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Source of error Size

Statistical 0.013

Excited-state contamination 0.002

Continuum extrapolation 0.012

Higher-twist 0.035

Running coupling 0.029

Unphysical m⇡ 0.014

Total (exc. quenching) 0.046

TABLE III. The error budget for the computation of the second Mellin moment h⇠
2
i using the HOPE method, with the data

analysed in the momentum-space approach.

F. Discussion of Results

The ratio R
[µ⌫](⌧,p,q; a) was analysed using two alternative approaches, termed the time-momentum representation

(TMR) analysis and the momentum-space (Mom) analysis. The results of the second moment from these approaches
are

⌦
⇠
2
↵
TMR

(µ = 2 GeV) = 0.210 ± 0.013 (stat.) ± 0.034 (sys.) = 0.210 ± 0.036 , (57)
⌦
⇠
2
↵
Mom

(µ = 2 GeV) = 0.210 ± 0.013 (stat.) ± 0.044 (sys.) = 0.210 ± 0.046 . (58)

The central values and statistical errors are the same in both approaches. The agreement of central values is the
result of statistical coincidence; with a di↵erent choice of fit parameters this extrapolated central value is expected to
vary. The equivalence of the statistical error is relatively unsurprising, since both approaches mostly share the same
raw lattice data.

As a cross-check, the pion decay constant f
2pt
⇡ = 0.158 ± 0.005 GeV was extracted from a conventional analysis

of the axial-vector 2-point correlation function. This is to be compared with the HOPE-derived values f
TMR
⇡ =

0.161±0.002 (stat.) GeV and f
Mom
⇡ = 0.173±0.001 (stat.) GeV, with systematic uncertainties in f⇡. The systematic

uncertainties in these determinations f⇡ are likely comparable to the systematic uncertainty in h⇠
2
i (about 10-20%),

or perhaps slightly larger due to the added uncertainty in the normalization factors.

Examining both procedures allows the study of the advantages and shortcomings of both approaches and serves as
a further cross-check of the analysis. The above equations show that the time-momentum representation approach
results in a smaller systematic error than that of the momentum-space analysis. While the systematic uncertainty
incurred from the truncation of the twist expansion is the largest systematic error in both analyses, the additional
cut placed on the data in the momentum-space analysis results in the removal of data with the heaviest heavy quark
masses. Since higher-twist corrections are suppressed by factors of 1/Q̃ ⇠ 1/m , this results in less control over the
higher-twist e↵ects.

Given the above considerations, the central value is chosen to be the more precise time-momentum representation
analysis value of

⌦
⇠
2
↵
(µ = 2 GeV) = 0.210 ± 0.036 . (59)

This corresponds to a Gegenbauer moment of

�2(µ = 2 GeV) = 0.03 ± 0.11 . (60)

Most previous lattice calculations have used local operators to compute h⇠
2
i. In the quenched approximation, h⇠

2
i

was previously computed to be 0.280 ± 0.051 at a renormalization scale of µ = 2.67 GeV [9]. Running this down to 2
GeV gives h⇠

2
i = 0.285 ± 0.054, which agrees with this quenched calculation, albeit with a large error bar.

More recent calculations with the local operator method have been performed in dynamical QCD, giving h⇠
2
i =

0.28 ± 0.02 [10] and h⇠
2
i = 0.235 ± 0.008 [50], both at µ = 2 GeV. A separate approach is to proceed via the quasi-

distribution amplitude (the distribution amplitude analogue of the quasi-PDF), which was used to give a result of


