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TABLE I. The ensembles used in this study and the number of measurements performed on each.

� a (fm) L3 ⇥ T light heavy, 1 heavy, 2 Ncfg Nsrc Light Props Heavy Props
6.30168 0.060 323 ⇥ 64 0.135146 0.119867 0.112779 450 7 3150 126,000
6.43306 0.048 403 ⇥ 80 0.135170 0.122604 0.116599 250 2 500 20,000
6.59773 0.041 483 ⇥ 96 0.135028 0.124420 0.119228 341 3 1023 40,920

symmetric parts of Rµ⌫ . Specifically,

Re[Uµ⌫(p, q)] = Re

Z 1

�1
d⌧ Rµ⌫(⌧ ;p,q)e�iq4⌧

�

/

Z 1

0
d⌧ [Rµ⌫(⌧ ;p,q)�Rµ⌫(�⌧ ;p,q)] sin(q4⌧)

(40)

Thus, we need to measure a di↵erence Rµ⌫(⌧ ;p,q) �
Rµ⌫(�⌧ ;p,q) that is two orders of magnitude smaller
than each of the terms constituting the di↵erence. The
precision to which we can measure this di↵erence depends
on how well the two terms are correlated (which would
cause correlated errors to cancel). However, for moder-
ately large ⌧ , the correlators Cµ⌫

3 (⌧e, ⌧e± ⌧ ;pe,pm) used
to compute Rµ⌫(±⌧ ;p,q) have poorly correlated uncer-
tainties since the sinks are temporally separated on the
lattice.

We could obtain better correlations – and there-
fore better error cancellation – if we could com-
pute Rµ⌫(�⌧ ;p,q) using Cµ⌫

3 (⌧m, ⌧e;pe,pm), since
then the correlators used to compute Rµ⌫(⌧ ;p,q) and
Rµ⌫(�⌧ ;p,q) would be at the same timeslices (up to in-
terchange of the two current insertions). However, with
the current setup where the sequential propagator passes
through the first current inserted, this would require cur-
rent insertions at all desired ⌧m, which would be pro-
hibitively expensive. Instead, we use �5-hermiticity to
write

Cµ⌫
3 (⌧e, ⌧m;pe,pm)⇤ = C⌫µ

3 (⌧m, ⌧e;�pm,�pe) (41)

where pe and pm are related to p and q via (36), (37).
This lets us compute both terms in the right-hand side
of (40) in terms of correlators with ⌧m � ⌧e, since

Rµ⌫(⌧ ;p,q)�Rµ⌫(�⌧ ;p,q) = Rµ⌫(⌧ ;p,q)+Rµ⌫(⌧ ;�p,q)
(42)

Now, the terms in the right-hand side of (42) are more
highly correlated, so we would expect larger cancellation
of correlated errors. This e↵ect is shown in Fig. 4, where
uncertainties are reduced by a factor of about 10 by using
the right-hand side of (42) rather than the left-hand side.

Euclidean-space data Rµ⌫
are related to the Minkowski-space

hadronic tensor via Laplace transform

Uµ⌫
(q, p) =

Z 1

�1
d⌧ e�q0⌧Rµ⌫

(⌧ ;q,p)

whose kernel is purely real for real q0. Thus, if Uµ⌫
with q0 2 R

is imaginary, Rµ⌫
(⌧ ;p,q) must be too.

R��(�;p�,q�)+R��(�;-p�,q�)

R��(�;p�,q�)-R��(-�;p�,q�)

0.0 0.1 0.2 0.3 0.4 0.5 0.6

0

20

40

60

80

� (fm)

1 �
�

-
1
[R
e
(U

�
�
)]
(M
e
V
2
)

FIG. 4. Comparing both sides of the equality in (42)
Rµ⌫(⌧ ;p,q) + Rµ⌫(⌧ ;�p,q) (blue) and Rµ⌫(⌧ ;p,q) �
Rµ⌫(�⌧ ;p,q) (earth), both measured with two sources on 450
configurations. These quantities agree in expectation, but the
former has uncertainties an order of magnitude smaller than
the latter.

IV. FITTING TO THE HOPE

At the kinematics used here, the nth moment picks up

a factor of
⇣

p·q
Q̃

⌘n
. 0.12n, so the contribution of fourth

moment is suppressed by a factor of about 50 relative to
that of the second moment. As a result, in this work,
we will neglect higher-moment contributions, so we can
write the operator product expansion as

Uµ⌫ =
2if⇡"µ⌫⇢�q⇢p�

Q̃2


C
(0)
W + h⇠2i

6(p · q)2 � p2q2

6(Q̃2)2
C
(2)
W

+ · · ·+O

✓
⇤QCD

Q̃

◆�

(43)

where Q̃2 = �m2
 � q2, m is the renormalized heavy

quark mass, and C
(n)
W are perturbatively calculable Wil-

son coe�cients. For this analysis, we have calculated the
Wilson coe�cients to 1-loop order, and we will publish
the results in forthcoming work [33]. The remaining pa-
rameters (f⇡,m , h⇠2i) will be fit to the data.
In principle, one could measure f⇡ separately using

the pion-axial current. However, measurements involv-
ing heavy quarks are known to involve additional nor-
malization factors, which have been approximated by El-
Khadra, Kronfeld, and Mackenzie [37]. If we fit f⇡ from
the hadronic tensor, any errors in this overall normaliza-


