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Strong-field gravity: Einstein’s General Relativity (GR) or Modified Gravity

?

?

Massive neutron stars

Gravity-EOS degeneracy 

Matter [nucleons, baryon resonances, hyperons,

mesons, leptons,…] or +[Dark Matter] + [X17]?

=
=

=
=

=
=

=
=

Total Action S=Sgravity+ Smatter + their couplings

2020 Astronomy 

& Astrophysics 

Decadal Survey  

arXiv:1903.09221v3

Hamilton’s variational principle

+ 5th force?

Even perfect data cannot fully disentangle gravity and EOS

https://arxiv.org/abs/1903.09221v3


Forward-modeling versus backward inference

A chosen microscopic 
or macroscopic EOS

Masses, radii, tidal deformations
of neutron stars

Non-exclusive, possible realizations consistent with experimental data

P(ϵ) and its derivative survive, 
NOT a unique underlying Lagrangian or EOS model

Tolman-Oppenheimer-Volkoff (TOV) equations

Degeneracy → Universality or consistent patterns under vastly different conditions

Unique 

Coarse-graining

P(ϵ)



P(M): Some new, possibly crazy, but educated thoughts on the EOS P(ϵ) of cold dense matter

Burn-in steps: why EOS matters

What is EOS? Why is it important? What have we learned about cold dense matter EOS? 

Why are we still working on it? What else can be learned? Do I have anything new to say?

P(D|M): χ²-based Likelihood to convince you by trying millions of times (MCMC)

Using physics principles, theoretical arguments, model simulations, emulations and experimental data

P(M|D): Posterior thoughts about EOS with quantified uncertainties

My thought or model prediction
Your expert opinion or data D

Degree of democracy or combined errors

Bayes’ theorem: P(M∣D) ∝ P(D∣M)P(M)​

A mathematically consistent way to update our believe about model parameters given new data

Data

EOS Model parameters

Outline



Empirical parabolic law of the EOS of cold, neutron-rich nucleonic matter
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symmetry energy

density

Energy per nucleon in symmetric matter

Energy in asymmetric nucleonic matter

Isospin asymmetry δ

What is the EOS?
• Relation among P, ε, T, δ, μ

• Symmetry energy is a key uncertainty



Empirical parameterizations useful for meta-modeling (template) of EOS

Relatively well-known Poorly known

slope curvature skewness kurtosis

incompressibility

• Expansion near saturation density

• Uncertainties grow at high density



Prior on L: Broad theoretical range L ≈ 60 ± 30 MeV with a few out-standing points

Nai-Bo Zhang and Bao-An Li, 

EPJA 59, 86 (2023)

Bao-An Li and Xiao Han, 
Phys. Lett. B727 (2013) 276

As of 2013, ~30 analyses

Even after 100 analyses, L remains broadly uncertain



Examples of recent theoretical predictions for Esym(2ρ0): 
(1) Chiral EFT, 
C. Drischler, R. J. Furnstahl, J. A. Melendez, and D. R. Phillips, PRL125, 202702 (2020) 

(2) Quantum Monte Carlo, 
D. Lonardoni, I. Tews, S. Gandolfi, and J. Carlson, Phys. Rev. Research 2, 022033(R) (2020)

(3) Relativistic BHF in full Dirac space: 51.6 MeV
Sibo Wang, Hui Tong, Qiang Zhao, Chencan Wang, Peter Ring, Jie Meng, PRC 106 (2022) 2, L021305

(4) Relativistic BHF: ~ 53 MeV
Chencan Wang, Jinniu Hu, Ying Zhang, Hong Shen, Chin. Phys. C 46 (2022) 6, 064108

Bao-An Li, Euro Phys. Journal

Special Topic (2026)

P.J. Siemens, Nucl. Phys. A 141, 225 (1970)

Prior on Esym(2ρ0) and Ksym: Despite many studies, constraints remain broad

https://arxiv.org/search/nucl-th?searchtype=author&query=Wang%2C+S
https://arxiv.org/search/nucl-th?searchtype=author&query=Tong%2C+H
https://arxiv.org/search/nucl-th?searchtype=author&query=Zhao%2C+Q
https://arxiv.org/search/nucl-th?searchtype=author&query=Wang%2C+C
https://arxiv.org/search/nucl-th?searchtype=author&query=Ring%2C+P
https://arxiv.org/search/nucl-th?searchtype=author&query=Meng%2C+J
https://arxiv.org/search/nucl-th?searchtype=author&query=Wang%2C+C
https://arxiv.org/search/nucl-th?searchtype=author&query=Hu%2C+J
https://arxiv.org/search/nucl-th?searchtype=author&query=Zhang%2C+Y
https://arxiv.org/search/nucl-th?searchtype=author&query=Shen%2C+H
https://link.springer.com/article/10.1140/epjs/s11734-026-02124-1
https://link.springer.com/article/10.1140/epjs/s11734-026-02124-1


(1) The proton (electron) fraction x(Ye) is determined by the Esym(ρ) through 

charge neutrality and beta-equilibrium conditions:

(2) The pressure in the npe matter at beta equilibrium: 

(3) The crust-core transition density and pressure is determined by setting the

incompressibility of neutron star matter =0 (speed of sound becomes imaginary):

3 3

0 0(0.048[ / ( )] ( / )() 1 2 )symsymE Ex x    −=

=0

coreCritical for the cooling mechanism of protoneutron stars and 

associated neutrino emissions, appearance of hyperons, kaon 

condensation, baryon resonances…..

Lattimer & Prakash, Phys. Rep., 442, 109 (2007)

Symmetry energy controls composition and affects pressure in neutron stars



EOS in NS mergers → dynamical electron fraction Ye +neutrino flux → r-process → Kilonova

• EOS (Esym) sets neutrino field: Lνe
, Lνē

, ⟨Eν⟩

• Wind is NOT in β-equilibrium
→ Ye(neutrino-driven wind) set by rate balance: 

Y.-Z. Qian and S. E. Woosley, ApJ 471, 331 (1996).

D. Radice et al., APJ. 869, 130 (2018).

With different Ye means 
and distributions

PRL 122, 062701 (2019)

?

Lanthanides are only produced in ejecta 
with low electron fraction, Ye≲0.25

B.D. Metzger and R. Fernandez, MNRAS 441, 3444 (2014)
J. Lippuner and L.F. Roberts, APJ 815, 82 (2015)

Luminosity



Impact of nuclear symmetry energy on the post-merger phase 
of a binary neutron star coalescence
Elias R. Most and Carolyn A. Raithel, PRD 104, 124012 (2021)

The peak positon 

depends on L

Need to measure

high-frequency GWs



EOS=QMC+multi-segments of constant speed of sound at high densities

LIGO/VIRGO; R1.4=11.9±0.87 at 68% CFL

M. Bulla’s transport code POSSIS for Kilonovae, MNRAS 489, 5037 (2019).



Bayesian inference of EOS from neutron star observables

NS EOS

R-M relation

P(D|M)

NS model

TOV equations

Markov Chain Monte Carlo

(MCMC)
Likelihood function
(prediction vs data)

Additional parameters 
for phase transition and quark matterPrior ranges of hadronic EOS

Generating randomly within

Model → Data → Posterior

Stiff Esym

soft



N.B. Zhang and B.A. Li, APJ 902, 38 (2020)

Phenomenological Models

60 examples

Microscopic & ab initio Theories

11 examples

Why is the high-density symmetry energy still so uncertain? 

Predictions diverge at high density

Posterior 
Esym(ρ)

➢ R is obtained from P®=0 at the surface, corresponding to an average density of about 2ρ0 where Psym is 

larger than or compatible with PSNM, depending mostly on Ksym and L

➢ Isospin-spin dependent Short-Range Correlations induced by tensor forces, many-body interactions

➢ New particles and possible phase transitions are important but poorly known

Why did the available neutron star data not help much at high densities? 



Various analyses 

during 2-years 

after GW170817

Current precision of neutron star radius measurements σ
R
~1.0 km

B.A. Li et al., EPJA 55, 117 (2019)

LIGO/VIRGO for GW170817:

Gravitational wave  results

X-ray results



eXTP: The enhanced X-ray 

Timing and Polarimetry mission

S. N. Zhang et al., arXiv:1812.04020v1

Ang Li et al. 2506.08104 (2025 update)

Advanced Telescope for
High Energy Astrophysics

NewATHENA

The NewAthena mission concept 

in the context of the next decade 

of X-ray Astronomy, 

Nature Astronomy 9, 36 (2025)

Future promise

https://arxiv.org/abs/2506.08104


Stiff EOS

Soft EOS
Relative error

1-year Cosmic Explorer operation

Cosmic Explorer 

+

Einstein Telescope

1-year joint operation

Number of loudest NS mergers

0.6%

0.1 km

Gravitational wave precision forecasts



The proposed high-precision measurements of neutron star radii are SUPER-expensive in Time & Efforts

Bao-An Li, Xavier Grundler, Wen-Jie Xie, Nai-Bo Zhang, PRD 110, 103040 (2024)

Skewness J0 of
symmetric nuclear matter 

Skewness Jsym of
symmetry energy 

Ksym L

TOV equations are highly nonlinear
→ Nonlinear filtering bias 

R1.4=11.9 ±σ

Posterior PDF of R1.4

What do we expect high-precision R to constrain?

Radius mainly probes EOS ~2ρ₀

NOT constrained 
by R data, regardless 
of its precision

Constrained by
MTOV & casualty

Ksym becomes bimodal 
as σ ↓ duo its correlation
with L and Jsym

Nonlinearity + uncertainty = systematic inference shift

Jensen decision bias (economics, utility theory of money, statistics) 

Noise-induced drift (physics) 

L shifts systematically 
to lower values as σ ↓

https://arxiv.org/search/nucl-th?searchtype=author&query=Li%2C+B
https://arxiv.org/search/nucl-th?searchtype=author&query=Grundler%2C+X
https://arxiv.org/search/nucl-th?searchtype=author&query=Xie%2C+W
https://arxiv.org/search/nucl-th?searchtype=author&query=Zhang%2C+N


Understanding the nonlinear mapping between radii with varying precision σ and EOS parameters of neutron stars

At ns=ρ0, because p(SNM)=0,
P(neutron stars)~ L

Radius measurement with precision σ: Inferred L probability distribution P(L) is skewed 

Lattimer & Prakash, Phys. Rep., 442, 109 (2007)Cai, Li & Zhang, Phys. Rev. D 108 (2023)

Because L∼R4, the inferred L acquires 
a positive bias proportional to σ2



Bayesian quantification of observability 
of twin stars from future R data

Xavier Grundler and Bao-An Li, PRD 112, 103012 (2025)

Hybrid EOS with a 1st order hadron-quark PT
with a constant speed of sound model for QM

M.G. Alford, S. Han, M. Prakash, 
PRD 88, 083013 (2013)

Effects of symmetry energy slope L,
hadron-quark transition density ρt, 

speed of sound in quark matter cs

N.B. Zhang and B.A. Li, EPJA 61, 31 (2025). 



Probability of M and R separationsClassification of M-R curves of hybrid stars

M.G. Alford, S. Han, M. Prakash, PRD 88, 083013 (2013)

R1.4=11.9 ±σBayesian inference using mock radius data: 

Xavier Grundler and Bao-An Li, PRD 112, 103012 (2025)



Detectability of twin stars separated by ∆R in radii with precision σ

The peak detectability saturates 
with σ<0.2

Easier to detect twins with larger ∆R

C. M. Bishop, Pattern Recognition and Machine Learning (Springer, 2006).



Width/strength of transition

Stiffness of quark matter

Bao-An Li, Xavier Grundler, W.J. Xie, N.B. Zhang, The Astrophysical Journal 998, 262 (2026) 

Can the high-precision R tell us anything new about hadron-quark PT?

Pure statistics can NOT replace physics insight based on experiments

Consistent with indications of Beam Energy Scan Experiments at RHIC
STAR, Phys. Lett. B 827, 137003 (2022), Phys. Rev. Lett. 135, 072301 (2025).

Deep core physics is largely invisible to R, 
regardless of its precision

Precision ≠ information

insensitive to σ

fake

Quark matter fraction

insensitive to σ

https://arxiv.org/search/nucl-th?searchtype=author&query=Li%2C+B
https://arxiv.org/search/nucl-th?searchtype=author&query=Grundler%2C+X
https://arxiv.org/search/nucl-th?searchtype=author&query=Xie%2C+W
https://arxiv.org/search/nucl-th?searchtype=author&query=Zhang%2C+N


pQCD conformal (scale invariance) limit for ultra-relativistic 
massless gas P/ϵ=1/3, ∆=0, v2

s=1/3 valid at ρ> 40ρ0

What is a robust EOS quantity that can be inferred?

Modeling



Bayesian analyses

Central ∆ from compactness data
solving dimensionless TOV equations 
perturbatively without using any model EOS



Maximum density reached at 68% CFL 

PSR+6620

Maximum mass NS



At what density the sound speed may peak? 

Iuliu Cuceu, Sandra Robles, 

PRD 111 (2025) 12, 123029

Possibly biased impression: 

EOS at intermediate densities (2~10)ρsat is model 
dependent, leading to different locations/size of 
the peaks in speed of sound

Many attempts of LEAST-model dependent 
interpolations between CEFT and pQCD

Multiple mechanisms for the appearance of peaks 
in the density/radial profile of speed of sound

No consensus that the peak is actually reached in 
any NS observed so far

https://arxiv.org/search/astro-ph?searchtype=author&query=Cuceu,+I
https://arxiv.org/search/astro-ph?searchtype=author&query=Robles,+S


Reports on Progress in Physics, 81,. 056902 (2018)

Fundamental physics leading to a peaked speed of sound density profile

PRL129, 181101 (2022)



Phys. Rev. C104,055803(2021)

Pure neutron matter

NS matter at beta-equilibrium

Quarkyonic Matter Equation of State in Beta-Equilibrium
Tianqi Zhao, James M. Lattimer, Phys. Rev. D 102, 023021 (2020)

A lot more by Toru Kojo

Stiffening of matter in quark–hadron continuity: 
A mini-review

Dense matter = a single strongly interacting phase where
•quarks dominate bulk properties 
•baryons survive as Fermi-surface excitations 
•gluons remain confining 
•the transition from hadrons to quarks is continuous

https://arxiv.org/search/nucl-th?searchtype=author&query=Zhao%2C+T
https://arxiv.org/search/nucl-th?searchtype=author&query=Lattimer%2C+J+M


In nucleonic matter at fixed isospin asymmetry

Varying Jsym
Varying Jsym

“Simple” mechanisms 
leading to peaked speed 
of sound in npeμ matter
at beta-equilibrium



How well do we know the EOS deep in the core?

radii

Tidal 
Deformations
Kilonova
GRB

Key Insight: P/ε is robust across models

Why is the P/ϵ ratio less model-dependent than the EOS P(ϵ) itself? 
(1) Dimensionless, insensitive to model details and absolute scales, as long as P and ϵ are from the same model

(2) Hugenholtz-Van Hove (HVH) Theorem (1st law of thermal dynamics at T=0)
insensitive to how the energy density is partitioned into kinetic, 2-body, 3-body or momentum-dependent interactions

• Radii probe ~1–2ρ₀; deep core not directly measured
• High-density constraints depend on models + priors
• Global constraints + TOV correlations propagate information

between low and high density regions 
• P/ε (thus the trace anomaly ∆) shows reduced model dependence

The speed of sound involves derivatives of ∆, thus more uncertain

Independent extraction of P/ε from heavy-ion reactions is important 



The Euler equation governing the collective flow velocity in a relativistic ideal fluid

Flow observables are degenerate to details of P and ϵ
(analogous to the mass and radius from the TOV equations)

Flow is driven by pressure gradients 

The Euler equation is a guiding principle for an extreme case. Real analyses are done with viscous hydro and/or 
Boltzmann transport models. Viscosity reduces but does NOT remove the correlation between flow and P/ε.



Why is flow correlated with P/ϵ at the maximum compression?

PRC 111 (2025) 5, 054916

Space-time-averaged stiffness

Sources and evolution of directed flow



COLD matter P/ϵ from HOT heavy-ion reactions

),f(IfVfv
t

)t,p,r(f
NNcprr =−+



 


mean-field V=∂W/∂ρ In-medium modification factor 
of NN scattering cross sections

G.F. Bertsch and Subal DasGupta, Physics Reports 160, 189 (1988)

At intermediate energies before the formation QGP, flow depends on both the mean-field potential and elementary Xsections

collision integrals in hot matter

COLD matter EOS 

The simplest Skyrme potential still widely used

(1) If momentum-dependent interaction (poorly known) is used, 
cold matter EOS is coupled to thermal pressure

(2) In cold matter, P/ϵ is insensitive to how the EOS is constructed

(3) Momentum-independent BUU code is 10 times faster

Decoupling the cold matter EOS from thermal pressure



120 datasets at each beam energy for training and testing a Gaussian Process emulator



Excitation functions of directed and elliptical flow from GSI



PRC 111, 054602 (2025)

Bao-An Li, Wen-Jie Xie, 

NPA 1039, 122726 (2023), 

Typical results of Bayesian analyses of flow data from GSI

https://arxiv.org/search/nucl-th?searchtype=author&query=Li%2C+B
https://arxiv.org/search/nucl-th?searchtype=author&query=Xie%2C+W


Applying the Mean Value Theorem to P(ϵ)

W(ϵmax) measures the average stiffness up to ϵmax

P(ϵmax)/ϵmax=𝑐𝑠
2(ϵeffective) with 0<ϵeffective<ϵmax

Why is the P/ϵ robust?

Beam energy dependence of flow → P/ϵ vs ϵ



Trace anomaly of cold dense matter from neutron stars and heavy-ion collisions
Bao-An Li,
arXiv:2601.13374

https://arxiv.org/abs/2601.13374
https://arxiv.org/abs/2601.13374


Unified density profile of the speed of sound squared



Consistent trace anomaly of cold dense matter 
from heavy-ion collisions and neutron stars 

Inferred quantity P/ε is a robust global measure of EOS stiffness

X

Einstein

GW detector



EOS P/ϵ and Cosmic Expansion

• Friedmann equation: : ä/a = - (4πG/3) ρ (1 + 3w)

• Scale factor a(t): measures expansion (a=1 today)

• w = P/ρ (ρ=ϵ) determines how density evolves ρ(a) ∝ a-3(1+w)

• Acceleration if: w < -1/3 w = 1/3 (Radiation): strong deceleration

w = 0 (Matter): deceleration

w = -1 (Dark Energy in ꓥCDM): acceleration
Evolution of the Universe

Energy sharing

today



Dark Energy Spectroscopic Instruments (DESI) Collaboration, Phys. Rev. D 112 (2025) 8, 083511

Indication for a time-dependent dark energy EOS: 

ꓥCDM: w0=-1, wa=0

Today a=1



Take-Home Messages
• EOS uncertain at high density

• Degeneracy limits inference

• P/ε is robust

• Multi-messenger approach essential

Thanks!

From Heavy-Ion Collisions, Neutron Stars to the Expanding Universe
Pressure drives expansion across laboratory, astrophysics, and cosmology

EOS controls the expansion dynamics



Back-up slides



Looking ahead



Bayesian Inference of the Dense Matter EOS:
From Heavy-Ion Collisions to Neutron Stars
Unified framework combining nuclear experiments and astrophysical observations 
to constrain the EOS with quantified uncertainties

Bayesian Framework: P(M|D) ∝ P(D|M) P(M)
Prior (theory) + Likelihood (data) → Posterior (constraints)

Key Challenges: degeneracies and model dependencies
• EOS–gravity degeneracy and model uncertainties
• High-density symmetry energy is poorly known
• Collective flow probes high-density EOS, model-dependent, degenerate
• High-precision radius measurements are costly and nonlinear in impact

New Insights: degeneracy → universality or consistent patterns across fields 
• Trace anomaly Δ = 1 − P/ε as EOS stiffness measure
• Combined HIC + NS Bayesian constraints improve EOS parameters

Take-Home Message: Combining lab experiments, astrophysics, and Bayesian inference is essential



Flow favors K=210-300 MeV

(1) Labeling the P with a single K is sufficient 
but obscure the true physics ingredients 

(2) The pressure band from 1.3 to 4.5ρ0

does NOT constrain K but J0 and Z0

(3) NOTHING is WRONG to see the necessary K 
to increase with beam energy 

(4) One should NOT try to fit the flow excitation
function with a single K

Historical:

Cautions necessary





Why Tμμ = 0 ⇒ Scale (Conformal) Invariance

• Tμμ measures breaking of scale invariance

• Scale transform: x → λx (no preferred length scale)

• If Tμμ = 0 → action invariant under scaling

• Implies no intrinsic mass/energy scale (massless theory)

• Example: ultra-relativistic gas → P = ε/3 ⇒ ε − 3P = 0

• Quantum trace anomaly can break this symmetry



Why w = p/ε = −1, 0, 1/3 in cosmology

• w ≡ p/ε controls cosmic expansion

• Radiation: relativistic → p = ε/3 ⇒ w = 1/3

• Matter: negligible pressure → w = 0

• Dark energy (Λ): constant density → p = −ε ⇒ w = −1

• Pressure determines acceleration vs deceleration

• DESI data: hints w(z) may evolve (not exactly −1)





X17, Symmetry, and Dense Matter EOS
• X17 anomaly (~16.7 MeV) from nuclear transitions (⁸Be, ⁴He)

• Possible new boson → hints of beyond Standard Model / new force

• Represents new symmetry or hidden sector coupling to nuclear matter

• Symmetry breaking & new degrees of freedom affect EOS at high density

• Analogy: emergence of new particles/phases in neutron star cores

• Key question: Do new light mediators modify P(ε) or P/ε at high density?

• Bridge: nuclear experiments ↔ QCD matter ↔ neutron stars ↔ cosmology



Reduced variables (all smaller than 1):

Mass and radius scaling factors to maintain the TOV equations

Bao-Jun Cai, Bao-An Li and Zhen Zhang, ApJ 952,147(2023); PRD 108,103041(2023)

Bao-Jun Cai and Bao-An Li, PRD 109,083015(2024); PRD 112,023023(2025)



(1) Two TOV equations have three unknows: 
P(r), m(r) and ε(r), need the input EOS P(ε) 

(2) Without using any input EOS P(ε), only scalings
of M and R as functions of Pc and εc are obtained

M, R and compactness scalings with

(3) If M or R is known from observations, the 
central EOS Pc(εc) is then obtained. If both M and R 
are know, both Pc and εc are obtained

Compactness

Scaling coefficients from 105 meta + hundreds of 
microscopic and phenomenological EOSs existing

Verified within (2-6)% accuracy for M1.4 by Lattimer 
using all EOSs he collected 
B.Y. Sun and J. Lattimer, APJ 984, 30 (2025) 

Central trace anomaly 

Bao-Jun Cai and Bao-An Li, 

EPJA,61,55(2025)

Central EOS



Nature Astronomy volume 8, pages328–336 (2024)

Determination of the equation of state from nuclear experiments and neutron star 
observations

Chun Yuen Tsang, ManYee Betty Tsang, William G. Lynch, Rohit Kumar & Charles J. Horowitz

EOS=Meta-model EOS for charge neutral n+p+e+μ matter at beta-equilibrium

Margueron, J., Hoffmann Casali, R. & Gulminelli, F. Phys. Rev. C 97,025805 (2018).

Nai-Bo Zhang, Bao-An Li, Jun Xu, Astrophys. J. 859, 90 (2018).

Typical hadronic meta models for the EOS of NSs: 

https://www.nature.com/natastron
https://www.nature.com/articles/s41550-023-02161-z#auth-Chun_Yuen-Tsang-Aff1-Aff2
https://www.nature.com/articles/s41550-023-02161-z#auth-ManYee_Betty-Tsang-Aff1-Aff2
https://www.nature.com/articles/s41550-023-02161-z#auth-William_G_-Lynch-Aff1-Aff2
https://www.nature.com/articles/s41550-023-02161-z#auth-Rohit-Kumar-Aff1
https://www.nature.com/articles/s41550-023-02161-z#auth-Charles_J_-Horowitz-Aff1-Aff3
https://inspirehep.net/authors/1950853
https://inspirehep.net/authors/1000374
https://inspirehep.net/authors/1051952


The simplest Skyrme potential still widely used
Much more complicated, isospin-momentum dependent potentials are available

a,b and σ are fixed by (1) Ebin(ρ0)=-16 MeV, (2) P(ρ0)=0 and (3) a specified incompressibility K

K, J0 and Z0 are degenerate: once K is fixed, J0 and Z0

are fixed, efficient & sufficient but leads to confusions



The pressure in symmetric nuclear matter

Constraints on the EOS of symmetric 

nuclear matter from heavy-ion collisions

(3𝝈)

Margueron J, Hoffmann C R and Gulminelli F 

2018 PRC97, 025805 and 025806 

Antic S, Chatterjee D, Carreau T and Gulminelli F

2019 J. Phys. G: Nucl. Part Phys. 46 065109

Prior ranges of SNM EOS parameters

based on theories and data available 

Bayesian calibration of SNM EOS parameters using an empirical pressure band

The bottom line: the extracted pressure band 
from 1.3 to 4.5ρ0 from kaon yields & flow
does NOT constrain K0 but J0 and Z0

K0=incompressibility
J0=skewness
Z0=kurtosis



Bayesian calibration of the SNM EOS parameters Wen-Jie Xie and Bao-An Li

JPG 48, 025110 (2021)

Y.J. Wang et al., PLB778, 207 (2018)

Kaon production and elliptical 

flow data from GSI favors a K0

smaller than the fiducial value 

from ISGMR data: 235±30 MeV

A. Le Fe`vre et al., NPA945, 112 (2016). 

Likelihood function

Posterior PDF:

Prior PDF (Probability Dist. Func.)

Tension with the 

results from GMR 

Using the empirical pressure band as quasi-data



Except for K, the posterior PDFs are Independent of the priors because of the 
strong constraining power of the pressure band from flow and kaon production



EOS parameter P/ϵ
Speed of sound squared

Ф=P/ϵ is expected to be LESS model dependent, compared with P(ρ) and ϵ(ρ)

Esym contribution is neglectable 

Evolution of the δ(ρ) is not recorded 
in the IBUU+GP+Bayesian analyses 

SHF SNM EOS used in the IBUU transport model 



Correlations and anti-correlations among 
incompressibility, skewness and kurtosis

The simplest Skyrme potential still widely used

The resulting stiffness of high-density matter
scan a broad range necessary for Bayesian analyses



Why it is important to study in-medium baryon-baryon scattering cross sections

• In-medium effects on baryon-baryon scattering cross sections : Pauli blocking (modeled 
independently) , shifts in thresholds, interaction matrix elements, shifts in kinematics and 
phase space due to effective mass changes with momentum-dependent potentials,
modifications of angular distributions due to tensor force and/or quantum entanglement.

• Essential for understanding transport properties and validating nuclear many-body 
theories.

• Critical for extracting the nuclear EOS from heavy-ion collisions.
• Isospin-dependent in-medium cross sections impact Esym studies via isospin transport.
• Direct connect to neutron star structure, mergers, and dense matter in astrophysics.

Current status

• Quantitative knowledge is limited, and most results are model-dependent.

• Key source of uncertainty in simulations of nuclear matter, heavy-ion collisions, 

and neutron star dynamics.

What we do 
the simplest: modify the total cross section by a factor 

What we want to know
How X and K0 evolve with beam energy in a 2-parameter Bayesian inference from FOPI flow 
excitation function



Some technical details of the Bayesian + GP 
+ IBUU:

1. Two parameters: X and K, Skyrme force with no-momentum dependence 
2. Uniform priors, X between 0.3 and 2, K between 180 and 400 large enough to 

account effect of missing momentum-dependence
3. 120 sets of (X,K) at each beam energy on Latin hyper lattice for training, each 

training uses 20,000 events with 100 impact parameter randomly generated 
between 3-6 fm

4. NO clusters, free nucleons at freeze-out identified by a sharp density cut at ρ0/8
5. Gaussian Process emulator used
6. Only the v11 and v20 data from FOPI & HADES used  (+ stopping observables in 

progress)

Similar 2-parameters (controlling n-p effective mass splitting and 
density-dependence of Esym) within MDI was developed/trained

12-parameter MDI with short-range correlations were developed, 
BUT we can NOT afford to train it at this time 

We did what we could in a poor place



Anti-correlation between directed and elliptical 
flow





Quick convergence of MCMC chains

Au+Au, Ebeam=1.23 GeV/A, HADES 



matter becomes harder
(measured by speed of sound)

Measuring
mostly K0 & J0

Measuring mostly J0 & Z0 corresponding to these K0



E/A=1000 MeV



Evolution of X and K with beam energy

Shoulder from
the large prior

Shoulder from
the large prior



Xavier Grundler and Bao-An Li, PRD (2026) in press. 

Bayesian constraints on neutron star EOS with a smooth hadron-quark crossover

QM EOS: trace anomaly-based parameterization 

Quark matter EOS parameters Hadron-quark transition parameters

σ=0.2 km

Given the limitations → What can we robustly infer?

https://arxiv.org/search/nucl-th?searchtype=author&query=Grundler%2C+X


Nu Xu, 

indications on hadron-quark transition density in hot dense matter from BES/RHIC



Phys. Rev. C 106, 024902 (2022)
G.C. Yong, B.A. Li, Z.G. Xiao and Z.W. Lin

Mark G. Alford, Andreas Schmitt, 
Krishna Rajagopal and Thomas Schafer,

Review of Modern Physics, 80, 1455 (2008)

hot & dense
hadronic

Indication (BES/RHIC data and transport model simulation):

The 1st order hadron-quark phase transition can NOT happen below about 3.6ρ0 

in cold (T=0) neutron stars

Modify the prior range of hadron-quark transition density in Bayesian analyses 

1st-order hadron-quark
transition boundary



pQCD theories
algorithmic inference

pQCD probably does NOT constrain the NS EOS

“We find that pQCD affects the EOS 
mainly beyond the densities realized in NSs”

“The large pQCD uncertainties 
preclude any meaningful bounds 
on the neutron star EOS at the moment”



PRL 128, 202701 (2022)

Equation of state at neutron-star densities and beyond from perturbative 
QCD
Oleg Komoltsev, Rahul Somasundaram, Tyler Gorda, Aleksi Kurkela, Jérôme 
Margueron, Ingo Tews

arXiv:2312.14127

EOS above the maximum density reached in isolated NSs
possibly relevant for modeling post-merger physics at finite temperature 

https://arxiv.org/search/nucl-th?searchtype=author&query=Komoltsev%2C+O
https://arxiv.org/search/nucl-th?searchtype=author&query=Somasundaram%2C+R
https://arxiv.org/search/nucl-th?searchtype=author&query=Gorda%2C+T
https://arxiv.org/search/nucl-th?searchtype=author&query=Kurkela%2C+A
https://arxiv.org/search/nucl-th?searchtype=author&query=Margueron%2C+J
https://arxiv.org/search/nucl-th?searchtype=author&query=Tews%2C+I
https://arxiv.org/abs/2312.14127




pQCD theories
algorithmic inference

pQCD probably does NOT constrain the NS EOS

“We find that pQCD affects the EOS 
mainly beyond the densities realized in NSs”

“The large pQCD uncertainties 
preclude any meaningful bounds 
on the neutron star EOS at the moment”



EOS=Non-parametric, P(e) functions are generated by Gaussian Process



Rong Chen, Bao-Jun Cai, Lie-Wen Chen, Bao-An Li, Xiao-Hua Li, Chang Xu, PRC 85, 024305 (2012)

A.M. Lane, PRL 8, 171 (1962)

https://arxiv.org/search/nucl-th?searchtype=author&query=Chen%2C+R
https://arxiv.org/search/nucl-th?searchtype=author&query=Cai%2C+B
https://arxiv.org/search/nucl-th?searchtype=author&query=Chen%2C+L
https://arxiv.org/search/nucl-th?searchtype=author&query=Li%2C+B
https://arxiv.org/search/nucl-th?searchtype=author&query=Li%2C+X
https://arxiv.org/search/nucl-th?searchtype=author&query=Xu%2C+C
https://arxiv.org/search/nucl-th?searchtype=author&query=Xu%2C+C
https://arxiv.org/search/nucl-th?searchtype=author&query=Xu%2C+C


The direct term



(1) EOS P(ε) is model-dependent, but P/ε is a robust and unified EOS parameter from heavy-ion collisions, 
neutron stars to the expansion of the Universe

Posterior thoughts

(2) Trace anomaly Δ = 1/3 − P/ε measures breaking of scale invariance (conformal symmetry Δ =0) 
(A leading expert Toru Kojo is here). Its energy dependence for cold dense matter, Bayesian inferred from 
neutron stars and heavy-ion collisions, is consistent

Uncertainties to be quantified by you



Hugenholtz-Van Hove (HVH) Theorem: 

COLD matter P/ϵ from HOT heavy-ion reactions by decoupling the mean-field from thermal pressure

Potential energy density at T=0

Pressure at T=0

),f(IfVfv
t

)t,p,r(f
NNcprr =−+



 


mean-field V=∂W/∂ρ In-medium modification factor 
of NN scattering cross sections

G.F. Bertsch and Subal DasGupta, Physics Reports 160, 189 (1988)

At intermediate energies before the formation QGP, flow depends on both the mean-field potential and elementary Xsections

Collision integrals

momentum-dependent interaction


