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FIG. 4. The four lattice spacings and the heavy quark masses used. The plot shows the trade-o↵ between discretization e↵ects
(which can depend on (am )2) and higher-twist e↵ects (which scale as 1/m ). At fixed lattice spacing, one can decrease the
higher twist e↵ects at the cost of increasing discretization errors, and the available trade-o↵s at the four lattice spacings studied
here are shown by the blue curves. The coloured points show the masses actually used in this study. The black dashed line at
am = 1.05 shows the cuto↵ beyond which discretization e↵ects were no longer found to be well controlled, and the gray line
at am = 0.7 shows a more conservative threshold used for analysing systematic errors arising from lattice artifacts.

D. Choice of Kinematics

The heavy-quark OPE is given by
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where p is the momentum of the incoming pion and q is the di↵erence in momenta between the two outgoing currents,
and where the ellipsis represents the contributions of higher moments that are negligibly small in this analysis. The
exact form of the higher-twist e↵ects suppressed by ⇤/Q̃ is not known, but symmetries (see Appendix A1) constrain
it to be proportional to "µ⌫⇢�q

⇢
p
�.

In order to enhance the contribution of the second moment, one would like its prefactor to be as large as possible.
However, Q̃

2 must be large to suppress higher twist e↵ects, and p is limited by noise that grows exponentially with
the pion energy on the lattice. In this work, p̂ ⌘

p
2⇡/L was constrained to be one unit of momentum, which for

the volumes used in this work corresponds to |p| = 640 MeV. At these kinematics, the second moment is a small
contribution to the hadronic tensor. As such, it is desirable to isolate its e↵ect from the much larger contribution
of the zeroth moment. In this study, the axial current indices are fixed to be µ = 1, ⌫ = 2, the prefactor on the
right-hand side of Eq. (34) becomes
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If the kinematics are chosen such that p
3 = 0, then this prefactor is purely imaginary. At tree level, the entire

contribution of the zeroth moment will be pure imaginary as well. However, p ·q = iE⇡q
4
�p ·q is generically complex

(as long as p · q 6= 0), so the contribution of the second moment to the hadronic tensor will have nonzero real part.
The e↵ect of these special kinematics is shown in Fig. 5. This work met these criteria by choosing

p̂ = (1, 0, 0) and q̂ = (1/2, 0, 1) (36)

in units of 2⇡/L, as well as all combinations of p̂, q̂ that are equivalent under lattice symmetries. With these choices,
h⇠

2
i can be extracted as the leading contribution in the real part of V

µ⌫ . (Note that q̂ = (p̂m � p̂e)/2, so it is
quantized in half-integers rather than integers.)

There are two caveats to this argument:


