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TMD factorization in Drell-Yan scattering
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TMDPDF, soft factor, and CS kernel
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Regulating the soft function
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Relevance to lattice extraction of TMDPDFs

In the LaMET framework:

√
SI (b⊥, µ) f̃Γ (x , b⊥,P
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[Ebert, et. al., 2019], [Ji, Liu, Liu, 2020], [Ebert, et. al, 2022]

Intrinsic soft function: SI
[Ji, Liu, Liu, 2020]

quasi-TMD beam function: f̃Γ

TMDPDF: f

Perturbative hard kernel: Hf

CS kernel: γq

Wayne Morris (NYCU) EIC-Asia April 29, 2026 5 / 19



Soft function and CS kernel from lattice computations

Euclidean space directional vectors with purely imaginary time components
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Auxiliary field definition of the Wilson line

Write Wilson line in terms of one dimensional ‘fermions’ that live along the path:

P exp

{
−ig

∫ sf

si

dsnµAµ(y(s))

}
= Z−1

ψ

∫
DψDψ̄ ψψ̄ exp

{
ig

∫ sf

si

dsψ̄i∂sψ − ψ̄n · Aψ
}

[Gervais, Nevau 1980], [Aref’eva 1980]

Auxiliary field propagator:

in · DHn(y) = δ(y)
Euclidean space−→ −i ñ · DEHñ(y) = δ(y), ñ = (in0, n⃗)

Meaningful solution only obtained with a UV cutoff
[Aglietti, et. al. 1992], [Aglietti, 1994]
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Single ratio, time dependence

Sbfly = S (τ, b⊥, a, r , r)

τ→∞∼ e4πτ r/a/τ4Slat (b⊥, a, r , r)

Quenched configurations from [Detmold, Endres, 2018]

Rsingle (τ, b⊥,1, b⊥,2, a, r) =
S (τ, b⊥,1, a, r , r)

S (τ, b⊥,2, a, r , r)

b⊥ = 0.3 fm, bmatch = 0.12 fm, r = 1.001

using Akaike Information Criterion (AIC)

χ2/Ndof = 0.588
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Treatment of divergences

Rdouble (b⊥,1, b⊥,2, a, r1, r2, τ) =
S (b⊥,1, a, r1, r1, τ)

S (b⊥,2, a, r1, r1, τ)

/
S (b⊥,1, a, r2, r2, τ)

S (b⊥,2, a, r2, r2, τ)

= exp [(γq (b⊥,1, a)− γq (b⊥,2, a)) 2(y1 − y2)]
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Double ratio

Power counting for large lattice time:

Rdouble (b⊥,1, b⊥,2, a, r1, r2, τ) =
Slat (b⊥,1, a, r1, r1)

Slat (b⊥,2, a, r1, r1)

/
Slat (b⊥,1, a, r2, r2)

Slat (b⊥,2, a, r2, r2)

+O
(
b21 − b22
τ2

(
1

r1 − 1
− 1

r2 − 1

)
,
r1,2 − 1

r1,2 + 1
, an
)

Match between lattice and continuum renormalization schemes

Rdouble (b⊥,1, b⊥,2, µ, r1, r2) = C (r1, r2, µ, a)× Rdouble (b⊥,1, b⊥,2, a, r1, r2)
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Interpolated double ratio, b⊥ dependence

Rdouble (b⊥, bmatch, a, r1, r2) =
Rsingle (b⊥, bmatch, a, r1)

Rsingle (b⊥, bmatch, a, r2)

bmatch = 0.384 fm, r1 = 1.002, r2 = 1.001
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Matching procedure for double ratio

γq (b⊥,1, µ) = γq (b⊥,2, µ) +
1
2 log (Rdouble (b⊥,1, b⊥,2, µ, r1, r2))

log
(
r1+1
r1−1

/
r2+1
r2−1

)

Implies that we need at least one perturbative value of γq.

Another perturbative value of γq is needed, because r1,2 is renormalized due to
O(4) symmetry breaking. [Aglietti, et. al. 1992], [Aglietti, 1994]
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Bare vs renormalized rapidity factor
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Model for the double ratio

Model the double ratio as a piecewise function:

logRfit
double = Ra

({
γMS
q (b⊥, µ)− γmatch

q , bmin ≤ b⊥ ≤ bthresh
{dℓ} , b⊥ = {bℓ} , b⊥ > bthresh

}
+c1

(
a2

b2⊥
− a2

b2match

))
Combined fit on three ensembles

Model imposes a constraint on the large-b⊥ region

bmin = 0.144 fm, bthresh = 0.24 fm, bmatch = 0.384 fm > bthresh

dℓ = γq (bℓ, µ)− γq (bmatch, µ) , γextq (bℓ, µ) = γmatch
q + dℓ

Model does not adequately estimate the lattice spacing dependence
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Fit results

χ2/Ndof = 54.0

logRdata
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CS kernel with systematic error

σ2tot = σ2stat + σ2disc + σ2trunc

Shaded region demonstrates variation of the scale, µ, at 20% and 41%

preliminary
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Comparison with other results

Our result Other recent results presented in
[Bollweg, et. al., 2025]

We obtain results competitive with recent lattice extractions of the Collins-Soper
kernel.

Our result is pure gauge. Comparison plots have nf = 3, 4.

preliminary
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Conclusion and outlook

Euclidean space soft function maps directly to Minkowski space result

Lattice data for ‘butterfly loop’ at high statistical precision

Double ratio method gives: γq (b⊥, µ)− γq (b
′
⊥, µ)

Error primarily dominated by unkown discretization effects, scale uncertainty

Even with uncertainty, our results are competitive with existing lattice results

Open questions and future direction:

Theoretical understanding of lattice spacing dependence after renormalization

Improve scale uncertainty, perform perturbative matching at smaller distances
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Thank you!
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