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FIG. 7. Excited state contamination at operator separations (a) ⌧ = 0.06 fm and (b) ⌧ = 0.36 fm.

Since ⌧e must be fixed at runtime, ⌧e ⇠ 0.7 fm is chosen, leading to a ⇠ 1% systematic error due to excited-state
contamination. Excited state contamination in the 2-point function is better controlled since one does not need to
choose the source-sink separation at runtime, and one can a↵ord the very conservative fit range of [T/4, 3T/4] since
the statistical errors on the 2-point function are smaller than those on the 3-point function (for an example of the
goodness of fit, see Fig. 8).

V. ANALYSIS, RESULTS AND DISCUSSION

Extraction of the second moment from the 2- and 3-point correlation functions measured here is nontrivial due to
signal contamination by both lattice artifacts and higher-twist e↵ects. The extraction of Z⇡(p), E⇡(p) from fitting the
2-point correlation function C2(⌧,p) at late ⌧ and the construction of R

µ⌫(⌧) in Eq. (22) are relatively straightforward.
However, comparing the 3-point data to the OPE of the hadronic amplitude can be done in multiple ways, which
can lead to somewhat di↵erent systematics. As this is the first numerical study of the HOPE method, two analysis
methods, called the time-momentum analysis and the momentum-space analysis, are performed. This enables a cross-
check of the results and ensures that they are robust against systematics in the analysis procedure. These analysis
methods are as follows:

1. Time-momentum analysis

(i) Fit f⇡ and the heavy quark mass m by comparing the symmetric part of the data to the inverse Fourier
transform of the OPE of Im[V (p, q)], that is, from the inverse Fourier transform of Eq. (41).

(ii) Use the fitted results of f⇡, m and the antisymmetric part of the data to fit the second moment h⇠
2
i from

the inverse Fourier transform of Re[V (p, q)], using Eq. (40), at each heavy quark mass and lattice spacing.

(iii) Perform a combined fit to h⇠
2
i(a, m ) to remove both lattice spacing and higher-twist e↵ects.

2. Momentum-space analysis

(i) Perform a Fourier transform of R
µ⌫(⌧) in the temporal direction.

(ii) Extrapolate the momentum-space hadronic amplitude to the continuum.

(iii) Fit f⇡, m and
⌦
⇠
2
↵

to the hadronic amplitude in the continuum limit using the momentum-space, con-
tinuum HOPE formula presented in Sec. III A.

These alternative procedures are shown diagrammatically in Fig. 9. The following sections will detail both analysis
strategies.


