernel
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✴Collins-Soper kernel ; 

✴Flavor separation; 

✴Spin-dependence; 

✴Full TMD kinematic dependence. 

✴Twist-3 PDFs from small bT expansion of TMDs. 

✴Higher-twist TMDs.

γζ(μ, bT)

Factorization formula for the quasi-TMDs

17

× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ naive[s]
i/p (x, bT, μ, P̃z)

Sr(bT, μ)
= C(μ, xP̃z) exp[ 1

2
γζ(μ, bT)ln

(2xP̃z)2

ζ ]

f [s]
i/p(x, bT)

f [s′￼]
j/p (x, bT)

=
f̃ naive[s]

i/p (x, bT)

f̃ naive[s′￼]
j/p (x, bT)

Ji, Liu, Schäfer and Yuan, PRD 103 (2021).

Rodini and Vladimirov, JHEP 08 (2022).

• Ji, Sun, Xiong and Yuan, PRD91 (2015); 
• Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019); 
• Ebert, Stewart, YZ, PRD99 (2019), JHEP09 (2019) 037; 
• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Ebert, Schindler, Stewart and YZ, JHEP 09 (2020); 
• Vladimirov and Schäfer, PRD 101 (2020); 
• Ji, Liu, Schäfer and Yuan, PRD 103 (2021); 
• Ebert, Schindler, Stewart and YZ, JHEP 04, 178 (2022). 
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Collins-Soper (CS) kernel

18
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FIG. 3. Comparison of lattice QCD parameterization of
the CS kernel compared with phenomenological parameteriza-
tions [36–41] of experimental data (BLNY, SV19, Pavia19,
MAP22, ART23, IFY23), and perturbative results from
Refs. [84–86] (N3LL).

quantify the relative goodness-of-fit for models including
di�erent parameter subsets. The minimum AIC model is
found to be (c0, k1) with c1 = k2 = 0 and BNP = 2 GeV.
The corresponding fit results are

c0 = 0.032(12), k1 = 0.22(8), (9)

with a ‰2/dof = 0.39. These fit results, and the re-
sulting parameterization of the CS kernel, are shown
in Fig. 2. Overall fit quality is illustrated through the
comparison of “param

q (bT , µ, a = 0) with best-fit val-
ues for (BNP, c0, c1, k1, k2) with the lattice QCD results
where discretization e�ects have been subtracted, i.e.,
“MS

q (bT , µ) © “MS
q (bT , µ, a) ≠ k1(a/bT ) using the best-fit

results for k1.
These continuum-limit results are compared with phe-

nomenological parameterizations of experimental data
in Fig. 3. In particular, the parameterization used
in Ref. [37] corresponds to the AIC-preferred param-
eterization used here and leads to a consistent result
cSV19

0 = 0.043(11) with BSV19
NP = 1.9(2) GeV. The global

fits performed in Ref. [40] also give a consistent result,
cART23

0 = 0.037(6), though in that work c1 is also included
as a fit parameter.

Fits to other parameter subsets (c0, k2) and (c0, k1, k2)
give consistent results for c0 at 1‡ with uncertainties that
di�er by <

≥ 10%. The magnitudes of k1 and k2 range
from 0.1 - 0.3 in all cases, which suggests that the size of
discretization e�ects is consistent with naive dimensional
analysis. Fits including BNP or c1 as free parameters give
consistent results for c0 with larger uncertainties.

Other parameterizations for the nonperturbative func-
tion DNP(b) have been used in fits to experimental
data [36, 87], for example the BLNY parameterization
D

BLNY
NP (b) = g2b2 with free parameters g2 and BNP (which

enters Dres). Fits to this parameterization with BNP = 1.5
GeV lead to the result g2 = 0.085(26) with compara-

ble goodness-of-fit, ‰2/dof = 0.58, to the fits using the
parametrization of Eq. (7) described above. This is con-
sistent with the phenomenological fit results of Ref. [41],
which use the same value of BNP and find g2 = 0.053(24).
These lattice QCD constraints on the CS kernel are there-
fore not su�cient to establish a clear preference between
functional forms for DNP; however they do provide a signif-
icant preference for the recent fit results from Refs. [37, 39–
41] in comparison with Ref. [38] and especially with older
BLNY fit results [36] at large bT .

Summary: This work presents the first lattice QCD
calculation of the CS kernel with systematic control of
quark mass, operator renormalization, and discretization
e�ects. The results are used to constrain a ‘pure-theory’
parameterization of the CS kernel through a direct fit to
lattice QCD results for the first time. These lattice QCD
results for the CS kernel are consistent with the most
recent phenomenological results. This opens the door for
future first-principles QCD predictions of the CS kernel
beyond the region constrained by current experiments, as
well as joint fits to experimental data and lattice QCD
results. As more precise lattice QCD results are achieved
at larger values of bT in future calculations, this promises
to be increasingly valuable.
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FIG. 9: Results for the Collins-Soper kernel K. Left: The LO contributions are compared for mω = 640 MeV and
mω = 830 MeV using the cA211.53.24 ensemble and boosts P

z = 2.22 and 3.33 GeV. Right: LO and NLO
contributions are compared for the ensembles cA211.53.24 (using boosts P

z = 2.22 and 3.33 GeV) and cA211.30.32
(using boosts P

z = 1.63 and 2.45 GeV) at valence pion mass mω = 640 MeV. the cA211.30.32 ensemble results are
shifted to the right for better readability.

0.1 0.2 0.3 0.4 0.5

b [fm]

�1.0

�0.8

�0.6

�0.4

�0.2

0.0

0.2

0.4

K

cA211.53.24

cA211.30.32

SVZES 21

ASWZ 24

LPC 22

LPC 23

ETMC 22

FIG. 10: Comparison of our results for the Collins-Soper kernel other lattice QCD results. Our results are obtained
using the cA211.53.24 (blue circles) and cA211.30.32 (red squares) ensembles, at pion mass mω = 640 MeV, using
ratios of quasi-TMD WFs at boosts of 2.22 GeV and 3.33 GeV for cA211.53.24 and 1.63 and 2.45 GeV for
cA211.30.32. Other results are obtained from Refs. [66] (ETMC 22), [72] (SVZES 21), [73] (LPC 22), [62] (LPC
23), and [74] (ASWZ 24).

and 2.45 GeV. For cA211.53.24, the di!erence between LO and NLO results is smaller than the statistical uncertainties
and is therefore considered negligible. For cA211.30.32, the di!erence is more pronounced, primarily due to the use of
smaller boost momenta leading to larger NLO corrections (see Eq. (14)). Comparing the two ensembles, the results
for K are compatible between each other within two standard deviations, suggesting that finite volume e!ects are
under control.

In Fig. 10, we compare our results for the Collins-Soper kernel with our previous lattice calculation [66] and with other
collaborations [62, 72–74]. The extraction method varies across these studies. In SVZES 21 [72], the Collins-Soper
kernel is obtained from ratios of the first Mellin moments of quasi-TMD PDFs. In contrast, all other works including
ours extract the kernel from ratios of quasi-TMD WFs. The Lattice Parton Collaboration, LPC 22 [73] and LPC
23 [62] use a setup similar to ours, while ASWZ 24 [62] di!ers by adopting a modified normalization of the quasi-TMD
WFs, accounting for operator mixing, and performing a continuum extrapolation based on results from three lattice

19

FIG. 18. Error budget for the CS kernel, showing statistical uncertainties and systematic ones from di!erent sources. Total
uncertainties are obtained by adding these contributions in quadrature.

FIG. 19. Left panel: comparison of our result K(b→, µ) the lattice calculations by LPC22 [45], ASWZ23 [48], DWF24 [79],
PionCG25 [80], as well as the perturbative calculations up to three loops [5, 6]. Right panel: comparison of our result with
phenomenological extractions from SV19 [25], ART23 [27], IFY23 [22], EEC24 [29], ASWZ24 [50], MAPNN25 [32], ART25 [31],
CFR25 [33].

relators of local operators, remains approximately con-
stant, leading to a rapid deterioration of the signal-to-
noise ratio. Overall, the results shown indicate that the
uncertainties remain under control up to b→ → 1fm, this
allows us to make reliable predictions for the CS kernel
in the large-b→ region.

Combining statistical and systematic uncertainties,
Fig. 19 presents our results (black data points) for the
CS kernel at µ = 2GeV. As shown in the left panel,
in the perturbative region where 1/b→ >

→ 1GeV, our re-
sults agree well with perturbation theory up to three-
loop accuracy [5, 6]. In the nonperturbative region, we
compare with previous first-principles lattice determina-
tions, including LPC22 [45], ASWZ23 [48], ASWZ24 [50],
DWF24 [79], and PionCG25 [80]. Notably, our results
provide improved precision, even for b→ >

→ 1fm, the un-
certainties remain under control.

In addition, we compare our results with those

from global analyses, as shown in the right panel of
Fig. 19. Specifically, we include SV19 [25], ART23 [27],
IFY23 [22], EEC24 [29], MAPNN25 [32], ART25 [31],
and CFR25 [33]. Usually, global analyses typically
achieve smaller uncertainties than direct lattice determi-
nations by imposing explicit model parametrizations, in
particular for the b→ dependence (see, e.g., Ref. [50]). Re-
markably, our determination reaches a comparable pre-
cision, especially at large b→, without introducing a ded-
icated model parametrization for the b→ dependence in
the continuum-extrapolated CS kernel. In our analysis,
the independence of a b→ ansatz is enabled by the infinite-
momentum extrapolation in Eq. (22), where we find no
statistically significant sensitivity to the mixed discretiza-
tion term proportional to aP z and therefore neglect it at
the current level of precision. The resulting agreement
between our CS kernel and the global-fit determinations
demonstrates full compatibility with phenomenological

C. Alexandrou, S. Bacchio, K. Cichy et al., ETM Collaboration, 
PRD 113 (2026). J.-X. Tan, Z.-C. Gong, J. Hua et al., LPC, PRD 113 (2026).

• Pion mass 640 and 830 MeV 
• Largest momentum Pz=3.3 GeV
• a=0.093 fm
• Next-to-leading order (NLO) order matching

• Pion mass 140, 230 and 300 MeV 
• Largest momentum Pz=3.0 GeV
• a=0.05, 0.08, 0.1 fm
• NNLL matching

An autonomous AI “Physics Master” analysis, J.-X. Tan et al., 
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Figure 10. The intrinsic soft functions obtained from the combination of F (�?) and F (�?�5) (see

Eq. (3.12)). The left panels are from ensemble a12m310 (MILC) while the right panels are from en-

semble X650 (CLS). The first row shows results using tree-level matching while the second row is for 1-loop

matching. The “�” and “+” sign in the legends indicates the direction of the quasi TMDWF used in the cal-

culation. The data points have been shifted horizontally for better visibility. Only statistical uncertainties

are shown.

In all cases the intrinsic soft functions obtained for X650 show stronger P z-dependence than those
for a12m310. When going from tree-level matching to 1-loop matching, the intrinsic soft functions
increase significantly for both ensembles, approaching the 1-loop perturbative values, especially at
small b?. Based on all these studies, we regard the results from 1-loop matching and �? + �?�5

combination as our final estimates of the intrinsic soft function, summarized in Fig. 11. Generally
speaking, the final intrinsic soft function on two ensembles show satisfactory agreement except at
small b? where lattice discretization e↵ects are the most significant.

4 Collins-Soper Kernel

The CS kernel describes the rapidity evolution of TMDWFs and TMDPDFs. Results containing
one-loop contributions were already calculated for a12m130 using quasi TMDWFs in the framework
of LaMET in [31] and were revisited in [32] on a12m310. In this section we provide the results for
X650 obtained in the same way. Here we use quasi TMDWF in “�” direction and use the 1-loop

– 13 –
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FIG. 14: Comparison of our results for the reduced soft function using ensembles cA211.53.24 and cA211.30.32 with
the results from LPC [62] using CLS configurations (LPC 23 (CLS)).

Renormalization is carried out nonperturbatively using the Short Distance Ratio (SDR) scheme. Prior to this,
we verify that operator mixing, predicted by symmetry arguments, is numerically negligible for the operators under
study. After renormalization, we convert our results to the MS scheme to facilitate comparison with phenomenological
analyses.

The Collins–Soper kernel is extracted from ratios of momentum-space quasi-TMD WFs evaluated at di!erent hadron
momenta, while the reduced soft function is obtained via the factorization of the meson form factor in terms of quasi-
TMD WFs. NLO corrections are incorporated in the extraction of both the Collins–Soper kernel and the reduced soft
function, ensuring a consistent determination of the TMD PDF matching at NLO. Their inclusion has a notable e!ect
on both quantities and contributes to a reduction in systematic uncertainties. Our results are in good agreement
with previous lattice studies using di!erent discretizations and setups. This consistency supports the validity and
robustness of the methodology used. Having both the Collins-Soper kernel and the reduced soft function, we have all
the necessary ingredients to compute physical TMD PDFs, over a range of transverse separations up to approximately
b = 0.36 fm. In future work, we plan to extend this analysis to ensembles at the physical pion mass and extract the
TMD PDFs for the proton, pion and kaon.
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SUPPLEMENTAL MATERIALS

Renormalization

In order to renormalize the bare quasi-TMD matrix
elements, the square root of Wilson loop

p
ZE and loga-

rithmic divergence factor ZO need to be computed.
The Wilson loop ZE(r = 2L+z, b?, a) is defined as the

vacuum expectation of a rectangular shaped space-like
gauge links with size r⇥b?. It is introduced to eliminate
the linear divergence form as e��m̄r, which comes from
the self-energy corrections of the gauge link [28, 34], as
well as the pinch-pole singularity, which comes from the
heavy quark e↵ective potential term e�V (b?)L from the
interactions between the two Wilson lines along the z
direction in the staple link [20]. In practice, the signal
to noise ratio of ZE(r, b?, a) grows fast and is hardly
available at large r and/or b?. To address this, we fit the
e↵ective energies of Wilson loop, which denote the QCD
static potentials, and then extrapolate them at large r
and/or b? area, as in Ref. [27]. Numerical results of
Wilson loop are shown in the upper panel of Fig. 6.

Besides, the logarithmic divergences factor ZO can be
extracted from the zero-momentum bare matrix elements
h̃0
� (z, b?, 0, a, L). In order to keep the renormalized ma-

trix elements consistent with perturbation theory, ZO

should be determined with the condition:

ZO(1/a, µ,�) = lim
L!1

h̃0
� (z, b?, 0, a, L)p

ZE (2L+ z, b?, a)h̃MS
� (z, b?, µ)

(12)

in a specific window where z ⌧ ⇤�1
QCD so that the

perturbation theory works well. Here the perturbation
results have been evolved from the intrinsic physical
scale 2e��E/

p
z2 + b2? to MS scale µ via renormalization

group equation [44]. To preserve a good convergence of
the perturbation theory before and after RG evolution,
we choose the region where b? = a, z = 0 or a. More
discussions about RG evolution can be found in the fol-
lowing section. The numerical value for ZO in this work
is taken as 1.0622(87), of which the uncertainty is negli-
gible compared with other systematic uncertainties.

Unpolarized TMD Boer-Mulders Function

J.-C. He et al. (Lattice Parton Collaboration), 
PRD 109 (2024).

L. Ma et al. (Lattice Parton Collaboration), JHEP 08 (2025).



YONG ZHAO, 04/29/2026

TMD wave function of the pion

22

9

0.0 0.2 0.4 0.6 0.8 1.0

x

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Re[�+(x, b�)] on MILC

b? =0.12 fm

b? =0.24 fm

b? =0.36 fm

b? =0.48 fm

b? =0.6 fm

0.0 0.2 0.4 0.6 0.8 1.0

x

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Re[��(x, b�)] on MILC

b? =0.12 fm

b? =0.24 fm

b? =0.36 fm

b? =0.48 fm

b? =0.6 fm

0.0 0.2 0.4 0.6 0.8 1.0

x

�0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Re[��(x, b�)] on CLS

b? =0.1 fm

b? =0.2 fm

b? =0.3 fm

b? =0.4 fm

b? =0.5 fm

b? =0.59 fm

0.0 0.2 0.4 0.6 0.8 1.0

x

�0.4

�0.2

0.0

0.2

0.4

0.6
Im[�+(x, b�)] on MILC

b? =0.12 fm

b? =0.24 fm

b? =0.36 fm

b? =0.48 fm

b? =0.6 fm

0.0 0.2 0.4 0.6 0.8 1.0

x

�0.4

�0.2

0.0

0.2

0.4

0.6
Im[��(x, b�)] on MILC

b? =0.12 fm

b? =0.24 fm

b? =0.36 fm

b? =0.48 fm

b? =0.6 fm

0.0 0.2 0.4 0.6 0.8 1.0

x

�0.4

�0.2

0.0

0.2

0.4

0.6
Im[��(x, b�)] on CLS

b? =0.1 fm

b? =0.2 fm

b? =0.3 fm

b? =0.4 fm

b? =0.5 fm

b? =0.59 fm

FIG. 12. The left two figures are for real (upper panel) and imaginary parts (lower panel) of the TMDWF  + on MILC
ensemble, and the central two correspond to  � on MILC ensemble. The right two ones correspond to  � on CLS ensemble.
These results approach the infinite P z limit with ⇣ = (6 GeV)2 and µ = 2 GeV.
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dependent terms2. In practice, estimators for di�erent
{P z

1 , P z
2 } are largely consistent, and as such the data

is insu�cient to constrain momentum-dependent power
corrections.

Instead, the CS kernel on each ensemble is de-
termined as a bootstrap-level weighted average of
Re

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

over � œ {“4“5, “3“5}, all
available combinations of {P z

1 , P z
2 }, and x œ [0.3, 0.7],

with weights proportional to the inverse variance, just
as done in Ref. [35]. These Pz-, �-, and x-averaged CS
kernel constraints, denoted “MS

q (bT , µ, a), should agree
with the CS kernel up to discretization e�ects. The results
(including a fit to a parameterization of the CS kernel
and the leading a/bT discretization e�ects, as discussed
in the next section), are shown in Fig. 2.

Additionally, an analogous analysis of
Im

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

can be performed. As
the CS kernel is purely real, significant deviation of
the resulting numerical results from zero would provide
an indication of systematic uncertainties beyond those
that are quantified in this calculation. This analysis is
presented in the Supplementary Material. Including the
uNNLL matching of Ref. [35] and recent devlopments [82]
accounting for a linear infrared renormalon in the
imaginary part of the matching coe�cient for the
quasi-TMD WF, there is no evidence in the numerical
data for significant additional unconstrained systematic
uncertainties.

Parameterization: The Lattice QCD constraints on
the CS kernel are fit to the parameterization of Ref. [40],
with the addition of terms accounting for lattice discretiza-
tion e�ects proportional to a/bT , a2/b2

T :

“param.
q (bT , µ, a; BNP, c0, c1; k1, k2) = ≠2Dres(bú, µ)

≠ 2DNP(bT ; BNP, c0, c1) + k1
a

bT
+ k2

a2

b2
T

,
(6)

where3
Dres is the resummed leading power expression for

the CS kernel computed in the operator product expan-
sion, evolved to scale µ, and the parameterization of the
remaining nonperturbative piece is

DNP(bT ; BNP) = bT bú
5
c0 + c1 ln

3
bú

BNP

46
, (7)

2 Specifically such corrections would be proportional to terms
such as a/bT , a2/b2

T , 1
ln(P z

1 /P z
2 )

Ë
1

b2
T

(P z
1 )2 ≠ 1

b2
T

(P z
2 )2

È
,

�2

ln(P z
1 /P z

2 )

Ë
1

(P z
1 )2 ≠ 1

(P z
2 )2

È
, 1

ln(P z
1 /P z

2 )
#
a(P z

1 ≠ P z
2 )

$
,

1
ln(P z

1 /P z
2 )

#
a2(P z

1 )2 ≠ a2(P z
2 )

$
, . . .

3 Dres is given explicitly in the Supplementary Material.
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FIG. 2. [Upper] Averaged CS kernel estimators computed on
each ensemble, including a fit to a parameterization of the CS
kernel plus O(a/bT ) discretization e�ects, as described in the
text. The colored dashed curves correspond to “param

q (bT , µ, a),
with the best-fit values of (BNP, c0, c1, k1, k2) as described in
the text, at each corresponding value of a, while the solid black
curve shows the result at a = 0. [Lower] Lattice QCD con-
straints on the CS kernel, with O(a/bT ) artefacts subtracted
as defined in the text, and the best-fit parameterization of the
CS kernel fit to the lattice results shown as a solid black curve
with the 1‡ uncertainty band shown as a shaded red region.

and

bú(bT ; BNP) = bTÚ
1 + b2

T

B2
NP

. (8)

The expression of Eq. (6) is thus a three-parameter
(BNP, c0, c1) parameterization of the CS kernel, with an
additional two parameters (k1, k2) modeling lattice dis-
cretization e�ects.

The lattice QCD constraints on the CS kernel, for
each of the three values of a used in the numerical
calculations, are fit simultaneously to Eq. (6) to yield
(BNP, c0, c1, k1, k2). To diagnose overfitting, additional
fits are performed in which subsets of the model parame-
ters are held fixed at reference values, namely c1 = k1 =
k2 = 0 and BNP = 2 GeV, while others are optimized.
The Akaike Information Criterion (AIC) [83] is used to

2

II. QUASI TMDPDFS AND THE
COLLINS-SOPER KERNEL

The quark Collins-Soper kernel �q
⇣ (µ, bT ) can be com-

puted in lattice QCD from a ratio of nonsinglet quasi
TMDPDFs f̃TMD

ns
at di↵erent hadron momenta (taken in

the z-direction) P z
i � ⇤QCD [26, 27, 32]:

�q
⇣ (µ, bT ) =

1

ln(P z
1
/P z

2
)

⇥ ln
CTMD

ns
(µ, xP z

2
) f̃TMD

ns
(x,~bT , µ, P z

1
)

CTMD
ns

(µ, xP z
1
) f̃TMD

ns
(x,~bT , µ, P z

2
)

+ O

⇣ 1

(xP zbT )2
,

⇤2

QCD

(xP z)2

⌘
. (1)

The perturbative matching coe�cient CTMD
ns

relates
the quasi TMDPDFs, which are defined in terms of
Euclidean-space matrix elements as detailed below, to
the corresponding light-cone TMDPDFs through a fac-
torization theorem based on an expansion in powers of
the nucleon momentum [26, 27, 31, 32]. Additional non-
perturbative factors related to the soft sector [27, 30] can-
cel in the ratio; recently exploratory lattice QCD studies
of these factors have been performed [20, 22] following
the approach proposed in Refs. [31, 32]. The flavor non-
singlet unpolarized quark quasi TMDPDF is defined as
f̃TMD
ns

= f̃TMD
u � f̃TMD

d , where

f̃TMD

i

�
x,~bT , µ, P z

�
⌘ lim

a!0
⌘!1

Z
dbz

2⇡
e�ibz(xP z

)
Z

MS

�4�
(µ, bz, a)

⇥
P z

E~P

B̃�

i

�
bz,~bT , a, ⌘, P z

�
�̃S (bT , a, ⌘) . (2)

Here a denotes the lattice spacing, and E~P =
q

~P 2 + m2

h

where ~P = P z~ez is the hadron three-momentum and mh

is the hadron mass. The factor ZMS

�4�
(µ, bz, a), where � is

a Dirac matrix label, renormalizes the quasi TMDPDF
and matches it to the MS scheme at scale µ [18, 28, 34],
and the quasi soft factor �̃S [26, 27, 29, 30] and quasi
beam function B̃�

i are both calculable in lattice QCD.
Summation over � is implied, accounting for operator
mixing between quasi TMDPDFs with di↵erent Dirac
structures resulting from the breaking of rotational and
chiral symmetries in lattice QCD calculations [18, 34–
36]. Mixing with gluon operators is neglected in Eq. (2),
but cancels in the nonsinglet combination of quasi TMD-
PDFs. It should be noted that the choice of the Dirac
structure �4 in Eq. (2) is not unique; the quasi TMDPDF
with Dirac structure �3 can also be boosted onto �+ and
thus be matched to the spin-independent TMDPDF in
the infinite-momentum limit (in that case, the factor of
P z/E~P in Eq. (2) is replaced by 1). While the notation
is specialized to �4 for clarity throughout this exposition,
numerical results are presented for both choices of Dirac
structure in Sec. III.

T
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q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

qi(z
µ + bµ)

<latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

qi(z
µ)

<latexit sha1_base64="p3xAcpN+1A5kgo0d9tDQBBKNDyM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxgv3Adi3ZNNuGJtk1yQp16b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Grqtx6p0iySt2YcU1/ggWQhI9hY6e6hx8pP912RnPaKJbfizoCWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46u3iCTqzSR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGFnzIZJ4ZKMl8UJhyZCE3fR32mKDF8bAkmitlbERlihYmxIRVsCN7iy8ukeVbx3Ip3Uy3VLrM48nAEx1AGD86hBtdQhwYQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8ADIuQfg==</latexit><latexit sha1_base64="p3xAcpN+1A5kgo0d9tDQBBKNDyM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxgv3Adi3ZNNuGJtk1yQp16b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Grqtx6p0iySt2YcU1/ggWQhI9hY6e6hx8pP912RnPaKJbfizoCWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46u3iCTqzSR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGFnzIZJ4ZKMl8UJhyZCE3fR32mKDF8bAkmitlbERlihYmxIRVsCN7iy8ukeVbx3Ip3Uy3VLrM48nAEx1AGD86hBtdQhwYQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8ADIuQfg==</latexit><latexit sha1_base64="p3xAcpN+1A5kgo0d9tDQBBKNDyM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxgv3Adi3ZNNuGJtk1yQp16b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Grqtx6p0iySt2YcU1/ggWQhI9hY6e6hx8pP912RnPaKJbfizoCWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46u3iCTqzSR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGFnzIZJ4ZKMl8UJhyZCE3fR32mKDF8bAkmitlbERlihYmxIRVsCN7iy8ukeVbx3Ip3Uy3VLrM48nAEx1AGD86hBtdQhwYQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8ADIuQfg==</latexit><latexit sha1_base64="p3xAcpN+1A5kgo0d9tDQBBKNDyM=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPRY9OKxgv3Adi3ZNNuGJtk1yQp16b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Grqtx6p0iySt2YcU1/ggWQhI9hY6e6hx8pP912RnPaKJbfizoCWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46u3iCTqzSR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGFnzIZJ4ZKMl8UJhyZCE3fR32mKDF8bAkmitlbERlihYmxIRVsCN7iy8ukeVbx3Ip3Uy3VLrM48nAEx1AGD86hBtdQhwYQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8ADIuQfg==</latexit>

FIG. 1. Diagrammatic representation of the Wilson line in-
cluded in the operators Oi

�(b
µ, zµ, ⌘), see Eq. (4).

The quasi beam function B̃�

i is defined as the matrix el-
ement of a nonlocal quark bilinear operator with a staple-
shaped Wilson line in a boosted hadron state:

B̃�

i (bz,~bT , a, ⌘, P z) =
D
h(P z)

��Oi
�
(bµ, 0, ⌘)

��h(P z)
E

, (3)

where h(P z) denotes the state of hadron h with
four-momentum Pµ = (0, 0, P z, E~P ). The operator
O

i
�
(bµ, 0, ⌘), depicted in Fig. 1, is defined as

O
i
�
(bµ, zµ, ⌘) ⌘ q̄i(z

µ + bµ)
�

2
Wẑ(z

µ + bµ; ⌘ � bz)

⇥ W †

T (zµ + ⌘ẑ; bT )W †

ẑ (zµ; ⌘)qi(z
µ)

⌘ q̄i(z
µ + bµ)

�

2
fW (⌘; bµ; zµ)qi(z

µ), (4)

where bµ = (~bT , bz, 0), and W↵̂(xµ; ⌘) denotes a Wilson
line beginning at xµ with length ⌘ in the direction of ↵̂.
The subscript T denotes that the associated Wilson line
is in a direction transverse to ẑµ = (0, 0, 1, 0).

In practice, it is useful to define a dimensionless ‘bare’
nonsinglet quasi beam function:

Bbare

�
(bz,~bT , a, ⌘, P z) ⌘

1

2E~P

⇣
B̃�

u (bz,~bT , a, ⌘, P z)

�B̃�

d (bz,~bT , a, ⌘, P z)
⌘

, (5)

as well as a modified MS-renormalized quasi beam func-
tion BMS

�
[19]:

BMS

�4 (µ, bz,~bT , a, ⌘, P z) ⌘ ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

�
(bz,~bT , a, ⌘, P z). (6)

Compared with the standard MS-renormalized quasi
beam function, this definition includes the additional fac-
tor R̃, described further below. The renormalization fac-
tor ZMS

O�4�
is defined as the product of a regularization-

independent momentum subtraction scheme (RI0/MOM)

factor ZRI
0/MOM

O�4�
and a perturbative matching factor to

the MS scheme, R
MS

O�4�
, which has been calculated at

next-to-leading order in continuum perturbation theory

Staple-shaped Wilson line

• Gauge link induces statistical noise, while signal decays exponentially at large 
 due to the linear divergence  in the Wilson line self-energy;

• Complex operator mixings due to the breaking of symmetries by the staple;

• Additional systematics due to multiple scales  involved.

bT e−δm(a)[2η+bT]

{bz, bT, η}

η ≫ {bz, bT}, xPz ≫ 1/bT

Can we go further non-perturbative?
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Universality class in LaMET

24

Parton distributions probe the correlation of energetic quarks and 
gluons, which can be formulated by dressing them in a physical gauge.

G(A) = 0, G(A) = A0, Az, A+, ∇ ⋅ A

“Universality Class” 
• Y. Hatta, X. Ji, and YZ, PRD 89 (2014); 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

Axial gauges: equivalent to the Wilson-line 
operators up to a boundary condition.

Coulomb gauge
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Quasi-TMD in the Coulomb gauge

25

f̃(x, bT, Pz, μ) =
Pz

Pt ∫
∞

−∞

dbz

4π
eixPzbz⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

P

bz

P

bz

bT

Quasi-PDF Quasi-TMD

YZ, PRL 133 (2024).X. Gao, W.-Y. Liu and YZ, PRD 109 (2024).
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Quasi-TMD under the infinite boost
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P

b−

P

b−

bT

PDF TMD

✗ ✔︎

f̃(x, bT, Pz, μ) =
Pz

Pt ∫
∞

−∞

dbz

4π
eixPzbz⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

Jaffe-Manohar sum rule and its physical significance A LaMET Approach for Lattice Calculation Outlook Summary

Physical significance of the Jaffe-Manohar sum rule

Weizsäcker-Williams approximation

• For a static charge, the electric field is purely longitudinal (the photon
field is purely virtual): ~E = ~Ek = ~r', ~r⇥ ~Ek = 0;

• As the charge moves with velocity �, the field lines contract in the
transverse direction;

• The moving charge generates ~B = ~r⇥ ~A = ~r⇥ ~A?, while the changing
~A? in turn generates ~E? = �(@/@t)~A?;

• ~E? (~B) gets enchanced by a factor of � (��), while ~Ek is suppressed by
a factor of ��2 (� = 1/

p
1 � �2).

TQHN Yong Zhao

Ja
ffe

-M
an

oh
ar

su
m

ru
le

an
d

its
ph

ys
ic

al
si

gn
ifi

ca
nc

e
A

La
M

E
T

A
pp

ro
ac

h
fo

rL
at

tic
e

C
al

cu
la

tio
n

O
ut

lo
ok

S
um

m
ar

y

P
hy

si
ca

ls
ig

ni
fic

an
ce

of
th

e
Ja

ffe
-M

an
oh

ar
su

m
ru

le

W
ei

zs
äc

ke
r-

W
ill

ia
m

s
ap

pr
ox

im
at

io
n

•
Fo

ra
st

at
ic

ch
ar

ge
,t

he
el

ec
tri

c
fie

ld
is

pu
re

ly
lo

ng
itu

di
na

l(
th

e
ph

ot
on

fie
ld

is
pu

re
ly

vi
rt

ua
l):

~ E
=

~ E
k
=

~ r
'
,
~ r
⇥

~ E
k
=

0;
•

A
s

th
e

ch
ar

ge
m

ov
es

w
ith

ve
lo

ci
ty

�
,t

he
fie

ld
lin

es
co

nt
ra

ct
in

th
e

tra
ns

ve
rs

e
di

re
ct

io
n;

•
Th

e
m

ov
in

g
ch

ar
ge

ge
ne

ra
te

s
~ B
=

~ r
⇥

~ A
=

~ r
⇥

~ A
?

,w
hi

le
th

e
ch

an
gi

ng
~ A

?
in

tu
rn

ge
ne

ra
te

s
~ E
?
=

�
(@

/@
t)
~ A

?
;

•
~ E
?

(~ B
)g

et
s

en
ch

an
ce

d
by

a
fa

ct
or

of
�

(�
�

),
w

hi
le

~ E
k

is
su

pp
re

ss
ed

by
a

fa
ct

or
of

�
�

2
(�

=
1/

p
1
�

�
2 )

.

TQ
H

N
Yo

ng
Zh

ao



YONG ZHAO, 04/29/2026

Factorization at large momentum

27

Quasi soft factor:
d

dyn
ln S̃C(b⊥, μ, yn) = γζ(b⊥, μ)

B̃C(x, b⊥, μ, Pz)
S̃C(b⊥, μ,0)

= |C(xP+/μ) |2 exp [ 1
2

γζ(b⊥, μ)ln
2(xP+)2

ζ ]
× f(x, b⊥, μ, ζ) + O (

Λn
QCD

(xPz)n
,

1
(xPzb⊥)n )

YZ, PRL 133 (2024).

Calculable from the same meson form factor:

• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• YZ, PRL 133 (2024).

= ⟨π(−P) | j1(bT)j2(0) |π(P)⟩

Pz≫mN= S̃r(bT, μ,0)∫ dxdx′￼ H(x, x′￼, μ)

F(bT, Pz)

× Φ†
C(x, bT, Pz, μ)ΦC(x′￼, bT, Pz, μ)
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• Significantly improved statistical 
precision, access to larger bT; 

• Absence of linear power divergence 
and multiplicative renormalization; 

• Access to larger off-axis momenta.

Why the Coulomb gauge?

28

⃗P = (0,Pz, Pz), b⃗ = (b⊥, bz, bz)

X. Gao, W.-Y. Liu and YZ, PRD 109 (2024) 

D. Bollweg, X. Gao, S. Mukherjee and YZ, PLB 852 (2024)

FIG. 1. R(ts; b?, bz, Pz) as a function of ts for nz = 8 and b? = 10a. The bands are results from

the two-state fits.

In Fig. 1, the ratios of our largest momentum nz = 8 at b? = 10a are shown as an example.

In the ts ! 1 limit, this ratio will reduce to h⌦|O�t�5 |0i/Z0 = E0�̃B/Z0 and gives the

bare quasi-TMDWF matrix elements �̃B(b?, bz, Pz, a). In practice, with finite ts we truncate

Eq. (10) and Eq. (11) up to Nst = 2 and extract the bare matrix elements through the

two-state fit. The fit results are shown as the bands in Fig. 1 which can nicely describe the

data point.

FIG. 2. The real (left) and imaginary (right) parts of the renormalized quasi-TMDWF matrix

elements at nz = 8 with b? = 2a, 6a, 8a for the CG (filled squared symbols) and GI cases (open

circled symbols).

The renormalization of CG quasi-TMD operator is straightforward. It involves only the

CG quark wave function renormalization, which is an overall multiplicative constant and

does not depend on the spatial separations b? and bz [69].

7

ψ̄B(b)ΓψB = Zψ(a)[ψ̄(b)Γψ(0)]R

Renormalized quasi-TMD wave function

Collins-Soper kernel

Accessibility to deeper 
non-perturbative region!
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CS kernel and soft factor

29

10

FIG. 7. Extrapolations of reduced quasi-TMDWF using Eq. (35). From left to right, the three panels correspond to hadron
momenta P z = 3.44, 3.87 and 4.30 GeV, respectively. All of three cases are evolved to PFF = 2.58 GeV using the rapidity
evolution of quasi-TMDWF. The shaded red bands indicate the regions constitute the input for the extrapolation fit.

FIG. 8. Intrinsic soft function in CG at µ = 2 GeV in the ratio
scheme, for di!erent hadron momentum pairs of the quasi-
TMDWF, PWF, and form factor, PFF. The final results are
shown as red points with error bars (see text for details). The
corresponding one-loop fixed-order perturbative results are
the red dashed line, and the one-loop RG-resummed (RGR)
perturbative results are the blue dashed line.

where the CS scale is evolved from ω0 = (2xP z)2 and
ω̄0 to ω = (2xPfix)2 and ω̄ using the CS kernel extracted
from quasi-TMDWFs.

The final results for the TMDWF at yn = 0, Pfix =
4.30 GeV, and µ = 2 GeV are shown in Fig. 9 as a
function of the momentum fraction x for three di!erent
hadron momenta. Two representative transverse separa-
tions, b→ = 4a (upper panel) and b→ = 8a (lower panel),
are selected for illustration. As can be seen, the variation
between di!erent momenta remains mild in the moder-
ate x region, demonstrating the validity of power expan-
sion in large P z within the quasi-TMD framework, where
power corrections are small. The shaded gray bands
(x < 0.11 and x > 0.89) indicate the endpoint regions
where the estimated combined systematics are greater
than 30%. The combined systematics include the varia-
tion of scales and power corrections, which are estimated
by the variation of the initial scale µ0 of the RGR pro-
cedure by a factor of

→
2 and the spread in the central

values of the TMDWFs with di!erent momenta, respec-
tively. More detailed discussion can be found in App. G.

FIG. 9. The light-cone pion TMDWF at yn = 0, Pfix = 4.30
GeV and µ = 2 GeV of di!erent hadron momenta, P z, as
the functions of momentum fraction, x, and for two trans-
verse separations b→ = 4a (upper panel) and b→ = 8a (lower
panel). The shaded gray bands (x < 0.11 and x > 0.89)
indicate the endpoint regions where the estimated combined
systematics are larger than 30%. The detailed estimation of
the systematics is explained in App. G.

D. Pion TMDPDF in b→ and k→ space

The combination of the CG kernel, intrinsic soft func-
tion, and renormalized quasi-TMD beam functions en-
ables the extraction of the light-cone TMDPDF using
the factorization formula in Eq. (9). The final results for
the TMDPDF at ω = µ2 = 4 GeV2 are shown in Fig. 10
as a function of the momentum fraction x for three dif-
ferent hadron momenta. Two representative transverse

8

zext = 0.78 fm is the starting point of extrapolation and
zmax = 1.2 fm is the largest longitudinal separation of
quasi-TMD. It is expected that z > zext is large enough to
see the exponential decay behavior of quasi-TMD. In ad-
dition, the comparison of TMDPDF using di!erent zext
can be found in App. F. The extrapolation range is indi-
cated by the two red dashed lines in Fig. 4. After apply-
ing this extrapolation, the uncertainty bands smoothly
converge to zero, mitigating non-physical fluctuations.

V. PION VALENCE QUARK TMDPDF

As shown in the factorization formula Eq. (9), the com-
putation of the unpolarized pion valence-quark TMD-
PDF relies on three key inputs: the Collins-Soper (CS)
kernel, the intrinsic soft function, and the quasi-TMD
beam function matrix elements discussed in Sec. IV. In
this section, we present the numerical results for each of
these components and, ultimately, the extracted unpo-
larized valence TMDWF and TMDPDF of the pion.

FIG. 5. The ratio ωMS(b→, P1, P2;µ), as defined in Eq. (14), of
combinations of momentum nz

1/n
z
2. The results at µ = 2 GeV

for b→ = 2a (upper panel) and b→ = 8a (lower panel) are
presented.

A. The Collins-Soper kernel

The CS kernel can be extracted from the ratio of
quasi-TMDWFs with di!erent momenta, as described

in Eq. (14). The bare matrix elements of the quasi-
TMDWFs are extracted in App. C, which follows the
same strategy as in Ref. [68]. For the matching proce-
dure, we use the fixed-order one-loop results for the CG
matching coe”cient CTMD and the corresponding hard
kernel Hω, as provided in Ref. [80]. Furthermore, we ac-
count for large logarithmic terms in the hard kernel by
applying renormalization group evolution to improve the
accuracy of the perturbative matching up to NLL; details
on this resummation can be found in App. A.

Fig. 5 shows the ratio ωMS(b→, P1, P2;µ), as defined
in Eq. (14), which is extracted from di!erent combina-
tions of momentum nz

1/n
z

2. The results are consistent
across di!erent momentum ratios within the uncertainty
bands. However, a slight x dependence and variations
between di!erent momentum ratios suggest the presence
of power corrections, since the pion mass mε = 670
MeV is quite heavy, contributing to systematic uncer-
tainties. To estimate these uncertainties, we select two
sets of closely spaced momentum values: nz

1/n
z

2 = 8/9
and nz

1/n
z

2 = 9/10. Within each Jackknife sample, we
collect two momentum pairs and include all data points
over the interval x → [0.34, 0.66]. The mean value ↑ω↓i
and the standard deviation εi are then calculated for each
Jackknife sample i. The final mean value, along with the
corresponding statistical and systematic uncertainties, is
estimated as follows:

Mean = Avg[↑ω↓i]

Stat = Std[↑ω↓i] ·
√
Ns ↔ 1

Sys = Avg[εi] ,

(34)

where “Avg” means taking the average and “Std” means
taking the standard deviation, the factor

↗
Ns ↔ 1 arises

from the Jackknife resampling procedure.

FIG. 6. The CS kernel at µ = 2 GeV in this work is presented
using red points with error bars. The 3-loop perturbative re-
sults [94, 95] for the CS kernel are denoted as N3LO and
N3LL in the figure. The CS kernels from recent phenomeno-
logical parameterizations of experimental data are shown
from MAP22 [19], IFY23 [20], ART23 [23], MAP24FI [25],
EEC24 [96], PB24 [97], MAPNN25 [98] and ART25 [26]. In
addition, some recent lattice calculations are presented from
LPC23 [65], ASWZ24 [67] and DWF24 [68].

CS kernel Reduced soft factor

X. Gao, J. He, YZ et al, PRD 112 (2025).
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Pion and TMDPDF and TMD wave function
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X. Gao, J. He, YZ et al, PRD 112 (2025).

Pion unpolarized TMDPDF

10

FIG. 7. Extrapolations of reduced quasi-TMDWF using Eq. (35). From left to right, the three panels correspond to hadron
momenta P z = 3.44, 3.87 and 4.30 GeV, respectively. All of three cases are evolved to PFF = 2.58 GeV using the rapidity
evolution of quasi-TMDWF. The shaded red bands indicate the regions constitute the input for the extrapolation fit.

FIG. 8. Intrinsic soft function in CG at µ = 2 GeV in the ratio
scheme, for di!erent hadron momentum pairs of the quasi-
TMDWF, PWF, and form factor, PFF. The final results are
shown as red points with error bars (see text for details). The
corresponding one-loop fixed-order perturbative results are
the red dashed line, and the one-loop RG-resummed (RGR)
perturbative results are the blue dashed line.

where the CS scale is evolved from ω0 = (2xP z)2 and
ω̄0 to ω = (2xPfix)2 and ω̄ using the CS kernel extracted
from quasi-TMDWFs.

The final results for the TMDWF at yn = 0, Pfix =
4.30 GeV, and µ = 2 GeV are shown in Fig. 9 as a
function of the momentum fraction x for three di!erent
hadron momenta. Two representative transverse separa-
tions, b→ = 4a (upper panel) and b→ = 8a (lower panel),
are selected for illustration. As can be seen, the variation
between di!erent momenta remains mild in the moder-
ate x region, demonstrating the validity of power expan-
sion in large P z within the quasi-TMD framework, where
power corrections are small. The shaded gray bands
(x < 0.11 and x > 0.89) indicate the endpoint regions
where the estimated combined systematics are greater
than 30%. The combined systematics include the varia-
tion of scales and power corrections, which are estimated
by the variation of the initial scale µ0 of the RGR pro-
cedure by a factor of

→
2 and the spread in the central

values of the TMDWFs with di!erent momenta, respec-
tively. More detailed discussion can be found in App. G.

FIG. 9. The light-cone pion TMDWF at yn = 0, Pfix = 4.30
GeV and µ = 2 GeV of di!erent hadron momenta, P z, as
the functions of momentum fraction, x, and for two trans-
verse separations b→ = 4a (upper panel) and b→ = 8a (lower
panel). The shaded gray bands (x < 0.11 and x > 0.89)
indicate the endpoint regions where the estimated combined
systematics are larger than 30%. The detailed estimation of
the systematics is explained in App. G.

D. Pion TMDPDF in b→ and k→ space

The combination of the CG kernel, intrinsic soft func-
tion, and renormalized quasi-TMD beam functions en-
ables the extraction of the light-cone TMDPDF using
the factorization formula in Eq. (9). The final results for
the TMDPDF at ω = µ2 = 4 GeV2 are shown in Fig. 10
as a function of the momentum fraction x for three dif-
ferent hadron momenta. Two representative transverse

Pion TMD wave function

12

FIG. 12. Unpolarized light-cone TMDPDF of pion at x = 0.3, x = 0.4 and x = 0.5 in b→ space after extrapolation to b→ = 3
fm. The collinear PDF from lattice calculation in CG (PDF Lat) [79] is plotted at b→ = 0 fm. The point at b→ = 0.06 fm is
determined by cubic interpolation.

around b→ → a, and subsequently applied a Gaussian
form to extrapolate the large b→ regime up to 3 fm, the
extrapolation form is

f(b→) = Ae↑m·b2→ , (37)

where A and m are fit parameters. This extrapolation
form is inspired by the confinement in the transverse
plane, while the model dependence of the results will be
investigated in future works with improved data preci-
sion. The extrapolated unpolarized light-cone TMDPDF
of three momenta are plotted in Fig. 12.

After extrapolation, we performed a discretized Fourier
transform, with the results presented in Fig. 13. Al-
though the extrapolation in b→ introduces minor model
dependencies, the resulting distributions exhibit qualita-
tive consistency with global fits, especially at the smaller
x values, where the experimental data give a better con-
straint. This demonstrates the potential of lattice QCD
to explore the transverse momentum structure of hadrons
from first principles. In future studies with higher preci-
sion, the extrapolation modeling uncertainties, as well as
other systematic e!ects, will be investigated more com-
prehensively to further improve the robustness of such
calculations.

VI. CONCLUSION

In this work, we have presented the first lattice QCD
calculation of the pion unpolarized valence-quark TMD-
PDF within the framework of LaMET. The calculation
was performed on a 2+1 flavor QCD ensemble with a lat-
tice spacing of a = 0.06 fm and a pion mass of 300 MeV.
By leveraging high statistics, o!-axis momenta, a well-
tuned boosted Gaussian smeared pion source, and the
novel CG approach, we attained significant hadron mo-
menta reaching 3 GeV. We computed the quasi-TMD
beam function, extracted the CS kernel from quasi-
TMDWF, and derived the intrinsic soft function. To en-
hance perturbative accuracy, we performed RGR of the
Sudakov kernel at NLL order throughout our analysis.
These advancements collectively enabled the determina-
tion of both the pion TMDWF and TMDPDF from the
first principles.

FIG. 13. Unpolarized light-cone TMDPDF of pion at x =
0.3, x = 0.4 and x = 0.5 in k→ space. The lattice results
are illustrated alongside the phenomenological results from
AV19 [27], MAP22 [28] and JAM23 [29].

Our results of the CS kernel and intrinsic soft function
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Nucleon (spin-dependent) TMDPDFs
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Ratios of proton helicity to 
unpolarized TMDPDFs

1
15

Ratios between  hel i .  and unpol.  TMDPDFsu ⃗ d

g⋅u+⃗⋅d+
1L (x, bT)
f uv⃗dv
1 (x, bT)

1
gA

= g̃⋅u+⃗⋅d+
1L (x, bT)
f̃ uv⃗dv

1 (x, bT)
1
gA

• No strong dependence on : longitudinal spin polarization has limited 
impact on the intrinsic transverse motion of quark inside nucleon.

bT

• D. Bollweg, XG, S. Mukherjee, Y. Zhao, arXiv: 2505.18430

D. Bollweg, X. Gao, S. Mukherjee and YZ, PRL 135 (2025).

4

FIG. 2. The x-dependent quasi-TMD beam functions are presented as functions of x at several values of bT . From left to right,
the panels the isoscalar unpolarized, isovector unpolarized, and isovector helicity cases, respectively.

85] have shown that PDFs (or their even moments) ex-
tracted from the real part of the matrix elements agree
well with global fits.

Due to confinement, the spatial correlators decay expo-
nentially to zero at large bz [86], making the FT numeri-
cally stable. To ensure smooth behavior and suppress the
noise at large bz, we apply an exponential extrapolation
for bz ↭ 1 fm [87]. The associated systematic uncertainty
is estimated by varying the extrapolation range, which
has negligible impact on the moderate-x region. After
renormalization and FT, we obtain the helicity quasi-
TMD beam function g̃!u+→!d+

1L (x, bT , Pz) and the un-
polarized quasi-TMD beam functions f̃uv→dv

1 (x, bT , Pz)
and f̃uv+dv

1 (x, bT , Pz), shown in Fig. 2. According to
Eq. (2), the quasi-TMD beam function approximates
the TMDPDF in x-space at ω = (2xPz)2, up to a
bT -dependent normalization factor—the soft function—
as well as matching and power corrections. Since the
renormalization factor in Eq. (7) introduces bT depen-
dence, the renormalized quasi-TMD beam function is
not monotonic in bT . Nevertheless, we observe that
it becomes increasingly suppressed as bT grows when
x → 1, indicating that the O(1/(xPzbT )) power correc-
tion is suppressed, which is consistent with previous lat-
tice findings [58, 59, 67, 69]. The statistical errors of
the quasi-TMD beam function decrease with increasing
x and become small in the valence quark region. Al-
though these errors grow with increasing bT due to the
worsening signal-to-noise ratio, they remain su!ciently
controlled to allow for meaningful predictions. Next, we
construct the RGI ratios of the quasi-TMD beam func-
tions. As a cross-check, we also compute the gauge-
invariant (GI) quasi-TMD beam functions using the same
lattice setup, and confirm that their RGI ratios are con-
sistent with those from the CG method, as expected from
Eq. (2) [43, 47, 66]; see Appendix C.

Figure 3 shows the RGI ratio Ru→d
g1L/f1

(x, bT ), defined in

Eq. (3), for several values of x. Across all x in the range
[0.2, 0.6], the ratio is consistent with being constant in
bT within errors. This indicates that within the Collins-
Soper-Sterman (CSS) [3] formalism of parametrizing the
TMDPDFs, the intrinsic nonperturbative TMD part is
not sensitive to spin. At smaller x, particularly around
x = 0.2, our results are consistent with the MAP-Heli

FIG. 3. Lattice QCD results (filled symbols with error bars)
for the ratio Ru→d

g1L/f1
(x, bT ) of isovector helicity to isovector

unpolarized TMDPDFs in Eq. (3), shown as a function of
bT at several values of x. The hatched bands indicate the
corresponding global fits from MAP-Heli [33] and TNTC [32].

FIG. 4. Lattice QCD results (filled symbols with error bars)

for the ratio Ru/d
f1

(x, bT ) of up- to down-quark unpolarized
TMDPDFs in Eq. (4), shown as a function of bT at several
values of x. The hatched bands denote the corresponding
global fits from MAP24 [31] and ART25 [29].

Ratios of proton unpolarized up to 
down quark valence TMDPDFs

MAP-Heli: PRL 134 (2025). 
TNTC: PRL 134 (2025).

MAP24: JHEP 08 (2024). 
ART25: JHEP 11 (2025).
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A momentum-density operator directly calculable on the lattice:

New: inverse-problem-free parton distributions

32

f̃(x, ⃗kT) ∝ ∫
d3b⃗

(2π)3
ei ⃗k⋅b⃗⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

= ⟨P | ∫
d3b⃗

(2π)3
ei ⃗k⋅b⃗ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩ ∝ ⟨P |ψ†( ⃗k)ψ( ⃗k) |P⟩

Enabled by the commutativity between 
renormalization and Fourier transform
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Pion valence quasi-PDF Pion valence quasi-TMD: a 3D image

R. Zhang, A. Grebe, D. Hackett, M. Wagman and YZ, in preparation.

Preliminary

Preliminary
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New: CS kernel from auxiliary fields on the lattice
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b⊥

t
z

tz
nb(2yB) n(2yn)

yn−yB→∞
⟶ Sr(bT, μ) e−2(yn−yB)γζ(bT,μ)

Auxiliary field definition of the Wilson line

Write Wilson line in terms of one dimensional ‘fermions’ that live along the path:

P exp

{
→ig

∫ sf

si

dsnµAµ(y(s))

}

= Z→1

ω

∫
DωDω̄ ωω̄ exp

{
ig

∫ sf

si

dsω̄iεsω → ω̄n · Aω

}

[Gervais, Nevau 1980], [Aref’eva 1980]

Auxiliary field propagator:

in · DHn(y) = ϑ(y)
Euclidean space

→↑ →i ñ · DEHñ(y) = ϑ(y), ñ = (in0, ϖn)

Meaningful solution only obtained with a UV cuto!

[Aglietti, et. al. 1992], [Aglietti, 1994]

Wayne Morris (NYCU) EIC-Asia April 29, 2026 7 / 19

Comparison with other results

Our result Other recent results presented in

[Bollweg, et. al., 2025]

We obtain results competitive with recent lattice extractions of the Collins-Soper

kernel.

Our result is pure gauge. Comparison plots have nf = 3, 4.

Wayne Morris (NYCU) EIC-Asia April 29, 2026 17 / 19

Exploratory calculation on quenched ensembles

A. Francis, I. Kanamori, D. C-J Lin, W. Morris, and YZ, in preparation

Preliminary

L= 403x80, a=0.048 fm 
L= 483x96, a=0.041 fm 
L= 643x128, a=0.03 fm

See W. Morris’ talk.
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Joint global fit of the CS kernel: 
• Neural-network parametrization of TMDs


• Bayesian reweighting of existing fits of 
TMDs with lattice data


• Joint TMD fit to lattice and experimental 
data 


• Central value of the CS kernel shifted by 
~10% from existing fit


• Uncertainties reduced by 40-50%

Impact of lattice input on phenomenology

34
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FIG. 1: MC replica distribution of g2 from the baseline fit
(red), after reweighting (green), and from the simultaneous
fit (blue). The points above the distributions display the re-
spective central values and one-ω uncertainties.

cause any deterioration in the description of the former.
It may be argued that the reduced number of lattice

points can hardly a!ect the description of the much more
abundant experimental data set. Although this is true,
the marked improvement in the description of lattice data
upon inclusion in the fit (or by reweighting) demonstrates
their constraining power.

The value of g2 obtained from the simultaneous fit is:

gFit2 = 0.167± 0.015 . (14)

This result is in very good agreement with the value ob-
tained through reweighting in Eq. (13), both in terms of
central value and uncertainty. A quantitative compari-
son is given in Fig. 1, where the distributions of g2 over
the respective MC ensembles for baseline fit, reweight-
ing, and simultaneous fit are compared. This plot shows
the consistency of reweighting and simultaneous-fit de-
terminations, with the latter having a slightly smaller
uncertainty. Moreover, shift and uncertainty reduction
on g2 caused by the inclusion of lattice data are evident
when comparing reweighting and simultaneous-fit deter-
minations to the baseline one.

Fig. 2 displays the CSK computed as in Eq. (3),
with gK given in Eq. (4), as a function of b at the
scale µ = 2 GeV. Curves corresponding to baseline fit,
reweighting, and simultaneous fit are shown, along with
the continuum-extrapolated lattice data shown as black
points. This plot confirms the consistency of reweighting
and simultaneous fit, as well as the significant impact of
lattice data on the CSK. This is made particularly clear
by the bottom inset of Fig. 2, where the ratio to the base-
line predictions at large values of b is shown. Indeed, the
CSK in this region is maximally sensitive to the nonper-
turbative parameter g2, while the small-b region is mostly
determined by the perturbative components.
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FIG. 2: The CSK as a function of b at µ = 2 GeV as ob-
tained from the baseline of fit of Ref. [32] (red band), from
reweighting (green band), and from the simultaneous fit of
experimental and lattice data (blue band). Bands correspond
to one-ω uncertainties. Data points correspond to the extrac-
tion of Ref. [54]. The bottom inset shows the ratio to the
baseline predictions at large values of b.

We conclude this section by noting that, although lat-
tice data for the CSK has a strong impact on g2 when
included in a TMD determination, the resulting TMD
PDFs remain very stable.

CONCLUSION

We presented the first successful joint extraction of the
nonperturbative Collins-Soper kernel (CSK) by combin-
ing experimental Drell-Yan data with lattice QCD cal-
culations in the context of a TMD analysis based on
a neural-network paratrization. The inclusion of lattice
data consistently shifts the central value of the parameter
g2, which governs the behavior of the CSK in the nonper-
turbative region, by approximately 10% and reduces its
uncertainty by 50%, leading to a significantly more pre-
cise determination. Two independent methodologies—
Bayesian reweighting of an existing fit and a simultaneous
fit—yield remarkably consistent results, demonstrating
the robustness of the approach. The analysis finds no
tension between experimental and lattice data, and the
description of the Drell-Yan data remains stable. This
study highlights the significant potential of lattice QCD
inputs to substantially improve precision in the extrac-
tion of transverse-momentum-dependent distributions.
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• LaMET provides a general framework for calculating 3D 
partonic structure of the nucleon from lattice QCD;


• Significant progress has been made towards the systematic 
calculations of PDFs, GPDs and TMDs;


• New methods and techniques are being developed to improve 
the precision of lattice calculations;


• There are still many exciting areas to explore in LaMET;


• Lattice QCD is going to play a crucial role in complementing 
the experiments at the current and future colliders.

Summary and Outlook
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