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FIG. 16. Comparison of h⇠
2
i extracted from the time-momentum representation (TMR) and momentum-space analyses to

various results in the literature. Note that the values from this work and Del Debbio et al. are in the quenched approximation,
whereas the results from Zhang et al., Bali et al., and Arthur et al. use dynamical QCD, and the error bars do not reflect the
uncertainty from the quenched approximation.

h⇠
2
i = 0.244 ± 0.030 [51]. These results are compared to the second moment determined in this work in Fig. 16.

Formally, the uncertainty from quenching cannot be controlled, so a precise comparison of the results in this work
to these dynamical calculations is not possible. However, in practice, quenching errors are usually at the order of
10–20%, and the calculation presented here agrees with the dynamical results within the listed uncertainties combined
with this approximate quenching uncertainty.

VI. CONCLUSION AND OUTLOOK

Factorization theorems in QCD imply that the LCDA of the pion is relevant to a variety of experimental processes.
Since the LCDA is a non-perturbative object, it is a quantity of importance for LQCD calculations. While direct
computation of �⇡(⇠, µ) is impossible in a Euclidean field theory, a range of di↵erent theoretical approaches which
allow one to indirectly study the LCDA have been proposed and pursued. These methods include direct calculation
of the local matrix elements [7–11], factorization apporaches like the pseudo-DA approach [17], and a light-quark
operator product expansion [15], have been used or proposed to this e↵ect.

Knowledge of the first non-trivial Mellin moment of the pion
⌦
⇠
2
↵

provides an important constraint on the shape of
the LCDA. Due to the one-loop running behaviour of the Gegenbauer moments, one expects that the second moment
is especially important for the shape of the LCDA at large enough renormalization scale. This quantity has previously
been studied with the conventional approach of calculating the relevant matrix element of the local twist-two operator.
As a result, this quantity is relatively well known and therefore provides a good test of the validity and applicability
of the new methods.

This paper presents the first numerical study of the HOPE method to extract the second Mellin moment of the pion
LCDA. This approach utilizes a quenched fictitious heavy-quark species which enables more control over higher-twist
e↵ects. After a discussion of the numerical calculation of the hadronic matrix element, two alternative approaches were
explored for extracting the second Mellin moment of the pion LCDA from the numerical data. These two approaches
were termed the time-momentum analysis and the momentum-space analysis. Central to both analyses is the fact
that the matrix element has a well-defined continuum limit after multiplicative renormalization.

In the time-momentum analysis, the O(↵s) formula of the HOPE is fit to the lattice data, and the resulting fit
parameters are then extrapolated to the continuum. In the momentum-space analysis, the order of operations is
reversed, and instead after Fourier transforming the lattice data, the correlators are extrapolated to the continuum
before being compared with the O(↵s) continuum HOPE. Both analyses produce results in good agreement with each


