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Works Done

Non-Linear Analysis :

« Late-time Behavior of Fast Neutrino Oscillations (Phys.Rev.D 102 (2020) 6, 063018)

» Fast Flavor Depolarization of Supernova Neutrinos (Phys.Rev.Lett. 126 (2021) 6, 061302)

« Elaborating the Depolarization of Fast Collective Neutrino Flavor Oscillations (Manuscript in
Preparation)

Linear Analysis :

» Fast Flavor Oscillations of Astrophysical Neutrinos with 1, 2, ..., o Crossings (JCAP 07 (2021)
023)
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A Brief Review
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Neutrinos from SN : A Brief Review

Shock Wave
Implosion Bounce

—_— —_—

a

Georg G. Raffelt ) L.
“Stars as laboratories for fundamental physics” Neutrino Emission
Chicago, USA: Univ. Pr. (1996) 664 p (1996)

Neutrino heating

— Stalled Shock
v,V
Successful explosion L%

—
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Flavor Conversion of SN Neutrinos

Ensemble of neutrinos —» density matrix —» p3|Z,t] —» (

—— Survival Probability
——  Flavor Conversion
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Flavor Conversion of SN Neutrinos

Ensemble of neutrinos —» density matrix —» p;[%, | »(

——— Survival Probability

Flavor Conversion

. —1 0 1 0 d>q _
(@t+p-Vf)ﬂﬁ=iw[<O 1>,pﬁ]+A[<O 0>7ﬂﬁ]‘|‘ﬂ/(2w)3 (1 = cos b57) [pq*—pcy,pﬁ]
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¥

Matter Effects

A= \/iGpne
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Flavor Conversion of SN Neutrinos

ee exr

Py Pp )
Tre €Trar

Py Pp

Survival Probability

Ensemble of neutrinos —» density matrix —» p;[7, ¢] »(

Flavor Conversion
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Neutrino Self-interaction

n = \@Gpny
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R <10 km
Neutrinos trapped
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Neutrinos /Antineutrinos
forward scatter with each other

R <10 km
Neutrinos trapped

R ~10 km

Fast Flavor Conversion~ 1
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Neutrinos /Antineutrinos

. \ Image courtesy : B.Dasgupta
orward scatter with each othe

eutrinos /Antineutrinos
forward scatter
with electrons
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Neutrinos /Antineutrinos
orward scatter with each other

A

R <10 km
Neutrinos trapped

R ~10 km

Fast Flavor Conversion~

Neutrinos /Antineutrinos
forward scatter
with electrons

\
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freely propagate in vacuum
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Fast Flavor Conversion : A Review

* Independent of mass hierarchy : FE plays no role

(8t+ﬁ-Vf)pﬁ=iw[ 0 ,pﬁ] + A ,pﬁ] +u/d367 (1 — coszz) [p@—ﬁqaﬂﬁ]
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Fast Flavor Conversion : A Review

* Independent of mass hierarchy : £ plays no role

* Rapid conversion
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Fast Flavor Conversion : A Review

* Independent of mass hierarchy : FE plays no role

* Rapid conversion

07 o et

 Requires “zero” crossing

e |

7

Crossing ‘f
¥

R~ 010 km)
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Fast Flavor Conversion : A Review

S{; \
|
@ W, A << [ Sy
1 > Net flavor
. ) ) o2 € content
(at+?7.V)SQ7:,LL/d3?7GU/ (1-77)Sy xS
J
1
SU Net flavor
conversion

Gy = /dw Juw,7—» “Zero” Crossing in v
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Fast Flavor Conversion : A Review

S{;’ ~N
|
@ W, A << Sy
1 >~ Net flavor
= / / o2 € content
(875 + ?7V) S{; = K / d3?7 GU’ (1 — - ’(7) Sﬁ»/ X Sg
1L
_ SU Net flavor
Coupled nonlinear P.D.E conversion
Gy = [ dw Juw,7—» “Zero” Crossing in v

Huge Phase space : 3 space + 3 momentum + 1 time

March 11, 10
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Coupled Nonlinear P.D.E : Previous attempts

Phys. Rev. Lett. 118 (2017) 021101

Linear Stab'IH'ty analysis Phys. Rev. D 96 (2017)043016
~ 1

(8,5 + . V)SL = fU“%SL /dgv v“v Gquq,
[t 77] QU[W K] —iQt+i K7

ImQ >0

Understood quite well !!
S 1, 7] oc ’

~

> det[IT*[Q, K] =0

@ebraic equatD
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Coupled Nonlinear P.D.E : Previous attempts

Phys. Rev. Lett. 118 (2017) 021101
Nonllnear analysis Phys. Rev. D 96 (2017)043016
H ”/1

~ N

L det[IT*[Q, K] =0

'(8,5 +g§)5l ’U“%SL /dgv v“v Gq/Sq,
[t 7:1 QU[(«U K] — it +iK -7

/
/ O\

Sg|fz‘nal 29 AIJ/g//,,ébralc eqblgflon
29

Not Understood quite well !!
it ‘final .-
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Huge Phase Space : Previous attempts

. B.Dasgupta, A.Mirizzi and M.Sen
CStatlonarD JCAP 2017 (2017) 019

(0 + 5.V)Sy = M/di’)a’c:ﬁ, (1-77)Sy xSs

Lack of temporal information !!
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Huge Phase Space : Previous attempts

B.Dasgupta, A.Mirizzi and M.Sen
JCAP 2017 (2017) 019

B.Dasgupta and M.Sen
Phys.Rev.D 97 (2018)023017

S.Chakraborty, R.S Hansen, l.l1zaguirre and G.Raffelt
JCAP(2016) 042

CHomogeneous
>

0; + 7.V sgzufdi’)ﬁ’aﬁ, 1—7-7)Sy xSy
0+ 59 (1-7.7)

Lack of Spatial information !!
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Huge Phase Space : Previous attempts

B.Dasgupta, A.Mirizzi and M.Sen
Phys. Rev. D 98 (2018) 103001

( 1+1+1 D >

&‘FUVS*: /d3?7G4 1—-7- 17>S~I><S~

Magnitude of neutrino velocity not fixed to unity !!
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Our Motivation

Nonlinear Analy}

Theory of FFC in nonlinear regime

_

Phys.Rev.D 102 (2020) 6, 063018
Phys.Rev.Lett. 126 (2021) 6, 061302
+ 1 in preparation

Phase spah

Developing a numerical code

Final neutrino signal

2 space + 2 vel + 1 time

(Linear analysis)

JCAP 07 (2021) 023
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Dependence on angular distribution

NN

Dispersion relation solver
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Phase spah

Developing a code

Final neutrino signal

r—Y v§+v§:1

2 space + 2 vel + 1 time
/1 vel

(Linear analysis)

JCAP 07 (2021) 023
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Dependence on angular distribution

NN

Dispersion relation solver
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Numerical
Techniques
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P.D.E Solver

________________________________________ N 1) Discretize in each spatial T
direction for each velocity mode
Method : i Solver :
1) Fast Fourier Transform Scipy.fftpack.diff

2) Periodic B.C in space In python

2) A set of coupled nonlinear O.D.E

Method : Solver :
B.D.F Zvode in python

3) Solve O.D.E’s intime |1

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021 9



Dispersion relation solver

Simple algebraic
Equation

******

K

FSOLVE : Powell’s Conjugate
Direction
QUAD : Adaptive quadrature

Gy
kl’l)l

I [k, w] = n + /d317 vHY
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Results :
lonlinear Analysis
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Nonlinear Analysis : Toy Model

1

Phase Space : 1 space + 1 vel + 1 time dimension (0 + v02)S, = ,u/ dv' Gy (1 — UUI) Sy’ X Sy

—1
Neutrino angular distribution :

G;} =6v, A=
1 .m 2(v—0), if v > v,.,
/ G,dv=A {GL [ve] = { ( )

1—v.)"— .
1 2%(1}—1}&, if v <we,

—01<<i1) <<11 @{ { if v>0,
c constant 1, ifv<o0,
- { —12(v—0.2)% A4<0
G =12(w+02)° A>0
Initial Condition : Sz, 0] = 1vv | P.D.E Solver

Sifz, 0] = 0(107%)

> ¢ =50

Extreme nonlinearity

Soumya Bhattacharyya March 11, 11
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Nonlinear Analysis : Toy Model

Phase Space : 1 space + 1 vel + 1 time dimension

1 dimensional box of lenght L with periodic boundary conditions

Neutrinos emitted from each point in the box with velocity v = cos 6

00 2
ELN distribution : ¢, — V3G » / BB (Bv) = fo (B0)]

0 2m2 |

1

Solve this equation : ((‘9t + v@x)Sv = ,LL/
—1

Soumya Bhattacharyya March 11, 11
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Nonlinear Analysis : Toy Model

Phase Space : 1 space + 1 vel + 1 time dimension

v = cos 0

lenght L with periodic boundary c

dvG, = A

—1
G, as a function of v crossing v, External perturbation

om each point in the box with vel N
S

A

Vary .

\/§GF /OOO dEE2 fue<E7U) - fﬁe(E?U)

e

Solve this equation : ((‘9t + vaz)sv = ,u/
—1

Soumya Bhattacharyya March 11, 11
2022

1

dv/Gv/ (1 — vv/) S, XSy



Nonlinear Analysis : Nature of nonlinear solution

« System shows irreversibility (steady state) in time

» The bloch vector shows tendency to flip over

'

i

0.5

1.0

0.51

0.0 , 0.0

(s!)

0.0

15
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Nonlinear Analysis : Nature of nonlinear solution

* Length of the bloch vector shrinks when spatially averaged

* Final solution shows flavor depolarization depending on the nature of v and A

« A=0 —» Full flavor depolarization forallv —» S, = 0Vv

- A#0 —» Partial flavor depolarization and the range of fully flavor depolarized
modes depend on size and sign of A

G, t=50,A=0 Case
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Nonlinear Analysis : Nature of nonlinear solution

« The phase relationship between the transverse components of the bloch vector
becomes randomized all over the space independent of the nature of v and A at late

times
’ Vv " v
t=50,A=0 t=50,A<0
0.030 G, I1.o 0.030 G, I1.o 0.030
.025 1 0.025 1 0.025
L 0.5 L 0.5 0.020
0.020{ TL 1 f “| e
h 1 4 ! >
- | =
= =1 - —
0.0 T 0.015 -ﬂﬁm L 0.0 5 0.015
S = |
0.010 Ji R 0.010 gt L) |
L —0.5 | dil'li) B L L —0.5 0.005 [ F '
I 0.005 1 I ' I
0.000 ——— -1.0
-1.0 0000-]"{ _i _‘E -;1 EI) r_i' E' 3_'!7 ]':( -1.0 - _% -% -% 0 % % % T
7 2 4 4 2 ry ¢V
[0
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Main physics aspects governing late-time nonlinear behaviour :

Multipole cascade

Irreversible pendulum motion ( for low n multipoles )

Transverse relaxation

Spatial coarse-graining

Soumya Bhattacharyya March 11, 2022 17



Nonlinear Analysis : Theory of extreme nonlinear behaviour

H i H . Georg G. Raffelt and Guinter Sigl Bhattacharyya and Dasgupta (2020)
Multipole Diffusion : Phys. Rev. D 75, 083002 Phys.Rev.Lett. 126 (2021) 6, 061302
a) Multipole space < >
. b) Spatial coarse-graining My 1
Set of coupled nonlinear P.D.E — 2 -
P c) Periodic bondary condition+ 0 M) 2 (a” (M) + na”<M">
1
d2n+1>1
Mn:/ldvaLn[v]Sv . L
_ / )
toat | (M) ~ (M)
2d2 (M,,) + L2 d,(M,) =0
e (My)y ~n) "
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Multipole Diffusion : Georg G. Raffelt and Giunter Sigl Bhattacharyya, Dasgupta (2020)
’ a) Multipole space Phys. Rev. D 75, 083002 Phys.Rev.Lett. 126 (2021) 6, 061302

b) Spatial coarse-graining > 5,(M,) = <J\§1> (87%<Mn> + l&z(Mn})
n

c) Periodic bondary condition
d)2n+1>1

1 2
2 - pum—
Single decoupled O.D.E 2d’7<Mn> T (M) - 77) dp(Mp) =0

10°5

Set of coupled nonlinear P.D.E

Diffusion from low to high n multipoles

Irreversibility !!

(My[t]) = e1 Ei] —n®/ (2(M1)t) | + ¢
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Breaking of flavor waves:

+oc +1
(0; + ivk) Sy [k, t] = ipg / dk / dv'G, (1 —v')
o — 0 J =1

t=0.5 -t=2 t=4.5
J ! 4 ! t=1 - t=25 t=26
(—Sf.[k S [k — K 4] + Sk ]S [k — & ,f.]) _ 10 e
10—2_
=, 10741
_C|Qp

10—6_
107%

1010 Ay

—20 ~10 0 10 20
k
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Irreversible Pendulum Dynamics

“Coarse-grained” Picture
3

M1 x d;My + (D.M1)dM; = [M;]°B x My

3A
dtB: —geg X M1

diS, = H, xS, = (A vM1> X S,

---------------

Soumya Bhattacharyya (TIFR Mumbai) March 11, 2022 19



Nonlinear Analysis :

Theory of extreme nonlinear behaviour

T2 relaxation in pictures :

Initial
o3
ol
e2
e3
el
e2

Not Coarse-grained Coarse-grained

Soumya Bhattacharyya (TIFR Mumbai)

Intermediate

e3

Aug 24, 2021
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Final
o3
ol
e2
o3
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e2
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

T2 relaxation in pictures :

Initial
b e’
S
&
>
9
1
© 1
o e
o
o) e’
Q 3
S €
o
>
(¢}]
&
© 1
o e
O
<)
= e?
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Intermediate

e3
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Image courtesy : B.Dasgupta

Final

e3 Randomization
of phase

Flavor depolarized
steady state : Artifact of
coarse-graining
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

1|— A=0.2
i ] A=04
0.5 1 24 — A=06
] {— A=o08
W 0.0 % 0
—0.5 _ol
S 3 L S S S 5 o S I [y R R I N
—-1.0 —-0.5 0.0 0.5 1.0 1.0 -05 00 05 1.0
v v
3.0 =—
e v, = 0.
2- — v.=0
| — 1 — v.= —0.05
i 2 1.54 — v.=—0.1
S 1 I 1 — v.=—-0.2
Y ] < J
T o EE
o 04 \H\ 1
I ] s
Q —
2 2 —1.5
&
—3.0 +—r—rrrrr
2+ —-1.0 -05 0.0 0.5 1.0
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized steady state !!

GLlv. = 0]
1.5
Lol
g
0.51 W\
0.0- --------------
0 10 20 30

Soumya Bhattacharyya (TIFR Mumbai)

0.2

1.0 ,, l1-0
0.55 \A—\;\Aﬁ\t&h 0.5

—0.5- L_0.5

~1.0 +——————————— I—1.0
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

o .
1.5 1.0 vlve :
1 l 1.0: : 7 Fl'o
: ‘ e = 0.5- AAA 0.5

| w5
e AW
n 0.0 ’ * 0.0
—0.5 i—-o.s
........... -1.0 ++—-r—-—r———r—r-—ri—r—r —1.0
0 4 8 12
t t
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Nonlinear Analysis : Theory of extreme nonlinear behaviour
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Nonlinear Analysis

: Theory of extreme nonlinear behaviour

T2 relaxation in reality :

t=0 (Giv. =0],A =0.2)

1

0.5 1
6|-\ 4
=]
]
X
0
0 —
_|
(7]
HE |

—0.5 1
—‘1 IIIIIIIIIIIIIIIIIII
-1 —0.5 0 0.5 1

Soumya Bhattacharyya

t=4
1
0.5
x )
w0 » "
B E
—0.5
-1+
-1 —0.5 0 0.5 1
Re S [z]
March 11, 2022 20



Nonlinear Analysis : Theory of extreme nonlinear behaviour

T2 relaxation in reality :

t=0 (Giv. =0],A =0.2) t—4
1 1
Y 0.5 1 0.5
U|3 _ wl
= ) - i
X 4 N |
~ 0- ) i < -
o — Phast Randomization
wo ] ]
E | ]
—0.5 —0.5-
—‘1 - _1 lllllllllllllllllll
—1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1
ReSt[z] (x1075) Re S [z]
March 11, 2022 20
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

T2 relaxation in reality :

t=0 (GLv.=0],A=0.8) t=28
1
1 i
] 0.5 1
— 0-5_ ;]\ i
T Lo
o ™ 7 —
A X -
~ ] 0 1 s
— 07 0 1 n
Ny 1 ) é
—H s N 2
2] = |
= - —0.5-
—0.5 1
-1+ T T T T T T T
-1+ -1 —-0.5 0 0.5 1
-1 —0.5 0 0.5 1 ReS2[z] (x1072)

ReS2[z] (x1077)
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

T2 relaxation in reality :

(IS5 1)s 1{S)1

10°

10—2-

10—4-

10—6-

1078+

10—10

GLiv.=0], A =0.2

— (IReSg )
— (ImSg|)

[(Re S3)
— KImS;)]

Soumya Bhattacharyya
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10—4_

1076 -

10—8_

10—10

GLlv, =0], A=0.8

— (|ReS; )
— (ImS;)

|(Re S5)
— [(ImS;)]
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

T2 relaxation in reality :

(IS5 1)s 1{S)1
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GLiv.=0], A =0.2

— (IReSg )
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“Coarse-graining”
Important

. s

(IS5 1), 1{Sp)

March 11, 2022
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

final state :

C B
GHve = 0] s . y G,
157 :‘j — A=02 |
. 1 A=04 ]
:_\j o] — A=0.6 |
— A=0.38 1 0:
] )

1.0+

g ] ‘v &
: 0-5] 0.5]
0.5 i 1 NW ]

: M () E SIS EETRREY I ] \‘*WW

0 10 20 30 0.0+———T T 77T T T

0.0 +————T—T—T—T—TTTTT1 t 0 10 20 30

Gy [ve # 0]

Final state depends on A and zero crossing

0.0+ T T T T T T
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized final state :

Pendulum dynamics + T2 relaxation + Coarse-graining

i Conserved qty

B) - (B
_ —bu? + \/b2uf — 4(2b% — dkuw;) buim, B (8) + (K) - (D) = const
4b? — 8ku; (B) - (K) = const

mpy
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized final state :

my agress quite well with the numerics !!

GLfve = 0] e GElve # 0] e
1.57 1.5 1.53 L5 )
}---- m,; E my (Ana) Q=i . e S, T_n_’ o
1) S —_ SR 1.01 o my (Num) 1.0 . 103 Tl
[ R R [ E = m; 4 1 ] Tl -
] ] ] T ] N it 1 (OurWOrk) . )
0.51 m§ (oUrwork) L 0.5] (Ourwork) ______ 0.57, omf (Ou' = k)~~° 9 0.57 i .
. ] - " . ] my T R bl 1 ]
o ] s . ' ] > :.
0.09 £ 007 £ 0.0 £ 0.0]
: 1 ] —0.5]
—0.51 —0.51 —0-55 ]
] ] ] —1.0]
—1.07 —1.07 —1.03 ]
] ] ] 15—+
VYT M S T T A5 0 Jo.08 0 6.0 SEEL R
0.2 0.4 0.6 0.8 0.2 04: 4 08 0.8 LAt R, f
A
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized final state :

b(m;—my)—3% <u12722 —uf)
¥
v Wiy 1
(HL[tg]) 2k (i = 5771 ) (Hy [ts]) 2 O((H,[t]))
i) y > [Vmin, Uma] Range of fully flavor
vl[lf — 5 —vmy d -
epolarized modes
10% Gylve =01 GLlv, # 0]
103; 103; 1
1 & 1074
10?5 102%
N = E -~|= ; — 10! E
L3 1015 ESES 101§ IE E
100; 100; 100%
101 % 10-1 ; 1071 é
_1-6I “_6-I5I | IO‘LOI ; IO-‘SI ; ‘1-0 _;_.6' H_[').é‘ ‘ '0‘_(_]' H ‘015' o ‘1.0 —;I..C‘}‘ P EEESEEENS
v
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized final state :

(H[ts])

T
(Hylty])

—>

1044
1033

102§

(H,
H

101;

100§

10_1§

v
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_1.(\)\||_c|).|5|||010||||||||\

~ —

VUmaz ~ 0

103§
- 104

10! =

(NS [Uminavmax] .

v ¢ [Umina Umax]

G\L,-[Vc =0]

107

10°

_1.6‘ \l_c|)‘|5| T |0\.0\ T |D.|5| T |1l0

v
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Full Depolarization

1024

EES

10_1§

GLlv, = 0]

: Partial Depolarization ~ A | v, |

10

10° 4

— v;=0

V.= +0.05
— v,= —0.05
—_— V= —0.1
—_ V= —0.2

1.0

II_CIJ.él T IO:O\ T T

\OI.SI T

1.0
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized final state :

Amount of flavor depolarization : fP = 1(1 — (Slfin /(Sl})ini)

Full flavor depolarization : fJ = 0.5 Partial flavor depolarization : 0 < f>” < 0.5 No flavor depolarization : fP=o0

Sl =0 Vo <0

Slie )~ 22 4 221y vy s >
(Sults]) = 5t v > Lepton number

L conservation
Vi = / "Gy, dv
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

Flavor depolarized final state :

o
o

o}
(=]

fD
v
¢ o ¢
e
1 1 1 1 1 1 1 1 1 L 1 1 1 1 1

% 0.4

0.2 0 2: )

1| — ; 0

41— ve=—0.2

s N A — . = —0.1 N
Uo'_} I I I 1 1 T 1 I 1 I I I I 1 1 I I 1 \l X T T T T T T T T 0.0 T T - - T T T T T T T T T I\
—1.0 —0.5 0.0 0.5 1.0 —1.0 —0.5 0.0 0.5 1.0 ~1.0 —0.5 0.0 0.5 1.0
v v v
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Nonlinear Analysis :

SN core

(I)Va/l/a

E,r]

1 -
ocEEz/ dvFVO‘/V“

Soumya Bhattacharyya (TIFR Mumbai)

: Theory of extreme nonlinear behaviour

location of r

flavor and angle
dependent distributions

fin -7 D ini —
Fl/e,l/u[p]_(]‘_f )Fye,uu[ ]

5 Fo., D]
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Nonlinear Analysis : Theory of extreme nonlinear behaviour

location of r

SN core

—_—— flavor and angle
dependent distributions

F,, P = (1= RN, 6]+ fR N, D]

V/u’/e

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021
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Nonlinear Analysis :Take Away Message

» Fast oscillations bring different neutrino flavors close to each other (Flavor depolarization)
causing irreversibilty in the system

 We developed the first ever theory of fast oscillations in the nonlinear regime to show how,
when, to what extent flavor depolarization happens and what are the various parameters
controlling such behaviour.

« We gave a prediction for the final neutrino fluxes undergoing fast oscillations which can be

predicted in future neutrino telescopes and can have important consequences in supernova
neutrino phenomenology

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021 31



Results :
Linear Analysis
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Linear Analysis : Toy Model

Phase Space : 2 space + 1 vel + 1 time dimension  v* = v + v =1
(O + V205 + vy0y)S[vg, vy] = / / dv,, dv Sv — 1)Gv,, ] (1 Vg — vyv;> S[v;,v;] X S[vg, Uy]
Dispersion relation : Linear analysis
Sy, v,] = 1
v v b v Gz, vy]
det(II"" [k, ky,w]) =0 " kg, ky, w] = 0" + » /_1 dvgdv, vMv" v — 1]w By —
Dlka, by, w] = — (IT%¥)* T 4 2 TIVITY — T1% (I1%9)2 — (1) T1%Y 4 TATTE2T19Y = 0

2T
Notation : ka’; = k cos 5 l{jy = k sin ﬁ Uy = COS 0 Uy = sin 6 G[vw,vy] = G[Q] A :/ G[@] do
0

Initial Condition : Slz,y,0] = 1vv

Sy ,y,0] = 0(107°)
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Linear Analysis : Toy Model

Forward excess

Single Crossing

A— : 8
G[G]:{f_ﬂl’ ifv, =cosf >0
o)

Soumya Bhattacharyya (TIFR Mumbai)

ifv, =cosf <0.

Gz, vy = G¥*|vg, vy] — GPe [V, Uy ]
Forward and Backward excess

Two Crossings

Al if vy =cost >0 & v, =
L if v, =cost <0 & vy =

&—, ifvy, =cosf <0 & v, =sinf <0
L if vy =cos >0 & vy, =sinf <O0.

Aug 24, 2021

Turbulent medium

ell)

Many Crossings

A .
— + ¢1 cosmb + ¢co sinmb
2

28



Linear Analysis : Results for Single Crossing

Symmetry :

Glvz, vy

w — kzvg + kyvy

1,1
IHY [k, oy, W) by = hy, ntv +/ / dvgdv, 0[v — 1] ol DT e Tk, ky, w]
—1J-1

1Y — —J1*v 1Y — —1I1tY ™ —s 1t 1% —y II%= TIYY —s TIYY It —s 11t

:

Dk, by, w] = — (IT%)° 11 4 2T TIWITY — 1% (T1°)2 — (1) TI% 4 TP T = 0

:

Dlky, —ky,w] = Dlky, ky, w]
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Linear Analysis : Results for Single Crossing

K =0 mode :

Hyy [0, O, wo] — 0
wo real

T1%Y — —TI*Y }kx =k, =0 II'[0,0,wg] = 0

> HD[O, 0, wo]
Ty — —11% w = Wo I1*¥]0, 0, wp] = 0

Htw [07 07 WO]Hta: [07 07 WO] - Htt [07 07 wO]Ha:x [07 07 WO] =0

v

1 1
P = /_1 /_1 dvgdv, V"V 6[v — 1)Glv,, vy W + wo (¢tt _ qu) . <¢tt¢m B (d)m)z) —0
wo complex if (¢u + qu)2 —4(¢ez)’ <0
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Linear Analysis : Results for Single Crossing

w
Il
]

B=w

B=m

Soumya Bhattacharyya (TIFR Mumbai)

A=0

a=5

1) Dlky, —ky,w| = Dlky, ky, w]

*B=0 2) k, = k,=0 unstable

3) Maximum growing fourier mode along £k,
P 4) Tmw monotonically decreases w.r.t f

5) Rate of decrease more along f,
p=7%

A0

~4)°’Above (1)-(5) points remain unchanged
2) Decrease as a function of is much faster

3) Overall growth rate is suppressed.
p=1

Aug 24, 2021

Imwlk, B]

Im wlk, B]

12
81 B
. |
B3
i gaip®
4
i -
0 T r T
0 6 12 18
k
12
{a-0
8,
A=04
41
0 T T
0 6 12 18
k

29



Linear Analysis : Results for Two Crossings

Symmetry :
1 1
_ G T Vy Uy
T4 [k, by ] oty 4 / / dv,dv, vz, vy Slv — 1) vko” L LTI [k Ky, w]
ke — —kg —-1J-1 W + kx/vx ‘|— ky’Uy Vg — —Vg
™Y — 1% Y — —1I% e — —IIt*  II%% — I1°° 1YY — 1% It — I
Dk, by, w] = — (IT%)° 11 4 2T TIWITY — 1% (T1°)2 — (1) TI% 4 TP T = 0

:

D[—ky, —ky, w] = Dky, ky, o]
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Linear Analysis : Results for Two Crossings

Symmetry :
1 1
_ G T Vy Uy
T4 [k, by ] oty 4 / / dv,dv, vz, vy Slv — 1) vko” L LTI [k Ky, w]
ke — —kg —-1J-1 W + kx/vm ‘|— ky’Uy Vg — —Vg
™Y — 1% Y — —1I% e — —IIt*  II%% — I1°° 1YY — 1% It — I
Dk, by, w] = — (IT%)° 11 4 2T TIWITY — 1% (T1°)2 — (1) TI% 4 TP T = 0

:

D[—ky, —ky,w] = Dlkg, ky,w] +

D[—ky, —ky,w] = Dky, ky,w]
D[—ky, —ky,w] = Dlky, ky, w]

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021 28



Linear Analysis : Results for Two Crossings

K =0 mode :

Htt [O, 0, WO] =0
wo real

NG }f&—@—n 110, 0, wo] = 0

> HD[Oa 07 wO]
v -~y J w=wo 1[0, 0, wo) = 0

ny [0, 0, wo]Hmy[O, O, wo] — Hmc [0, 0, w()]Hyy [O, 0, wo] =0

v

W = wo(Gaa+ by ) + (Dazbyy — (629)7) =0

wo complex if (fuz — byy)” +4(duy) <0
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Linear Analysis : Results for Two Crossings

—
A=z
g=% *
k=30
P
k= 22%,
k= 18
B==
Im|w =2
Tra gL'
. <
I'm 8
— 5w . -
B 4 Imw=38
— 37
B=5
T
B=3
B =i *
a4
A=0 *
1 =0.1
A=
Tonjw =2
Imw =4
P '.J_m.'.u - 6"
B=1
4 Imw=28
= 3z
B=3

A=0
p=1
1) Dlky, —ky,w]| = Dlks, ky,w]
D[_kx7ky7w] = D[kxakyaw]
g=0 D[_kx’_klﬁw] :D[kxakyaw]

2) k, =k, =0 stable

3) Maximum growing fourier mode along k,
p=t= 4) Imw shows lorentzian nature w.r.t %

5) More wide along %,

A0

1) D|—ky, —ky,w] = Dlky, ky, W]
2) Points (2), (4), (5) remain same
s =38) Maximum growing fourier mode along
one of the diagonal
4) Wideness of the lorentzian decreases

,_= 4) Overall growth rate is suppressed.
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Linear Analysis : Results for Many Crossings

27 1
[T — phv
1 +/0 dew—kcos(e—ﬂ)

Saddle point
approximation \
0.6 1 Numerical
i ——— 2 fit (Analytical)

d2FH (]
wv 0.2

o 1 cos sin 0
GIO|WH (0] = " + / o exp[F*[6]] WI[0] = [ cosf  cos’0  sinfcos
0 sinf sinfcosf sin? 6

0=0,
1 kmaz, Amaz, ] A P Imwmnax 1 5 0.4
G[0] = o + c1 cosmb + co sinmb m § |

4 g

RS
0.2
0.0 1 . |
20 25 30 35 40

m
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Linear Analysis :Take Away Message

 We did a linear study (both numerically and analytically) in higher dimensional phase space

« Our study suggests the linear behaviour of fast oscillations is connected to the number of zero

crossings, shapes, symmetry and various other nature (lepton asymmetry) of neutrino angular
distributions in momentum space

 ELN’s with large number of zero crossings lead to a relatively smaller growth rate and thus can
have interesting consequences in realistic turbulent SN environment

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021 32



on-linear Analysis
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Nonlinear Analysis : An Aside

: Universality of Depolarization
0.5 Factor
0.4
32 0.3
0.25 — € = 10—, Dirac Delta Dirac delta seed
N — € = 1075, Dirac Delta (1),(2) — 0l ~
0 1; e = 2 x 10716, Dirac Delta Sv [Z7 t= O] 65[2]
T — € = 107%, Extended Extended seed
. == Analytical (1) _6
{]-D_ I I T I I I I I | T I I I I I I I I T S’U I:Z7t — O] — 10 COS ¢|:Z:|
—1.0 —0.5 D{;U 0.5 1.0 Sq(jz) (2.t = 0] = 10~ sin ¢[2]
o= L3 o2
zl = — COS
N, — L
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Nonlinear Analysis : An Aside

« Approximate steady state behaviour in time

1
 Bloch vector S, : Spatial precession with frequency " around a common axis Mo
1
d.S,[z] = I\/I(;[x] X Sy[x] M,, :/ Gy Ly [v] Sydv
-1

* My : Gyroscopic pendulum in space under the action of spatially varying magnetic field B

Mg x d2Mg 4 (D.Mg) d.Mg = MZB x Mg B=Y lolraM,
s A """"" r,n=0
de[I‘] - Z gOpgprgrn (Mo[fﬁ] X Mn[iﬂ]) ':11%3" 1 'L (U)L (U)
p,r,n=0 g7“n = (TL + 5) / %d’l]
| -1

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021
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Nonlinear Analysis : An Aside

« Spatially conserved quantities : Pendulum’s energy FE, spin o, length M, and M,

D2

/

160

[

N

o
I

80

Conserved quantity

40 1

G,
A = 0Case, t =50
- E e g = Im[M{]
oo M2 e Re[Mf] M)
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UZMO'D M0:|M0|
12
G,
A < 0Case, t =50
160
1 “E -0 - Im[ME]
Mg e Re[Mli] - Mf
i 120
€
©
: -
o
- 80
@
c
5 ]
wn
5
S 401
0dEi:'E\:-::l::::l::::lll.“ll:"lvm\:::“lmllvn.l.m.l‘ml ..... r\"1
-L/2 -L/4 0 L/4 L/2
X
Aug 24, 2021

Conserved quantity

2
Gy

A > 0Case, t =50

160

-

N

o
)

o]
o

-y
o
W S S S

~E -0
oo M2 . Re[M{]

= Im[M{]
- M:LI
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Nonlinear Analysis : An Aside

* Non-separable solution in x & v. Non-collective nature for any A

[

filzlha [
deU[ZC] _ Mo[a?] > SU[ZIJ] I Sv _ (fg[x]hz[v]> IS Uhi[v] — Hjhk[v] - hk[U]HJ} S —
v#0

v f3lw]hs[v] %fi[fﬂ] = fjlz] frlz]

er\de“t ot * Separable in X & v
i Sfjl [z, t] For fixed (v1,v2) VV
R““”? = m For fixed t
ent OF , Non-separable in x & v
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Nonlinear Analysis : An Aside

* Non-separable solution in x & v. Non-collective nature for any A

Mol filz]ha[v] P B |
4,5l = "0 s, ) e s, = falefhal] | = I = Rl
falzlhs[v] —file] = filal fule) v#0
Xz
/ 12
G’U GU G;)”
t =50, A > 0 Case t=50,A<0
8 — Ri, 8 — R,
— R, — R,
5 5 4 — Ri%a = — R,
J ! Il
-8 -8 -8
L2 L4 0 Lid L2 L2 -4 0 Us LR 2 a0 4 L2
X X X
Aug 24, 2021
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Nonlinear Analysis

A<O0,v=0.5
1 0
O 10-8 i
10—2 i ’Tru;:
104 w/’/_(;——i___::__—- i 107101
-6 f'/_ I—l
. 10 N é 10-12_
i -8 | |
o 10 - 13 x 5; tol = 1072 E
s 10710 - 10 x 5; tol = 107° 2107144 - 13 x 5; tol = 107?
S - 10 x 8: tol = 109 = - 10 x 5: tol = 102
107124 12 x 7; tol = 10~° A - 10 x 8; tol = 10~
- 13 x 7: tol = 10~° = 10 12 x 7: tol = 10~?
10_14 ] 13 x 8: tol = 102 H - 13 x 7; tol = 10‘:
1016 4 - 12 x 8, tol = 107° < 10-18- 13 x 8; tol = 107
- 12 x 7:tol = 1075 - 12 x 7;tol =10°%
10_18 1 .I 1 1 1 1 1 1 1 1 1 I 1 1 1 I 1 1 I ! I ' I ' I I ' I ' I I ' I ' I I ! I !
0 10 20 30 0 10 50 30
t
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Linear Analysis

Nyer = 64 Nyer = 64
10_7 1{]—3
...... N, = N, = 500
— N, =N, = 1000

—

~ 107° —

i =

I = 107

; o

£ 10~ wn

a |

f—

5 i —11

) —13 = 10 .

S 10 -2

3 ]
—
——

10—]5
T T T T T T T |'. T T T T T T T T 1071 — T T T T T T T T T T 1
0.0 0.5 1.0 1.5 2.0 0.0 0.6 1.2 1.8
t t
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Derivation of irreversible pendulum equation

dy(My) = (D) x (My) }
d,D =B x M,

d:B =K x M;
Mo = 2Ms
D =
3 i 3
5 — 2M3 B IM,
5 35

Soumya Bhattacharyya (TIFR Mumbai)

2n 2n + 2

M,,— M,,
on 41 Me-t) F 5 +1>>

d?M; = (B x M;) x My + D x d;M;
(M1) x d (M1) + ((D)(M1))de(M1) = [(M1)|*(B) x (M1)

Ax(BxCO=(A-O)B-(A-B)C @torlden@

Aug 24, 2021 14



Derivation of Conserved quantities

di 2 = (D) - ({B) x (M1)) + ({D) x (M1)) - (B) =0 A.(BxC)=B.(CxA)

Soumya Bhattacharyya (TIFR Mumbai)
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Derivation of pendulum’s final position

EOM : Notations: Mi=m M{=M pl=y gl—p kl=z

di(M1) = (D) x (My) ¢ = initial f = final
At pendulum’s southernmost position :
dtmf =0

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021
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Derivation of pendulum’s final position

EOM : Notations: M| =m Mf=M Dl=y Rgllz=p Kl =

di(My) = (D) x (My) ¢ = initial f = final
At pendulum’s southernmost position :

- dtmf =0
di(B) = (K) x (My) 5 Eq.(1)
F=1(0,0,up) ———p myu; = myuy

ffffffffff ©)
Conserved qty: Eq.(4) > bp=b=b (©)
2 _ g2

E = <D>2<D> + <M1> . <B> — const 1) Eq.(1), ) — Uf . Uu; _ b(mz — mf(;)— MfB]Jc_ COSHMG
o = (M) - (D) = const - (2) (BF)" =2k (u; —uy) (8)
<B>é<B> + (K) - (D) = const 3) t =t;—mB||M; approximation
(B - (K) = const (@) b\ @f 7777777777 .

B} M, ®)

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021 14



Derivation of pendulum’s final position

B =2k (u; —uy) 8

(57) (i =) ® > (Zme?c + (my + mi)bu?)2 — 16k2u?mj‘c
2 2

o (e 20°m2 + (mys + m;)bu? = +4dku;m>

) -G J' s

|

—— At =t
my o, my my My
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Derivation of diffusion equation

n+1 n n—+1 n
% 0 8(2n+1 R T 1) 1X(2n+1 R 1>

i Dot with M,,

n+1 n

— U, - — : T,=—"7"-M, —M,,_
oM, —u, -0, T, =My xu,) T, oL + ST 1

o g 1 T T 1 T, T Tt

Averaging procedure distributes in a phase averaged sense

Diffusion equation

Soumya Bhattacharyya (TIFR Mumbai) Aug 24, 2021
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