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Cµ⌫
3 (⌧e, ⌧m;pe,pm) =

Z
d3xe d

3xm eipe·xeeipm·xm

h0|T
⇥
Jµ
A(xe, ⌧e)J

⌫
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|0i

(31)

where T is the time-ordering operator, O⇡ is the pion
interpolating operator, and

Jµ
A ⌘  ̄�µ�5 +  ̄�µ�5 (32)

is the flavor-changing axial current insertion operator
that converts the pion’s light quarks  into valence heavy
quarks  and vice versa. In the large-time limit, the two-
and three-point functions asymptote to

C2(⌧⇡,p) ⇠

��h⇡(p)|O†
⇡(0, 0)|0i

��2

2E⇡
e�E⇡⌧⇡ (33)

C3(⌧e, ⌧m;pe,pm) ⇠
h⇡(p)|O†

⇡(0, 0)|0i

2E⇡
e�E⇡(⌧e+⌧m)/2
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h
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⌘
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z

2

⌘i
|⇡(p)i

(34)

with

z = xe � xm, (35)

p = pe + pm, (36)

q =
1

2
(pm � pe). (37)

The 3-point correlator is shown graphically in Fig. 3 and
can be computed via a sequential propagator through the
operator. The source and sink of the 2-point function
and the source of the 3-point function are constructed
using both Gaussian and link smearing to suppress ex-
cited state contamination. Fitting C2, C

µ⌫
3 at large ⌧⇡,

⌧e, and ⌧m lets us extract

Rµ⌫(⌧ ;p,q)=

Z
d3z eiq·zh0|T

h
Jµ

⇣z
2

⌘
J⌫

⇣
�
z

2

⌘i
|⇡(p)i

(38)
The hadronic tensor is then defined as the Fourier trans-
form of Rµ⌫ in the ⌧ = z4 direction:

Uµ⌫(p, q) ⌘

Z
d⌧ eiq4⌧R[µ⌫](⌧ ;p,q) (39)

A. Lattice Parameters

In this study, we used Chroma [34] to measure cor-
relators at two heavy quark masses, with bare quark
masses of about 1.6 GeV and 2.5 GeV. (The renor-
malized quark masses found by the fits are substantially
heavier than the bare masses.) To accomodate such large
quark masses, we use fine lattice spacings, ranging from
0.041 fm to 0.060 fm (and with future plans to include
an additional ensemble with a = 0.030 fm). The physical
volumes are tuned to about 1.9 fm on all ensembles.

FIG. 3. The three-point correlation function used to com-
pute the hadronic tensor of the pion. The pion is created at
the origin and flavor-changing axial currents are inserted at
times ⌧e, ⌧m. The quark propagating between the currents
is artifically heavy due to the flavor-changing nature of the
currents.

Due to critical slowing down, using dynamical fermions
would be prohibitively expensive, especially for a pre-
liminary simulation. Therefore, this calculation is per-
formed in the quenched approximation using lattices
from Ref. [35]. The ensembles used here and the mea-
surements performed on them are summarized in Table I.
We use Wilson clover fermions with the clover coe�-

cient set non-perturbatively to the value in Ref. [36]. We
tuned the pion mass to about 560 MeV across the en-
sembles. In addition to reducing the computational cost,
this unphysically heavy pion mass ensures that m⇡L > 5
across our ensembles, suppressing finite-volume e↵ects.
Note that in our calculational method, we need 40

heavy quark propagators per light quark propagator (2
heavy quark masses ⇥ 10 momentum insertions ⇥ 2
gamma matrices at current insertion). However, each
heavy quark inversion is substantially cheaper than each
light quark inversion, so the large number of heavy
quark inversions needed does not make the calculation
intractable.

B. Reducing Noise

At the kinematics used, to O(↵s), the second moment
h⇠2i is proportional to the real part of the hadronic tensor
(and the imaginary part of the hadronic tensor is mostly
independent of h⇠2i). Thus, measuring Re[Uµ⌫ ] gives a
clean probe of h⇠2i without much contamination from
higher-twist e↵ects. However, while this is a clean signal,
it is also a small one: At the kinematics used, the real
part of Uµ⌫ is 2–3 orders of magnitude smaller than the
imaginary part.
The 3-point correlator (and therefore the ratio Rµ⌫) is

pure imaginary2, correspond to the antisymmetric and

2
For p, q in Minkowski space, the hadronic tensor is purely imag-

inary, as can be seen from the operator product expansion. The


