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Neutrino Oscillations in Dense Media 

coupling nonlinearity

i(@t + v ·r)⇢ = [H , ⇢]
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• Neutrino evolution in dense neutrino media is very different from 
the one in vacuum and matter
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Fast Flavor Conversions
• In our traditional understanding, we assumed that neutrinos are 

emitted isotropically from the surface of the neutrino source

•            -               is either always positive or negative

• This implies that the scales on which flavor conversion could occur 
are determined by vacuum frequency
�m2/2E ⇠ 1 km�1
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• FFC could occur when there is crossing in            - 

• Scales on which flavor conversion can occur is now proportional to

          and could be < 10 cm
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<latexit sha1_base64="Jr9e/Sp4RpZ39tJUcTCR4xkprq0=">AAACGXicdVDNS8MwHE3n15xfVY9egkPwIKN1Q91t6MXjBPcBaylplm1haVqSVBil/4YX/xUvHhTxqCf/G9NuBRV9EHi8937JL8+PGJXKsj6N0tLyyupaeb2ysbm1vWPu7nVlGAtMOjhkoej7SBJGOekoqhjpR4KgwGek50+vMr93R4SkIb9Vs4i4ARpzOqIYKS15ppU4+SUDMfbdxKo1M5ydzEm9qYnVsK16PeVe4vA4TT2zWqRgkYJFCto1K0cVLND2zHdnGOI4IFxhhqQc2Fak3AQJRTEjacWJJYkQnqIxGWjKUUCkm+RLpfBIK0M4CoU+XMFc/T6RoEDKWeDrZIDURP72MvEvbxCr0YWbUB7FinA8f2gUM6hCmNUEh1QQrNhME4QF1btCPEECYaXLrOgSip/C/0n3tGZrftOoti4XdZTBATgEx8AG56AFrkEbdAAG9+ARPIMX48F4Ml6Nt3m0ZCxm9sEPGB9fqQGdmw==</latexit><latexit sha1_base64="Jr9e/Sp4RpZ39tJUcTCR4xkprq0=">AAACGXicdVDNS8MwHE3n15xfVY9egkPwIKN1Q91t6MXjBPcBaylplm1haVqSVBil/4YX/xUvHhTxqCf/G9NuBRV9EHi8937JL8+PGJXKsj6N0tLyyupaeb2ysbm1vWPu7nVlGAtMOjhkoej7SBJGOekoqhjpR4KgwGek50+vMr93R4SkIb9Vs4i4ARpzOqIYKS15ppU4+SUDMfbdxKo1M5ydzEm9qYnVsK16PeVe4vA4TT2zWqRgkYJFCto1K0cVLND2zHdnGOI4IFxhhqQc2Fak3AQJRTEjacWJJYkQnqIxGWjKUUCkm+RLpfBIK0M4CoU+XMFc/T6RoEDKWeDrZIDURP72MvEvbxCr0YWbUB7FinA8f2gUM6hCmNUEh1QQrNhME4QF1btCPEECYaXLrOgSip/C/0n3tGZrftOoti4XdZTBATgEx8AG56AFrkEbdAAG9+ARPIMX48F4Ml6Nt3m0ZCxm9sEPGB9fqQGdmw==</latexit><latexit sha1_base64="Jr9e/Sp4RpZ39tJUcTCR4xkprq0=">AAACGXicdVDNS8MwHE3n15xfVY9egkPwIKN1Q91t6MXjBPcBaylplm1haVqSVBil/4YX/xUvHhTxqCf/G9NuBRV9EHi8937JL8+PGJXKsj6N0tLyyupaeb2ysbm1vWPu7nVlGAtMOjhkoej7SBJGOekoqhjpR4KgwGek50+vMr93R4SkIb9Vs4i4ARpzOqIYKS15ppU4+SUDMfbdxKo1M5ydzEm9qYnVsK16PeVe4vA4TT2zWqRgkYJFCto1K0cVLND2zHdnGOI4IFxhhqQc2Fak3AQJRTEjacWJJYkQnqIxGWjKUUCkm+RLpfBIK0M4CoU+XMFc/T6RoEDKWeDrZIDURP72MvEvbxCr0YWbUB7FinA8f2gUM6hCmNUEh1QQrNhME4QF1btCPEECYaXLrOgSip/C/0n3tGZrftOoti4XdZTBATgEx8AG56AFrkEbdAAG9+ARPIMX48F4Ml6Nt3m0ZCxm9sEPGB9fqQGdmw==</latexit><latexit sha1_base64="Jr9e/Sp4RpZ39tJUcTCR4xkprq0=">AAACGXicdVDNS8MwHE3n15xfVY9egkPwIKN1Q91t6MXjBPcBaylplm1haVqSVBil/4YX/xUvHhTxqCf/G9NuBRV9EHi8937JL8+PGJXKsj6N0tLyyupaeb2ysbm1vWPu7nVlGAtMOjhkoej7SBJGOekoqhjpR4KgwGek50+vMr93R4SkIb9Vs4i4ARpzOqIYKS15ppU4+SUDMfbdxKo1M5ydzEm9qYnVsK16PeVe4vA4TT2zWqRgkYJFCto1K0cVLND2zHdnGOI4IFxhhqQc2Fak3AQJRTEjacWJJYkQnqIxGWjKUUCkm+RLpfBIK0M4CoU+XMFc/T6RoEDKWeDrZIDURP72MvEvbxCr0YWbUB7FinA8f2gUM6hCmNUEh1QQrNhME4QF1btCPEECYaXLrOgSip/C/0n3tGZrftOoti4XdZTBATgEx8AG56AFrkEbdAAG9+ARPIMX48F4Ml6Nt3m0ZCxm9sEPGB9fqQGdmw==</latexit>

• Neutrino oscillations can now occur at densities that had been 
long thought to be the realm of collisional and scattering 
processes
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• The angular distributions are not available, instead we have only 
access to their moments


<latexit sha1_base64="2SiXLKtQnH3nubOWSQgscmMon8A="></latexit>
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Z
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• We can still make progress!
 Dasgupta+2018; Abbar2020; Johns+2021; 
Richers2022; 


• But these methods are normally inefficient and very slow


• FFC can not be detected on the fly

Fast Flavor Conversions

• In M1 closure scheme only the evolution of zeroth and first 
moments are followed directly 
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• Question: Given     and    , do ELN crossings exist?
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• Question: Given     and    , do ELN crossings exist?
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Application of Machine Learning

• Machine learning can help us

• We have four feature here:

      and     for neutrinos and 

  antineitrnonos 


Forbes.com
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• For training, we use analytical maximum-entropy and gaussian 
distributions 


<latexit sha1_base64="ixBkiFAHI2eLYYmqVf1Y9zGNHOU=">AAACHXicdZBLSwMxEMez9VXrq+rRS7AIFbHsFql6EIpePCrYB3RLyaazNpjNLsmsWIpfxItfxYsHRTx4Eb+NaS2+0AmBye8/w2T+QSKFQdd9czITk1PTM9nZ3Nz8wuJSfnmlbuJUc6jxWMa6GTADUiiooUAJzUQDiwIJjeDiaKg3LkEbEasz7CfQjti5EqHgDC3q5HfCjq/Sos9j42MPkA2fm/SA+nCVFLd9S7YY/SV38gW3tF8pl70K9UruKKglu/Z8kQIZx0kn/+J3Y55GoJBLZkzLcxNsD5hGwSVc5/zUQML4BTuHlk0Vi8C0B6PtrumGJV0axtpehXREv3cMWGRMPwpsZcSwZ35rQ/iX1kox3GsPhEpSBMU/BoWppBjToVW0KzRwlH2bMK6F/SvlPaYZR2tozprwufv/Sb1c8iol73SnUD0c25Ela2SdFIlHdkmVHJMTUiOc3JA78kAenVvn3nlynj9KM864Z5X8COf1HZHroaA=</latexit>

f⌫(cos ✓⌫) = exp(�⌘ + a cos ✓⌫)
<latexit sha1_base64="nnpB5K3fk5v/X96gfk73EyvebJk="></latexit>

f⌫(cos ✓⌫) = exp[�a(1� cos ✓⌫)
2 + b]

Application of Machine Learning
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• We have four feature here:     and     for neutrinos and antineutrinos 
(one is redundant) 


<latexit sha1_base64="OudB2DmYNOO0L6StfTHRueTocog=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVtra3ohe9VbS20C4lm2bb0Gx2SbJCKf0JXjwo4tVf5M1/Y/ohqOiDgcd7M8zMCxLBtcH4w8ksLa+srmXXcxubW9s7+d29Ox2nirIGjUWsWgHRTHDJGoYbwVqJYiQKBGsGw4up37xnSvNY3ppRwvyI9CUPOSXGSjdXXdzNF7Bbwl61WELYrVpUipbgUw/jMvJcPEMBFqh38++dXkzTiElDBdG67eHE+GOiDKeCTXKdVLOE0CHps7alkkRM++PZqRN0ZJUeCmNlSxo0U79PjEmk9SgKbGdEzED/9qbiX147NWHFH3OZpIZJOl8UpgKZGE3/Rj2uGDViZAmhittbER0QRaix6eRsCF+fov/J3YnrlV3vulionS/iyMIBHMIxeHAGNbiEOjSAQh8e4AmeHeE8Oi/O67w14yxm9uEHnLdPO6+NyA==</latexit>

I0
<latexit sha1_base64="fajnvfL5CNhxx9DQeGL7ulg5IV0=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnRJCa3oBe9RTQmkCxhdjKbDJl9MDMrhJBP8OJBEa9+kTf/xslDUNGChqKqm+4uP5FCG4w/nMzS8srqWnY9t7G5tb2T392703GqGG+wWMaq5VPNpYh4wwgjeStRnIa+5E1/eDH1m/dcaRFHt2aUcC+k/UgEglFjpZurLunmC9gtYVItlhB2qxaVoiX4lGBcRsTFMxRggXo3/97pxSwNeWSYpFq3CU6MN6bKCCb5JNdJNU8oG9I+b1sa0ZBrbzw7dYKOrNJDQaxsRQbN1O8TYxpqPQp92xlSM9C/van4l9dOTVDxxiJKUsMjNl8UpBKZGE3/Rj2hODNyZAllSthbERtQRZmx6eRsCF+fov/J3YlLyi65LhZq54s4snAAh3AMBM6gBpdQhwYw6MMDPMGzI51H58V5nbdmnMXMPvyA8/YJPTONyQ==</latexit>

I1
<latexit sha1_base64="S7SUD1XXT7r2xU5/cBbut+gVEqM=">AAACAnicdVDLSgMxFM3UV62vqitxEyyCqyFTqmMXQlEQ3VWwtdCWIZNm2tBMZkgyQhkGN/6KGxeKuPUr3Pk3pg9BRQ/cy+Gce0nu8WPOlEbow8rNzS8sLuWXCyura+sbxc2tpooSSWiDRDySLR8rypmgDc00p61YUhz6nN74w7Oxf3NLpWKRuNajmHZD3BcsYARrI3nFnXMv7YgkgyewE0hM0kvPyUxDmVcsIdspuy5CENnVatV1D6cEVVzo2GiCEpih7hXfO72IJCEVmnCsVNtBse6mWGpGOM0KnUTRGJMh7tO2oQKHVHXTyQkZ3DdKDwaRNCU0nKjfN1IcKjUKfTMZYj1Qv72x+JfXTnRw3E2ZiBNNBZk+FCQc6giO84A9JinRfGQIJpKZv0IywCYJbVIrmBC+LoX/k2bZdo5s56pSqp3O4siDXbAHDoADXFADF6AOGoCAO/AAnsCzdW89Wi/W63Q0Z812tsEPWG+fr12XAg==</latexit>

F⌫ =
I1
I0

<latexit sha1_base64="stHXO5qzV71nHPFwvYneeB7D3xs="></latexit>

↵ =
I ⌫̄e
0

I⌫e
0

Application of Machine Learning
• For training, we use analytical maximum-entropy and gaussian 

distributions 


<latexit sha1_base64="ixBkiFAHI2eLYYmqVf1Y9zGNHOU=">AAACHXicdZBLSwMxEMez9VXrq+rRS7AIFbHsFql6EIpePCrYB3RLyaazNpjNLsmsWIpfxItfxYsHRTx4Eb+NaS2+0AmBye8/w2T+QSKFQdd9czITk1PTM9nZ3Nz8wuJSfnmlbuJUc6jxWMa6GTADUiiooUAJzUQDiwIJjeDiaKg3LkEbEasz7CfQjti5EqHgDC3q5HfCjq/Sos9j42MPkA2fm/SA+nCVFLd9S7YY/SV38gW3tF8pl70K9UruKKglu/Z8kQIZx0kn/+J3Y55GoJBLZkzLcxNsD5hGwSVc5/zUQML4BTuHlk0Vi8C0B6PtrumGJV0axtpehXREv3cMWGRMPwpsZcSwZ35rQ/iX1kox3GsPhEpSBMU/BoWppBjToVW0KzRwlH2bMK6F/SvlPaYZR2tozprwufv/Sb1c8iol73SnUD0c25Ela2SdFIlHdkmVHJMTUiOc3JA78kAenVvn3nlynj9KM864Z5X8COf1HZHroaA=</latexit>

f⌫(cos ✓⌫) = exp(�⌘ + a cos ✓⌫)
<latexit sha1_base64="nnpB5K3fk5v/X96gfk73EyvebJk="></latexit>

f⌫(cos ✓⌫) = exp[�a(1� cos ✓⌫)
2 + b]
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• We have four feature here:     and     for neutrinos and antineutrinos 
(one is redundant) 


<latexit sha1_base64="OudB2DmYNOO0L6StfTHRueTocog=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVtra3ohe9VbS20C4lm2bb0Gx2SbJCKf0JXjwo4tVf5M1/Y/ohqOiDgcd7M8zMCxLBtcH4w8ksLa+srmXXcxubW9s7+d29Ox2nirIGjUWsWgHRTHDJGoYbwVqJYiQKBGsGw4up37xnSvNY3ppRwvyI9CUPOSXGSjdXXdzNF7Bbwl61WELYrVpUipbgUw/jMvJcPEMBFqh38++dXkzTiElDBdG67eHE+GOiDKeCTXKdVLOE0CHps7alkkRM++PZqRN0ZJUeCmNlSxo0U79PjEmk9SgKbGdEzED/9qbiX147NWHFH3OZpIZJOl8UpgKZGE3/Rj2uGDViZAmhittbER0QRaix6eRsCF+fov/J3YnrlV3vulionS/iyMIBHMIxeHAGNbiEOjSAQh8e4AmeHeE8Oi/O67w14yxm9uEHnLdPO6+NyA==</latexit>

I0
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Application of Machine Learning
• For training, we use analytical maximum-entropy and gaussian 

distributions 
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Abbar (2023)



Logistic Regression

Figure from wikipedia

• Based on finding a line that separates the data points, in which a 
logistic function is applied on the top of the linear one so that one can 
decide on the basis of some final values which are in (0,1) 

http://www.elusives.eu
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Logistic Regression

Figure from wikipedia

• one should first make non-linear transformations 
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Logistic Regression

Figure from wikipedia

• one should first make non-linear transformations 
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• In our problem, maximum accuracy is reached for n = 9

Academia Sinica, March 16, 2023

Abbar (2023)



Logistic Regression

Figure from wikipedia
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• In order to overcome the overfitting, one needs at least a few 
thousand points  

Academia Sinica, March 16, 2023

Abbar (2023)



Just+2022
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Logistic Regression
• LR performs well on NSM remnant simulation data

Academia Sinica, March 16, 2023



Just+ (2022)
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Logistic Regression
• LR performs well on NSM remnant simulation data

• Another justification for using parametric angular distributions

Academia Sinica, March 16, 2023

Abbar (2023)
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Logistic Regression
• LR performs well on NSM remnant simulation data

Academia Sinica, March 16, 2023
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Logistic Regression
• Calculations with n = 3 also perform relatively well

Academia Sinica, March 16, 2023
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• All our ML algorithms can reach good accuracies


Application of Machine Learning

Academia Sinica, March 16, 2023

Abbar (2023)
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• Machine learning methods prove to be very promising regarding the 
detection of FFI


Future Directions
• Improve the ML algorithms with more realistic data


• Three-flavor effects: muon creation


Academia Sinica, March 16, 2023
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Summary

• Machine learning is fascinating!


Academia Sinica, March 16, 2023



KNN
• KNN is one of the simplest forms of machine learning algorithms 

mostly used for classification. It classifies the data point on how 
its neighbor is classified.

townrdsdatascience.com




Decision Tree
• In decision tree, one makes decision using a tree-like structure. 

At each node, one of the features is selected and the branching 
occurs.

mldoodles.com



SVM

Figure from wikipedia

•  Support Vector Machine is a classification based on finding a line 
that classifies the data points, maximises the margins

http://www.elusives.eu
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