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FIG. 10. The real and imaginary parts of the hadronic tensor V
µ⌫ can be inverse Fourier transformed (indicated by F

�1)
to produce the antisymmetric and symmetric components of the ratio of correlators R

µ⌫ . The symmetric part of R
µ⌫(⌧)

(corresponding to F
�1[Im(V µ⌫)]) is dominated by the zeroth moment contribution, allowing extraction of f⇡ and m . These

are then used as inputs to the fit of F
�1[Re(V µ⌫)] to extract the second moment h⇠

2
i. In order to avoid contamination with

UV divergences near ⌧ = 0, points with ⌧ < 3a (grayed out in the plots) are excluded from the fit.

A. Time-Momentum Analysis

The ratio R
µ⌫ (⌧ ;p,q) was constructed for 0 < ⌧  ⌧max ⇡ 0.6 fm. The statistical quality of the signal deteriorates

with time, and large-⌧ data may be more susceptible to higher-twist contamination, motivating the cut at ⌧max. The
symmetric and anti-symmetric components of R

µ⌫(⌧) are constructed as described in Section II-B.

An example fit to V
µ⌫ for a single heavy quark mass at a single lattice spacing is shown in Fig. 10. At the chosen

kinematics, the second moment provides a negligible contribution to the imaginary part of the hadronic tensor (see
Fig. 5), so the fitting procedure can be split into two steps: one in which f⇡ and m are fit to the imaginary part of
V

µ⌫ and a second step that consists of a single-parameter fit of h⇠
2
i to the real part of V

µ⌫ , where f⇡ and m are
used as inputs. At values of ⌧ comparable to the lattice spacing, uncontrolled discretization e↵ects are to be expected.
Additionally, if the two current insertions are close in space-time relative to the lattice spacing, they may mix with
lower-dimensional operators and lead to UV divergences. Both of these e↵ects suggest that small-⌧ data should be
removed from the fits. Empirically, the �

2 values for the fits to the various heavy-quark masses became reasonable if
the ⌧  2a data are excluded, so all fits will only use data with ⌧ � 3a.

This fitting procedure compares lattice data to a continuum, twist-2 OPE. As a result, the extracted second moment
h⇠

2
i(a, m ) will be contaminated by both lattice artifacts and higher-twist corrections. The lattice artifacts enter at

O(a2) (see Appendices A 2, A 3 for details), and by dimensional analysis, a
2 must be accompanied by two factors of a

mass scale, either the typical momentum scale of ⇤QCD or the heavy quark mass m , so there may be discretization
e↵ects proportional to a

2, a
2
m , or a

2
m

2
 . With am < 1.05, these terms were su�cient to describe lattice artifacts

without need for additional O(a3) terms. Higher-twist e↵ects scale as powers of ⇤QCD/Q̃ or m⇡/Q̃, and ⇤QCD ⇠ m⇡

in this analysis. The fitting procedure e↵ectively integrates over the q4 dependence, and m � |q|, so the twist-
3 contribution can be approximated by a ⇤/m term. Therefore, to extract h⇠

2
i in the continuum limit without

higher-twist contamination, h⇠
2
i(a, m ) is fit to the formula

h⇠
2
i(a, m ) = h⇠

2
i +

A

m 
+ Ba

2 + Ca
2
m + Da

2
m

2
 , (42)

where h⇠
2
i, A, B, C, and D are the fit parameters. At an intermediate mass scale of m = 3 GeV and a lattice


