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Neutrinos: Basics
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Why is “God” left-handed?

W. Pauli

“God is just a weak left-hander.”

• The laws of physics are (almost) left-right symmetric.  

• Exception: weak interaction acts only on left-handed particles.
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• Chiral transport phenomena
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• Some applications in core-collapse supernovae:

chiral plasma instability and inverse cascade

Units: ~ = c = kB = e = 1
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Chiral transport phenomena
(general perspective)



Transport phenomena

• Classical and familiar examples:

• Ohm’s law: 

• Fourier’s law:

je = �E
<latexit sha1_base64="k5Nn4YbW5r0H7ku95DIPUuvEZHs="></latexit>

jQ = (�rT )
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je ⇠ B?
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Parity

• Assume the relation: 

• Under the parity,                        (∵ B is axial-vector) 

• It is consistent with parity when          . 

je = ⇠B
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�je = ⇠B
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⇠ = 0
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• Possible in chiral matter:                                           

• This is the chiral magnetic effect (CME).                     

je ⇠ (µR � µL)B
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Chirality
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Chiral magnetic effect

Vilenkin (1980); Nielsen, Ninomiya (1983); Fukushima, Kharzeev, Warringa (2008), …
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Chiral vortical effect

s p

Left-handed neutrino
v

Vilenkin (1979); Erdmenger et al. (2009); Banerjee et al. (2011); 
Son, Surowka (2009); Landsteiner et al. (2011)
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Chiral matter
• Electroweak plasma in early Universe

• Quark-gluon plasma in heavy ion collision

• Weyl semimetal (“3D graphene”)

• Neutrino matter in supernovae

Nielsen, Ninomiya (1983), …

Fukushima, Kharzeev, Warringa (2008), …

Joyce, Shaposhnikov (1997), …

Yamamoto (2016), …

Electromagnetic Response of Weyl Semimetals

M.M. Vazifeh and M. Franz
Department of Physics and Astronomy, University of British Columbia, Vancouver, BC, Canada V6T 1Z1

(Dated: March 26, 2013)

It has been suggested recently, based on subtle field-theoretical considerations, that the electro-

magnetic response of Weyl semimetals and the closely related Weyl insulators can be characterized

by an axion term ✓E · B with space and time dependent axion angle ✓(r, t). Here we construct a

minimal lattice model of the Weyl medium and study its electromagnetic response by a combina-

tion of analytical and numerical techniques. We confirm the existence of the anomalous Hall e↵ect

expected on the basis of the field theory treatment. We find, contrary to the latter, that chiral mag-

netic e↵ect (that is, ground-state charge current induced by the applied magnetic field) is absent in

both the semimetal and the insulator phase. We elucidate the reasons for this discrepancy.

When a three-dimensional topological insulator (TI)
[1–3] undergoes a phase transition into an ordinary band
insulator, its low-energy electronic spectrum at the crit-
ical point consists of an odd number of 3D massless
Dirac points. Such 3D Dirac points have been experi-
mentally observed in TlBi(S1�xSex)2 crystals [4] and in
(Bi1�xInx)2Se2 films [5]. In the presence of the time re-
versal (T ) and inversion (P) symmetries the Dirac points
are doubly degenerate and occur at high-symmetry po-
sitions in the Brillouin zone. When T or P is broken,
however, each Dirac point can split into a pair of ‘Weyl
points’ separated from one another in momentum k or
energy E, as illustrated in Fig. 1. The resulting Weyl
semimetal constitutes a new phase of topological quan-
tum matter [6–14] with a number of fascinating physical
properties including protected surface states and unusual
electromagnetic response.

The low energy theory of an isolated Weyl point is
given by the Hamiltonian

hW (k) = b0 + v� · (k � b), (1)

where v is the characteristic velocity, � a vector of the
Pauli matrices, b0 and b denote the shift in energy and
momentum, respectively. Because all three Pauli matri-
ces are used up in hW (k), small perturbations can renor-
malize the parameters, b0, b and v, but cannot open a
gap. This explains why Weyl semimetal forms a stable
phase [6]. Although the phase has yet to be experimen-
tally observed there are a number of proposed candidate
systems, including pyrochlore iridates [7, 8], TI multilay-
ers [9–12], and magnetically doped TIs [13, 14].

The purpose of this Letter is to address the remarkable
electromagnetic properties of Weyl semimetals. Accord-
ing to the recent theoretical work [15–18], the universal
part of their EM response is described by the topological
✓-term,

S✓ =
e
2

8⇡2

Z
dtdr✓(r, t)E ·B, (2)

(using ~ = c = 1 units) with the ‘axion’ angle given by

✓(r, t) = 2(b · r � b0t). (3)

� � � �

�

�

FIG. 1: Low energy spectra in Dirac and Weyl semimetals.

a) Doubly degenerate massless Dirac cone at the transition

from a TI to a band insulator. Weyl semimetals with the

individual cones shifted in b) momenta and c) energy. Panel

d) illustrates the Weyl insulator which can arise when the

excitonic instability gaps out the spectrum indicated in c). In

all panels two components of the 3D crystal momentum k are

shown.

This unusual response is a consequence of the chiral
anomaly [19–21], well known in the quantum field the-
ory of Dirac fermions. The physical manifestations of the
✓-term can be best understood from the associated equa-
tions of motion, which give rise to the following charge
density and current response,

⇢ =
e
2

2⇡2
b ·B, (4)

j =
e
2

2⇡2
(b⇥E � b0B). (5)

Eq. (4) and the first term in Eq. (5) encode the anoma-
lous Hall e↵ect that is expected to occur in a Weyl
semimetal with broken T [7–10]. The second term in Eq.
(5) describes the ‘chiral magnetic e↵ect’ [22], whereby a
ground-state dissipationless current proportional to the
applied magnetic field B is generated in the bulk of a
Weyl semimetal with broken P.
The anomalous Hall e↵ect is known to commonly oc-

cur in solids with broken time-reversal symmetry. In the
present case of the Weyl semimetal its origin and magni-
tude can be understood from simple physical arguments
[7–10] applied to the bulk system as well as in the limit
of decoupled 2D layers [18]. Understanding the chiral
magnetic e↵ect (CME) in a system with non-zero en-
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http://www0.bnl.gov/rhic/news2/
Quark-Gluon Plasma SupernovaeWeyl semimetal

See talk by Jennifer Schober

http://www0.bnl.gov/rhic/news2/


  
Core-collapse supernova 

explosion



Puzzle of magnetars

• Surface magnetic field ~1015 G (“the strongest magnet”)

• Origin of such a powerful and stable magnetic field?



Magnetic helicity

•                             :  linking of magnetic fluxes (topological stability)

• Typically assumed as initial conditions, but its origin is unclear 
(global  cannot be generated by parity-even MHD).ℋ

H =

Z
d3xA ·B

<latexit sha1_base64="3I+XHdQQVSJo08cmBbrTgZSO8XI="></latexit>

H = 0
<latexit sha1_base64="z//6UqBSqFybpFmQ4lFPywzaVC0="></latexit>

H 6= 0
<latexit sha1_base64="HUpG6mc2PCXcaVFdSmCQgsQfWh4="></latexit>

poloidal

toroidal



Drawback of the theory

• Conventional transport theory ignores the left-handedness of ν.

      → not qualified as a correct low-energy effective theory

Parity

s

left-handed right-handed

mirror

s

p p



Why one should care?

• All the laws of physics are based on symmetry principle:

• Standard Model of particle physics, hydrodynamics for 
(super)fluids, Ginzburg-Landau theory, …

• Examples of the importance of chirality:

• π0 →2γ due to the chirality of quarks

• Baryon number violation due to the chirality of quarks/leptons



Supernova = Giant Parity Breaker

Ohnishi, Yamamoto (2014); Grabowska, Kaplan, Reddy (2015); Sigl, Leite (2016), …

p + eL! n + ⌫e
L

<latexit sha1_base64="DICtFKrC//wdbyRGQqXNwK4lagE="></latexit>
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supernovae me

νLνRνLνR

supernovae



From micro to macro

Macro Hydrodynamic evolution of core-collapse supernovae

Nonequilibrium effective theory for ν

Micro Standard Model of Particle Physics



From micro to macro

Macro Hydrodynamic evolution of core-collapse supernovae

Nonequilibrium effective theory for ν

Micro Standard Model of Particle Physics

Systematic derivation from SM?

@f

@t
+ v · @f

@x
= C[f ]

<latexit sha1_base64="bY9WTGMZNhPCWJyYWgqliPOzeUY="></latexit>

?



• Green’s function:

Conventional derivation

• Wigner function:

• Equation of motion: 

• Derivative expansion: 

for neutral massless scalar field (spin 0)

collisionless Boltzmann equation

S<(x, y) = h�†(y)�(x)i, S>(x, y) = h�(x)�†(y)i
<latexit sha1_base64="M3CPXFtbhegZhko79Qew6C25LvU="></latexit>

⇤xS
<(x, y) = 0

<latexit sha1_base64="s4kpI0tViJPvubBFh4MUKJBB5Nk="></latexit>

@X ⌧ q
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q · @Xf(q,X) = 0
<latexit sha1_base64="1zFatkRFUU37+i3r7i0lUeQXbvE="></latexit>

S<(q,X) =

Z

s
e�iq·sS<

⇣
X +

s

2
, X � s

2

⌘
⇠ f(q,X)

<latexit sha1_base64="cesJDcwAjw8VzGuLNDo1pRQpBrw="></latexit>



Chiral radiation transport 
theory for neutrinos



• Solution of (2), (3): 

• Wigner function:

frame vector

• Equations of motion: 

where

where

From QFT to chiral kinetic theory

• Inserting it into (1) → transport equation with collisions

DµL<µ = 0,

qµL<µ = 0,

DµL<
⌫ �D⌫L<

µ = �2✏µ⌫⇢�q
⇢L<�

<latexit sha1_base64="8mSZkpdGkigX76Z6NQHG9eAC+xQ="></latexit>

DµL<
⌫ ⌘ @µL<

⌫ � ⌃<
µL>

⌫ + ⌃>
µL<

⌫
<latexit sha1_base64="8X/mAs/6Kj7aH7FlkGz/9osHYEA="></latexit>

L<µ = 2⇡�(q2)
�
qµ�Sµ⌫D⌫

�
f<

<latexit sha1_base64="s1Xd5ktjixkRZvue7zTJ+nF6CFo="></latexit>

Sµ⌫ =
✏µ⌫↵�q↵n�

2q · n
<latexit sha1_base64="Adc3l92Lfvf/+rVXEuMFJW17jQQ="></latexit>

S<(q, x) =

Z

y
e�iq·yh †(x+ y/2) (x� y/2)i ⌘ �µL<

µ
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· · · (1)
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· · · (2)
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· · · (3)
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see, e.g., Hidaka, Pu, Yang, PRD (2017)

Jµ = 2

Z

q
L<µ, Tµ⌫ =

Z

q
(L<µq⌫ + L<⌫qµ)

<latexit sha1_base64="2qsfueNzPMQnIAeLtUw96BTuFtQ="></latexit>



Yamamoto, Yang,  ApJ (2020)

General Relativity + Standard Model + Nonequilibrium Field Theory

Chiral radiation transport theory

Dµ = rµ � ��
µ⌫q

⌫@q�, �7 = (q⌫�DµS
µ⌫)⌃7

⌫ , Sµ⌫ =
✏µ⌫↵�q↵n�

2q · n
<latexit sha1_base64="xZkkxYpqbXQB8j5IO8ZpA8448f0="></latexit>

⇥
qµDµ�(DµS

µ⌫)@⌫ + Sµ⌫q⇢R�
⇢µ⌫@q�

⇤
f = (1� f)�< � f�>

<latexit sha1_base64="CQVzyRmecK53tPKWBZLteaUyn7A="></latexit>

emission absorption

• Systematic derivation from the underlying Standard Model

• New terms explicitly break spherical and axi-symmetries



A practical version (with  ignoring curvature)nμ = (1,0)

Chiral radiation transport theory

Dµ = rµ � ��
µ⌫q

⌫@q�, �7 = (q⌫�Sµ⌫Dµ)⌃
7
⌫ , Sµ⌫ =

✏µ⌫↵�q↵n�

2q · n
<latexit sha1_base64="bw6wlEs92etXLfCbsEKjnXzktLY="></latexit>

Neutrino self-energy

GF
<latexit sha1_base64="/yExGuHJGgh/1bHrNEhhM7OacjY="></latexit>

GF
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⌫L
<latexit sha1_base64="amkwwalSo88lO98bKbrV8Qmd+lE="></latexit>

⌫L
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p
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n
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eL
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emission absorption
qµDµf = (1� f)�< � f�>

<latexit sha1_base64="fK60ssLqby+zhVAzH0k1aefsuqg="></latexit>

Yamamoto, Yang,  ApJ (2020)



A practical version (with  ignoring curvature)nμ = (1,0)

Chiral radiation transport theory

emission absorption
qµDµf = (1� f)�< � f�>, �7 ⇡ �(0)7+�(!)7(q · !) + �(B)7(q ·B)

<latexit sha1_base64="mxl8Qd6yx69mkUHxR1DJKx/OHUw="></latexit>

!µ ⌘ 1

2
✏µ⌫↵�u⌫@↵u� , Bµ ⌘ 1

2
✏µ⌫↵�u⌫F↵�

<latexit sha1_base64="9X9noEY3EMxtNx7/LcpcnENpZDw="></latexit>

�(0)> ⇡ G2
F

⇡
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g2V + 3g2A

�
E3

⌫(1� f (e))

✓
1� 3E⌫

MN

◆
np � nn

1� e�(µn�µp)

�(B)> ⇡ G2
F

2⇡MN

�
g2V + 3g2A

�
E⌫(1� f (e))

✓
1� 8E⌫

3MN

◆
np � nn

1� e�(µn�µp)

�(!)> ⇡ G2
F

2⇡

�
g2V + 3g2A

�
E⌫(1� f (e))

⇣
2 + �E⌫f

(e)
⌘ np � nn

1� e�(µn�µp)
<latexit sha1_base64="FqVrqRsrLwk1qb24MVflTv175Yw="></latexit>

Γ(0) was computed in Reddy, Prakash, Lattimer, PRD (1998)

Yamamoto, Yang,  ApJ (2020)



A practical version (with  ignoring curvature)nμ = (1,0)

Chiral radiation transport theory

Neutrino current and energy-momentum tensor (ignoring nonlinear in f)

Jµ =

Z

q

1

|q| (q
µ�Sµ⌫D⌫)f, Tµ⌫ =

Z

q

1

|q|


qµq⌫�1

2
(qµS⌫⇢ + q⌫Sµ⇢)D⇢

�
f

<latexit sha1_base64="joPIq/5GL891gNACpZYwKGNA6G8="></latexit>

Dµ = rµ � ��
µ⌫q

⌫@q�, Sµ⌫ =
✏µ⌫↵�q↵n�

2q · n
<latexit sha1_base64="zwVkAwg0deGzgFq/jXZbjvtBctE="></latexit>

& corresponding chiral corrections in matter sector (back reaction)

emission absorption
qµDµf = (1� f)�< � f�>, �7 ⇡ �(0)7+�(!)7(q · !) + �(B)7(q ·B)
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2
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Yamamoto, Yang,  ApJ (2020)



• Neutrino current near equilibrium:

Nonequilibrium chiral effects by B 

• Electric current induced by generic nonequilibrium neutrinos:

T i0
⌫ ⇡ µ⌫j

i
⌫ ⇡ � 1

72⇡MNG2
F(g

2
V + 3g2A)

e2�(µn�µp)

nn � np
(r · v)µ⌫B

i

<latexit sha1_base64="fyqZbEXZBL6r8joLYqY6mWY5gvQ="></latexit>

⇠̇B =
1

4⇡3
(g2V + 3g2A)G

2
F(np � nn)

Z 1

0
p2dp


f̄e(1� f⌫)

1� e�(µn�µp)
+

(1� f̄e)f⌫
1� e�(µp�µn)

�

<latexit sha1_base64="mw/MBoENsobiCWJZ3wvFjWhjeNg="></latexit>

je = ⇠BB
<latexit sha1_base64="2MuAFLw9RDtfnYqorl5wxNQUA2Q="></latexit>

Yamamoto, Yang, PRD (2021), arXiv:2211.14465

Effective chiral magnetic effect (without μ5)
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JNi = 4
<latexit sha1_base64="4zJxpdzMMzVMpbtYNtIELzqBDSA="></latexit>

left-handed

right-handed

: nonequilibrium many-body manifestation of the chiral effect

Wu experiment
spin momentum

Je,⌫ / B
<latexit sha1_base64="wJoKwXn65dKPof+6PD9otSdC63c="></latexit>



Effective chiral magnetic effect 

• Kinetic helicity generated by hydro evolution with CVE              　 
→ globally present unlike turbulent generation (α effect)       

•  due to scattering with nonequilibrium neutrinosξB( fν)

•  generated by the electron capture 　　　　　　
→ may be erased by chirality flipping (eR ↔ eL) due to finite 

μ5 p + eL ↔ n + νL
e

me

je = [#µ5 +#v · ! + ⇠B(f⌫) + · · · ]B
<latexit sha1_base64="n5mRzBnglfnaBl3Gi0vtz/Uu0qw="></latexit>

For the conventional α effect, see talk by Matsumoto

Ohnishi, Yamamoto (2014); Grabowska, Kaplan, Reddy (2015); Sigl, Leite (2016), …

Yamamoto (2016)

Yamamoto, Yang, arXiv:2211.14465



Effective chiral magnetic effect 

•  due to scattering with nonequilibrium neutrinosξB( fν)

je = [#µ5 +#v · ! + ⇠B(f⌫) + · · · ]B
<latexit sha1_base64="n5mRzBnglfnaBl3Gi0vtz/Uu0qw="></latexit>

⇠B =
1

4⇡3
(g2V + 3g2A)G

2
F(np � nn)t

Z 1

0
p2dp


f̄e(1� f⌫)

1� e�(µn�µp)
+

(1� f̄e)f⌫
1� e�(µp�µn)

�
+ (antiparticle0s)

<latexit sha1_base64="P2X4g6IT2BLeNPePuYUYmkd9Bnw="></latexit>

Matter sector gains not only energy but also helicity

Ye ' 0.4, ⇢ ⇠ 1010 g · cm�3, T ⇠ 1011 K, µn � µp ' 3MeV, t ⇠ 0.1 s
<latexit sha1_base64="HELo3bsjZDA1Rv1MbYRtu0klSjU="></latexit>

⇠ 0.1-1MeV
<latexit sha1_base64="pf2Xm/Y6aTatARNPJ9BqsGz6FdY="></latexit> in the gain region



Local simulation for supernovae
Masada et al., arXiv:1805.10419; Matsumoto et al, arXiv:2202.09205

@tB = r⇥ (v ⇥B) + ⌘r2B + ⌘r⇥ (⇠BB)

+(di↵usion)(dissipation)

@tH(⇠B) =
⌘

2⇡2
(r⇥B � ⇠BB) ·B

<latexit sha1_base64="zMECKHce2U9VQuE95DqHfakVvxY="></latexit>

Chiral magnetohydrodynamic (MHD) equations

see also Rogachevskii et al. (2017), Brandenburg et al. (2017), Schober et al. (2018)

See talks by Schober and Matsumoto

https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fabs%2F1805.10419&sa=D&sntz=1&usg=AOvVaw06fZQRdfJJVPIcCP6GRSOj
https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fabs%2F2202.09205&sa=D&sntz=1&usg=AOvVaw1byPC8Uzoi1woOkv6nIIPe


Chiral plasma instability
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Consider a perturbation of a seed magnetic field.

Joyce, Shaposhnikov (1997); Akamatsu, Yamamoto (2013)



Chiral plasma instability
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effective CME

Joyce, Shaposhnikov (1997); Akamatsu, Yamamoto (2013)



Chiral plasma instability

Ampère's law
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Joyce, Shaposhnikov (1997); Akamatsu, Yamamoto (2013)



Chiral plasma instability
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effective CME

Joyce, Shaposhnikov (1997); Akamatsu, Yamamoto (2013)



Chiral plasma instability
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Ampère's law

Positive feedback: instability → generation of magnetic field with ℋ ≠ 0

Joyce, Shaposhnikov (1997); Akamatsu, Yamamoto (2013)



Time evolution of B
Matsumoto, Yamamoto, Yang, arXiv:2202.09205

100MeV = 1, ⌘ = 1
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　Possible new mechanism for magnetars?

100MeV = 1, ⌘ = 1
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Contribution to pulsar kicks

This can be comparable to the observed magnitude for B~1015 G.

Neutron 
star

vkick ⇠ 100

✓
B

1015 G

◆
km/s
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Neutrino energy current provides a “kick” to neutron stars.

vkick
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Yamamoto, Yang,  PRD (2021); see also Vilenkin, ApJ (1995)

T i0
⌫ / Bi
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What about 3D chiral matter?: energy & helicity

………………

Direct cascade (3D):
energy

Inverse cascade (2D):
energy & enstrophy

Hanke (2014)
2D3D

Turbulent cascade



Time evolution of B
Matsumoto, Yamamoto, Yang, arXiv:2202.09205

see also Brandenburg et al., arXiv:1707.03385; Masada et al., arXiv:1805.10419

⇠B,ini = 10�1
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Time evolution of v

Chiral effects lead to inverse cascade, which may affect explosion dynamics

Matsumoto, Yamamoto, Yang, arXiv:2202.09205⇠B,ini = 10�1
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Summary & Outlook

• Parity violation in the weak theory is fundamental, yet ignored 
in the conventional supernova computations.

• Nonequilibrium chiral effects modify hydrodynamic behaviors: 
chiral plasma instability, inverse cascade, …

• Possible contributions to magnetars and pulsar kicks

• Relevance of other effects? (chiral vortical, spin Hall effects, …)

• Future global simulations would be important.


