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Introduction

(2) Inclusive processes = sum of exclusive decays

(1) Exclusive processes

Operator product expansion (OPE):

B̄ → D(*)lν, B̄ → πlν, B̄ → ρlμ

?
(quark-hadron duality)

Semi-leptonic  decaysB̄ Determinations of |Vcb | , |Vub |

Theory: difficult

, etc.

Γ ∝ m5
b (1 +

c2

m2
b

+
c3

m3
b

+ ⋯)
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Theory: easy?

1/mb : expansion parameter

Duality violation A source of uncertainty in (2)

B̄ → Xclν

Hadronic final states are not specified.

<latexit sha1_base64="CFI0eOrww8U0Z+fjRsGUa81IExk="></latexit>
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Determinations of |Vcb | and |Vub |

✔Theoretical uncertainty is underestimated?

Implication of new physics?
- This interpretation is disfavored, shown in the absence of the light right-handed neutrino.

Crivellin, Pokorski [1407.1320]

- Duality violation is hard to quantify.
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|Vcb | : 3.3σ

|Vub | : 3.3σ{
Inclusive vs Exclusive



Inclusive processes

W W

b b
c

B̄ → Xclν̄Theory (OPE) Experiment

B̄ D(*)
+

B̄ D

π
2 2

+

Possible sources of errors
◉ Ultimate accuracy of the OPE is limited due to divergences in perturbative series.

(1) Proliferation of Feynman diagrams (2) Renormalons ✔(3) power series

duality
⋯

+ QCD corrections, power corrections

σ(inc)(e+e− → qq̄) σ(e+e− → 2π) + σ(e+e− → 3π) + ⋯

⋯

q̄ q̄

W W
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Approaches to duality violation

✔(2) Instanton-based model

(3) Lattice QCD

Pros: It is based on ab initio evaluation of the hadronic correlator.
Cons: Specific duality-violating components are suppressed in the Euclid space.

Pros: Some realistic contributions could be examined (not a toy model).

Cons: This is mostly a toy model of QCD.

(1) Resonance-based model

Pros: Theoretical predictions are rigorous.

Cons: Detail of the QCD vacuum is involved in a non-trivial way.

◉ The large-  limit and linear Regge tragectory are consideredNc

◉ This method takes account of a (fixed-sized) background instanton,

as a starting point of discussion.

more or less as an orientational direction to capture contributions related 
to the factorial divergence in power corrections.

◉ Reconstruction of the spectral function is considered for inclusive  decays.B̄
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ℋeff =
4GF

2
Vub[cL(ūγμPLb) + cR(ūγμPRb)]l̄γμPLν

Right-handed current (RHC)

b b

u

l

νPartonic decay:
b → ulν

For perturbative contributions, LL is chirally-favored while LR is chirally-suppressed
by .mu/mb

Γ = c2
LΓLL + cLcRΓLR + cRcLΓRL + c2

RΓRRWidth:
Discussed in the remaining part of this talk 

cL = 1, cR = 0 in the SM

Four contributions: (X, Y) = (L, L), (L, R), (R, L), (R, R)
ΓXY = − 16G2

F |Vub |2 Im(Tμν
XYLμν)

Tμν
XY = − i ∫ d4xe−iq⋅x < B̄v |J†μ

X (x)Jν
Y(0) | B̄v >

Lμν = − 1
2π4x8 (2xμxν − x2gμν)

Hadronic tensor

Leptonic tensor

qμ = pμ
l + pμ

ν̄

Fourmlas for inclusive width



Duality violation in hadronic tensor

(2) Short-distance expansion at  first (OPE):x2 = 0

An error is induced in (2), if there are poles at .x2 = − ρ2

(1) Exact evalution:

1
x2 + ρ2

=
1
ρ2

1 −
x2

ρ2
+ ( x2

ρ2 )
2

− ⋯
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f1(Q) =
π
ρ

e−Qρ

f(Q) = ∫
+∞

−∞
dx

eiQx

x2 + ρ2

ρ, Q > 0

f2(Q) = 0

b b

u Tμν = ∫ d4xeiQxS(x) × (⋯) S(x) = −
̂x

2π2x4

Difference: pole at x2 = − ρ2

Hadronic tensor:



(2) Short-distance expansion at  first (OPE):x2 = 0

An error is induced in (2), if there are poles at .x2 = − ρ2

non-zero mode:

✔zero mode:

(1) Exact evalution:

1
x2 + ρ2

=
1
ρ2

1 −
x2

ρ2
+ ( x2

ρ2 )
2

− ⋯
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f1(Q) =
π
ρ

e−Qρ

f(Q) = ∫
+∞

−∞
dx

eiQx

x2 + ρ2

ρ, Q > 0

f2(Q) = 0

An example of the pole: instanton

b b

u Tμν = ∫ d4xeiQxS(x) × (⋯) S(x) = −
̂x

2π2x4

Difference: pole at x2 = − ρ2

Hadronic tensor:

propagator:

zμ : instanton center
ρ : instanton size

Diakonov, Petrov, 1985

Brown, Carlitz, Creamer, Lee  1978

Duality violation in hadronic tensor



Single instanton approximation (SIA)

◉ The pole at  is analytically captured.x2 ≃ − 4ρ2

◉ Due to the diluteness of the instanton vacuum, the leading contribution        
     arises from the nearest instanton at the short-distance region.
◉ Multiple instantons effects are taken into account by,

Szm = −
1

mu
ψ0ψ†

0 → −
1

m*
ψ0ψ†

0

Chibisov, Dikeman, Shifman and Uraltsev 
[9605465]

This work

m* : effective mass

b b

WL WL

u u

b b

WL WR

u u

zero mode non-zero mode

Previous work

enhanced by 
mb

m*
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(1) Total width for semileptonic decay
(2) Lepton energy distribution{Duality violation is tested for



Width for RHC

nI = 1 fm−4
instanton liquid model

Shuryak (1982)

b b

WL WR

u u

zero mode

∫
+∞

−∞
dx4(⋯)eiQ⋅xSzm ∝ e−Q4x̄f(Q4)

Tμν =

x4

x4 = x̄

ρ0 =
1
3

fm
d(ρ) =

nI ρ4

2
ρδ(ρ − ρ0) {

eiQ0x̄f(−iQ0)

Q4 = − iQ0

Analytic continuation

Qμ = mbvμ

Qμ = mbvμ − pl

(1) For total semileptonic width:

(2) For lepton energy distribution:{
The saddle point approximation can be applied to evaluate the other integrals such as the instanton center.
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SM

RHC

SM

RHC

B̄ decays

D decays

Numerical resutls for width

The importance of duality violation for the RHC is higher than that of the SM.
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Mass inputs

Mass inputs

Rtot
LR ≃ +

2
3

d0 ( m2
b

m*mu ) 96π
(mbρ0)8

cos(2mbρ0)

Rtot
LL ≃ −

2
3

d0
96π

(mbρ0)8
sin(2mbρ0)

(X, Y) = (L, L), (L, R)

RHC

SM

{

{

{
Ratio:

D → Xdlν

mb → mc, mu → md

for

B → Xulν



Numerical results for lepton energy spectra

D decays

, 120 MeV ≤ m* ≤ 177 MeV
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Ratio: (X, Y) = (L, L), (L, R)

RLR ≃ +
2
3

d0
mb

m*
16π

(mbρ0)5

1

(1 − y
2 )

2 sin (2mbρ (1 −
y
2 ))

B̄ decays

{
RLL ≃ −

2
3

d0
48π

(mbρ0)5

1

(1 − y
2 )

3
(3 − 2y)

cos (2mbρ (1 −
y
2 ))

y = 2El /mb : dimensionless lepton energy

B → Xulν

RHC

SM



Conclusion
◉ We have studied an instanton-induced correction to  decays,    

     finding that the patterns of duality violation depend on the effective operators.

B̄ → Xulν

◉ Within the SIA for the RHC, the duality-violating component of the width is     
      at most  and  relative to the chirally-suppressed perturbative    𝒪(10−2) 𝒪(1)

◉ The zero-mode induced duality violation gives rise to the chirally-favored
contribution in the presence of the RHC.

contributions in  and  decays, respectively.B̄ D

◉ As for the lepton energy distributions, the duality violation is maximally 
      and  for  in  and  decays, respectively.𝒪(1) 𝒪(10) 0 ≤ y ≤ 0.5 B̄ D y =

2El

mb
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Backup



Inclusive determinations of |Vub |

Exclusive average:

HFLAV2022 Experimental and theoretical errors for |Vub |

2.8 − 2.9σ 2.3σ 3.3 − 3.4σ 1.7 − 2.0σ 3.0σ



Recent exclusive determinations of |Vcb |

Ricciardi [2103.06099]

2017: Belle published unfolded  data [1702.01521]B → D*lν
This enables theorists to perform their own fit.

BGL is consistent with both CLN and inclusive.

2018: New Belle data published [1809.03290]
2019: New BaBar data published [1903.10002]

<latexit sha1_base64="cIPky3Owtq9NyJBRDoqi4EauSs0="></latexit>

{
Bigi, Gambino and Schacht [1703.06124]

Both CLN and BGL are deviated from the inclusive value.



Form factor in exclusive  decays [2112.13775]B → D*



On universality of effective mass in SIA [0106019]

 should be universal for two-quark condensate, 
four-quark condensates, meson correlators, etc.

m*

An uncertainty is involved for the process where only one zero-mode contributes.

Two-quark condensate:

Four-quark condensate:

Overlap matrix element:



Part larger than whole paradox [9605465]
Total width:

Differential width:

◉ Absolute size of the differential width is parametrically  
      larger than the total width by .∼ (mbρ)3

◉ In the endpoint region, the semi-classical approximation  
      is not valid per se.

◉ The similar behavior has been already found in [9605465] 
     for non-zero mode contribution in the SM.

Treatment to obtain the lepton energy distribution
In [9605465]: the dispersion relation is imposed via the OPE-like counterterms.
In this work: the momentum (position) space propagator is used for charged   
                     lepton (neutrino) to avoid the endpoint integral.



Detail of finite distance singularity

Below : ρ, Q > 0

<latexit sha1_base64="Bmr0kspdvp4yvqvjZVV4052ovzE="></latexit>

f1(Q) + f1(�Q) =

Z +1

�1

eiQx

x2 + ⇢2
dx

(1) Exact evaluation

: the upper imcomplete gamma functionΓ(k, z)

(2) Short-distance expansion first (OPE)

{

{

Duality violation


