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FIG. 6. A comparison of the real part of the hadronic tensor computed using Eq. (37) versus Eq. (40), the latter of which
has been manipulated to reduce the statistical error. While the manipulations do not change the expectation of the correlator,
they reduce statistical uncertainties by about an order of magnitude. For comparison purposes, both quantities were measured
on 2 sources on each of 450 configurations.

more tractable if the two terms are highly correlated, as this increases the statistical power of the correlated di↵erence.
These correlations are substantially enhanced if values of C

µ⌫
3 for ⌧ < 0 are obtained using the identity6

C
µ⌫
3 (⌧e, ⌧m;pe,pm)⇤ = C

⌫µ
3 (⌧m, ⌧e; �pm, �pe) . (39)

Then Eq. (37) and (38) can be written as

Re[V µ⌫(p, q)] =

Z 1

0
d⌧ [Rµ⌫(⌧ ;p,q) + R

µ⌫(⌧ ; �p,q)] sin(q4⌧) , (40)

Im[V µ⌫(p, q)] =

Z 1

0
d⌧ [Rµ⌫(⌧ ;p,q) � R

µ⌫(⌧ ; �p,q)] cos(q4⌧) . (41)

Consequently, one can obtain both ⌧ > 0 and ⌧ < 0 at the same sets of current insertion times, which will enhance
the correlations. A demonstration of this reduction in statistical error is shown in Figure 6.

F. Excited State Contamination and Choice of ⌧e

The three point correlator C
µ⌫
3 (⌧e, ⌧m) = hJ

µ
A(⌧e)J⌫

A(⌧m)O†
⇡(0)i is computed by creating a pion source, propagating

one of the quarks forward to ⌧e, creating a sequential source, and then tying together the sequential heavy-quark
propagator and the other light quark propagator at the sink. Since ⌧e  ⌧m is chosen in this work, excited state
e↵ects arise from the fact that the combination of states created by the pion interpolator have not fully relaxed to
the ground state before ⌧e, so they are suppressed exponentially in ⌧e. Excited-state e↵ects are reduced by using a
Gaussian-smeared pion source [48] with smearing radius equal to the inverse pion mass (awsmear = {4.5, 6.0, 8.0, 9.0}

for L/a = {24, 32, 40, 48}, respectively). With this smearing, numerical study on the L/a = 32 lattices showed that
excited state contamination is estimated to be about 1% for a source-operator separation ⌧e of about 0.7 fm, as shown
in Figure 7.

6 This identity can be proven by writing C
µ⌫
3 in terms of the quark propagators

C
µ⌫
3 (⌧e, ⌧m;pe,pm) =

Z
d
3xe d

3xm e
ipe·xe+ipm·xmTr

h
�5D

�1
 (0|xm)�5�⌫D

�1
 (xm|xe)�5�µD

�1
 (xe|0)

i
,

and applying �5-hermiticity to each of the propagators.


