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Kaon Electromagnetic Form Factors
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Future measurements

◼ Model-dependent. We still do not fully understand this!!

◼ High 𝑄2 experimental data is very hard to get.

so nonperturbative theory is important to know 
the Kaon Electromagnetic Form Factors



Kaon Electromagnetic Form Factors
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Hard scattering kernel 𝑇 calculable in perturbative QCD.

LCDA 𝜙 encoding the non-perturbative
structure of the kaon.



Light-Cone Distribution Amplitudes (LCDAs)
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Light-Cone Distribution Amplitudes (LCDAs)
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Direct calculation of light-cone objects is impossible on a Euclidean lattice 

LCDAs 

Lattice QCD
Directly 0light cone, 

defined by 𝑧2 = 0

Wick rotation

There is no notion of a light-cone in Euclidean space.



Light-Cone Distribution Amplitudes (LCDAs)
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◆ Light-Cone OPE 

◆ Mellin moments

𝜉𝑛 = න
−1

1

𝑑𝜉 𝜉𝑛𝜙K 𝜉, 𝜇2



Compute Local matrix elements directly
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For large Mellin moments (≥second moment)
mix with lower dimension operators and the mixing coefficients contain power divergences.

Limitations of Traditional OPE on Lattice:

→ Traditional OPE infeasible beyond the first few Mellin moments 

Continuum Lattice

The lattice regularization H(4) breaks SO(4)



heavy quark

HOPE Method
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𝑉𝜇𝜈 p, q = ∫ 𝑑4𝑧 𝑒𝑖q⋅ 𝑧 Ω 𝑇{ 𝐽𝐴
𝜇
𝑧/2 𝐽𝐵

𝜈 −𝑧/2 }|𝐾+(𝑝)⟩

𝐽𝐴
𝜇
𝑧 = ഥΨ 𝑧 𝛾𝜇 𝛾5 𝜓𝐴(𝑧) + ത𝜓𝐴 𝑧 𝛾𝜇 𝛾5 Ψ 𝑧

◆Hadronic Tensor

Ψ is the fictitious valence heavy quark



heavy quark

HOPE Method
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𝑉𝜇𝜈 p, q = ∫ 𝑑4𝑧 𝑒𝑖q⋅ 𝑧 Ω 𝑇{ 𝐽𝐴
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◆Hadronic Tensor

Ψ is the fictitious valence heavy quark

𝑉 𝜇 𝜈 q, p =
−2 𝑖 𝜖𝜇𝜈𝜌𝜎 qρ pσ

෨𝑄2
𝑓𝐾 ෍

𝑛=0

∞

𝐶𝑊
(𝑛)
( ෨𝑄2, 𝜇2, 𝑚Ψ) 𝜉

𝑛
෥𝜔

2

𝑛

QCD perturbation theory:
One-loop Wilson coefficients

LQCD calculations:
extract hadronic tensor 

෨𝑄2 = −𝑞2 +𝑚Ψ
2

෥𝜔 = (2 q ⋅ p)/ ෨𝑄2

W. Detmold and C.-J. D. Lin, (2006), Phys. Rev. D 73, 014501 



heavy quark

HOPE Method
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𝑉𝜇𝜈 p, q = ∫ 𝑑4𝑧 𝑒𝑖q⋅ 𝑧 Ω 𝑇{ 𝐽𝐴
𝜇
𝑧/2 𝐽𝐵

𝜈 −𝑧/2 }|𝐾+(𝑝)⟩

𝐽𝐴
𝜇
𝑧 = ഥΨ 𝑧 𝛾𝜇 𝛾5 𝜓𝐴(𝑧) + ത𝜓𝐴 𝑧 𝛾𝜇 𝛾5 Ψ 𝑧

◆Hadronic Tensor

Ψ is the fictitious valence heavy quark

Fitting

𝑉 𝜇 𝜈 q, p =
−2 𝑖 𝜖𝜇𝜈𝜌𝜎 qρ pσ

෨𝑄2
𝑓𝐾 ෍

𝑛=0

∞

𝐶𝑊
(𝑛)
( ෨𝑄2, 𝜇2, 𝑚Ψ) 𝜉

𝑛
෥𝜔

2

𝑛

QCD perturbation theory:
One-loop Wilson coefficients

LQCD calculations:
extract hadronic tensor 

෨𝑄2 = −𝑞2 +𝑚Ψ
2

෥𝜔 = (2 q ⋅ p)/ ෨𝑄2

Fit parameters:
• 𝜉𝑛 – Mellin moments
•𝑓𝐾 – kaon decay constant
•𝑚Ψ – heavy quark mass

W. Detmold and C.-J. D. Lin, (2006), Phys. Rev. D 73, 014501 
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෍

𝑖=0

∞

𝐶𝐻𝑂𝑃𝐸
𝑖

(𝑧,𝑚Ψ)HOPE

Short-distance
& heavy scale

෍

𝑖=0

∞

𝐶𝑊
𝑖
(𝑧)LCDA

Light-Cone OPE 

operators mixing & power divergence

𝜉𝑖

higher-twist effects are suppressed by 1/ ෨𝑄𝑛
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◆Constructing the full x-dependence is difficult near the end points.

◆Moments provide observables that do not require constructing the 
full x-dependence.



Effect of Moments on the Shape of the LCDA
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the strange and light quarks share 
longitudinal momentum unequally

flavor asymmetry of the kaon LCDA

the strange and light quarks share 
longitudinal momentum unequally

flavor asymmetry in the kaon LCDA

Non zero odd moment:



Effect of Moments on the Shape of the LCDA
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What about the third moment?

the strange and light quarks share 
longitudinal momentum unequally

flavor asymmetry of the kaon LCDA

the strange and light quarks share 
longitudinal momentum unequally

flavor asymmetry in the kaon LCDA

Non zero odd moment:



HOPE Method for Kaon LCDA
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◆ Separated by even and odd Mellin moments

• Antisymmetric (q → −q)

• Symmetric (q → −q)

𝑉𝑒𝑣𝑒𝑛
𝜇 𝜈

q, p =
1

2
𝑉 𝜇 𝜈 q, p − 𝑉 𝜇 𝜈 −q, p

𝑉𝑜𝑑𝑑
𝜇 𝜈

q, p =
1

2
𝑉 𝜇 𝜈 q, p + 𝑉 𝜇 𝜈 −q, p

– Even Mellin Moments

– Odd Mellin Moments

෥𝜔 = (2 q ⋅ 𝑝)/ ෨𝑄2
෨𝑄2 = −q2 +𝑚Ψ

2𝑉 𝜇 𝜈 q, p =
−2 𝑖 𝜖𝜇𝜈𝜌𝜎 qρ pσ

෨𝑄2
𝑓𝐾 ෍

𝑛=0

∞

𝐶𝑊
(𝑛)
( ෨𝑄2, 𝜇2, 𝑚Ψ) 𝜉

𝑛
෥𝜔

2

𝑛



HOPE Method for Kaon LCDA
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෥𝜔 = (2 q ⋅ 𝑝)/ ෨𝑄2
෨𝑄2 = −q2 +𝑚Ψ

2𝑉 𝜇 𝜈 q, p =
−2 𝑖 𝜖𝜇𝜈𝜌𝜎 qρ pσ

෨𝑄2
𝑓𝐾 ෍

𝑛=0

∞

𝐶𝑊
(𝑛)
( ෨𝑄2, 𝜇2, 𝑚Ψ) 𝜉

𝑛
෥𝜔

2

𝑛

Complex

෥𝜔 = (2 q ⋅ 𝑝)/ ෨𝑄2
෨𝑄2 = −q2 +𝑚Ψ

2𝑉 𝜇 𝜈 q, p =
−2 𝑖 𝜖𝜇𝜈𝜌𝜎 qρ pσ

෨𝑄2
𝑓𝐾 ෍

𝑛=0

∞

𝐶𝑊
(𝑛)
( ෨𝑄2, 𝜇2, 𝑚Ψ) 𝜉

𝑛
෥𝜔

2

𝑛



Fourier transform of HOPE
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Resource
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Thanks to CLS and R-CCS

the Fugaku project id: hp220312, hp230466.

Dynamical QCD (Nf = 2 + 1)

sea-quark effects



(L/a)3 *T/a (a) (fm) Configurations Used Sources/Config 𝑀𝜋(MeV) 𝑀𝑘(MeV)

323 *64 0.0750 400 16 355.8(1.2) 551.1(0.9)

Result

20

data show significant lattice artifacts



Result
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(L/a)3 *T/a (a) (fm) Configurations Used Sources/Config 𝑀𝜋(MeV) 𝑀𝑘(MeV)

323 *64 0.0750 400 16 355.8(1.2) 551.1(0.9)

data show significant lattice artifacts



Continuum and Twist-2 Extrapolation
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Continuum and Twist-2 Extrapolation
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The continuum limit value of

𝜉3 is not yet available, so
we vary it within the current
lattice range to estimate its
impact on the LCDA shape.



Summary
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Future Work
• Incorporate more lattice data (different heavy quark 

mass) to improve Continuum and Twist-2 Extrapolation 
and Chiral extrapolation.

Summary
• We use the Heavy-Quark Operator Product Expansion (HOPE) to access

the moments of kaon LCDAs from Lattice QCD calculations.

Second and Fourth Moments of the Pion (quenched)   

First, Second and Third Moments of the Kaon (dynamical) 



THANKS



HOPE Method
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2pt-function

𝑅𝜇𝜈 𝜏, 𝑝, 𝑞 = 0 𝑇{ 𝐽𝐴
𝜇
𝜏𝑒, 𝑝𝑒 𝐽𝐵

𝜈 𝜏𝑚, 𝑝𝑚 }|𝐾+(𝑝)⟩

3pt-function

Fourier transform of Hadronic Tensor 

0 𝑇{ 𝐽𝐴
𝜇
𝜏𝑒, 𝑝𝑒 𝐽𝐵

𝜈 𝜏𝑚, 𝑝𝑚 𝐾+(0, 𝑝)}|0⟩
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Beyond leading logarithm, the conformal symmetry is broken, so the Gegenbauer moments start to mix.
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